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In this paper, we study the random matrix model of Gaussian Unitary Ensemble (GUE)
with fixed-rank (aka spiked) external source. We will focus on the critical regime of
the Baik-Ben Arous-Péché (BBP) phase transition and establish the distribution of
the eigenvectors associated with the leading eigenvalues. The distribution is given in
terms of a determinantal point process with extended Airy kernel. Our result can
be regarded as an eigenvector counterpart of the BBP eigenvalue phase transition [6].
The derivation of the distribution makes use of the recently re-discovered eigenvector-
eigenvalue identity, together with the determinantal point process representation of
the GUE minor process with external source.

1 Introduction

In this paper, we consider the Gaussian Unitary Ensemble (GUE) with fixed-rank external source, also
known as the spiked GUE in the literature, denoted by

k
Ga = G,()LN) =G+ Zaieief, (1.1)
i=1

where G = (g;;) v, is a standard N-dimensional GUE, i.e., g;; ~ N(0,1) (1 < i < N); g;; ~ N(0, 3)+iN(0, 3)
(1 <i < j < N) are independent random variables with standard real/complex normal distributions, and
gji = Gij- Here a = (a1,...,a;) € R¥ is a deterministic vector with fixed dimension k, and {e;} is the
standard basis of RY. The entire discussion in this paper works under the following more general setting

k
Gav=G+ Z ViV (1.2)
i=1

with any deterministic orthonormal vectors v; € CV. Nevertheless, due to the unitary invariance of GUE,
it would be sufficient to focus on the model in ([1.1)).

Throughout the paper, we will be focusing on the critical regime of the well-known Baik-Ben Arous-Péché
(BBP) phase transition [6], and thus make the following assumption on «;’s

Assumption 1. There exist fized constants a1, ...,ar € R such that
o = \/N-i—N%CLk_H_l, 1=1,..., k. (13)

We emphasize here that a;’s are unordered. Whenever the ordered parameters are needed in some local
discussion, we will use a(;) to denote the j-th largest «;.
We further denote the ordered eigenvalues of G by [

o1> > oy (1.4)
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and set
X; = (.%'il,...,{BiN)T (15)

to be the unit eigenvector associated with o; m In this paper, we are primarily interested in the limiting
distribution of |:c2-j|2’s with bounded 4, after appropriate normalization, as the dimension N — co. Observe
that |z;;]? can be understood as the square of the projection of eigenvector x; onto the direction e;. Due
to the unitary invariance, our results can also be applied to the projection |(x}, Vj>\2, where we used x} to
denote the i-th eigenvector of G4 v in . Before we state the main results, we first give a brief review of
the literature on the eigenvalue and eigenvector of random matrices with fixed-rank deformation, in Section
and then we present the definition of the extended Airy kernel in Section [1.2] with which we will then
state our main results in Section [L.3l

1.1 Random matrix with fixed-rank deformation

Our model in is in the category of the random matrices with fixed-rank deformation, which also
includes the spiked sample covariance matrix and the signal-plus-noise model as typical examples. A vast
amount of work has been devoted to understanding the limiting behavior of the extreme eigenvalues and
the associated eigenvectors of the deformed models. Since the seminal work of Baik, Ben Arous and Péché
[6], it is now well-understood that the extreme eigenvalues undergo a so-called BBP phase transition along
with the change of the strength of the deformation. Specifically, there exists a critical threshold such that
the extreme eigenvalue of the deformed matrix will stick to the right end point of the limiting spectral
distribution if the strength of the deformation is less than or equal to the threshold, and will otherwise jump
out of the support of the limiting spectral distribution. In the latter case we often call the extreme eigenvalue
as an outlier. Moreover, the fluctuation of the extreme eigenvalues in different regimes (subcritical, critical
and supercritical) are also identified in [6] for the complex spiked covariance matrix. Particularly, for the
deformed GUE in , the phase transition takes place on the scale a; = VN + O(N'/6). Hence, for the
deformed GUE, more specifically, the regimes a;; < vV N—N/6t¢ o, = /N+O(N'/6) and o; > VN4 N1/6+¢
will be referred to as subcritical, critical and supercritical, respectively, in the sequel. We also refer to [4],
7, [13], [14], 23], [30], [40], [45] and the reference therein for the first-order limit of the extreme eigenvalue
of various related models. The fluctuation of the extreme eigenvalues of various models have been considered
in [5], [, 8], 9], [12], [71, [16], [9], [201, [25], [26], [31], [34), [40), 1], 5], (6], 7], 540, [55)

In parallel to the results of the extreme eigenvalues, there are some corresponding results on eigenvectors
in the literature. Suppose G, is given in while aq, . . ., oy are significantly away from the critical thresh-
old, say, min; |oa; — v/ N| > ev/N for some positive constant ¢, it is known that (i) if gy < (1— £)vV/'N, then
x;, the eigenvector associated with the i-th largest eigenvalue oy, is delocalized in the sense ||x;[|cc < N —1/2+¢
for any small constant § > 0 with high probability; (ii) if ag;) > (1 +¢) VN, then x; has an order one bias
on the direction of the deformation e(;. Here we used «;) to denote the i-th largest value of all a;’s and
e(;) is the canonical basis vector with the corresponding index. In [13], [I4], [22], [30], [45], the behavior
of the extreme eigenvectors has been studied on the level of the first order limit. A detailed discussion of
eigenvector behavior in the full subcritical regime and supercritical regime can be found in the recent work
[18], which was done for the spiked sample covariance matrix. Especially, the discussion in [I8] indicates
that in case there is an «; close to the critical threshold, i.e, a; = (1 + o(1))V/'N, for any fixed i such
that o; is not an outlier, x; will have a bias of small order towards the direction of e;. On the level of
the fluctuation, the limiting behavior of the extreme eigenvectors has not been fully studied yet. By es-
tablishing a general universality result of the eigenvectors of the sample covariance matrix in the null case,
the authors of [I8] are able to establish the law of the eigenvectors of the spiked covariance matrices in
the subcritical regime. In this regime, the eigenvector distribution is similar to (up to appropriate scaling)
that of the bulk and edge regime of Wigner matrices without spikes; see [21], [39], [52], [15] and [44] for
instance. More specifically, in the subcritical regime, the limiting distribution of the square of eigenvector
components (after appropriate scaling) is given by x? distribution, which tells the asymptotic Gaussianity
of the eigenvector components themselves (without taking square). Although the result was established for
sample covariance matrix only in [I§], it can be extended to deformed Wigner without essential difference.
In the supercritical regime, the fluctuation of the eigenvectors was recently studied in [II], [I0], [24] for

fSince the eigenvalues are assumed to be distinct, x; are unique up to an angular factor. We ignore the angular factor since
we consider only the moduli of the components throughout the paper.



various models with generally distributed matrix entry. For generally distributed deformed Wigner matrix,
the leading eigenvector distribution is non-universal in the supercritical regime; see [24]. However, if one
restricts the discussion to the deformed GUE, then the limiting distribution of the square of eigenvector
components (after appropriate centering and scaling) is given by Gaussian. Although the discussion in [24]
has only covered the regime o; > (1 + ¢)v/N, one can use the approach in [I0] to extend the result to the
full supercritical regime oy > N + N1/6+¢,

The aforementioned works leave the eigenvector distribution in the critical regime undiscussed. In this
paper, we will establish the eigenvector distribution in the critical regime, i.e., a; = VN + O(N 1/ 6). Here
although we are dealing with the deformed GUE only, our methodology and result reveal certain universality
of eigenvector distribution of random matrices with fixed-rank deformation in the critical regime of BBP
transition, within the class of unitary invariant ensemble. Especially, our discussion can apply similarly to
the fixed-rank deformed Laguerre Unitary Ensemble (LUE) that is also known as spiked Wishart ensemble
or spiked sample covariance matrices in statistics and on which the BBP transition is most intensively
studied, and the fixed-rank deformed Jacobi Unitary Ensemble (JUE, aka MANOVA ensemble in statistics)
by using the corresponding correlation kernel formulas in [2]. We expect universal asymptotic results in
these models. We also remark here that the universality has not yet been proved or disproved for generally
distributed Wigner matrices with fixed-rank perturbation in the critical regime of BBP transition, even on
the eigenvalue level.

At last, we remark that for both Hermitian type (complex) random matrices and real symmetric type
random matrices, the BBP transition may happen under fixed rank deformations. The study of eigenvalues
there shows that in the critical regime the two types of random matrices have different universal behaviours
and are usually investigated by different methods (except for [19], [20]), while in the the supercritical and
subcritical regimes, the behaviours of the two types of random matrices have more common features and
are usually investigated together, by some perturbative approaches which can often reduce the problems
to those of the non-perturbed models. The previous research of eigenvectors in BBP transition, which is
only in the supercritical and subcritical regimes, generally works for both types of random matrices and
yields similar results for them. Our approach in the critical regime, however, is non-perturbative and works
only for the Hermitian type random matrices, because it depends on the determinantal property that is not
available for the real symmetric ones. The study of the eigenvectors in the critical regime of BBP transition
for real symmetric type random matrices is more challenging and is out of the scope of the current paper.

1.2 Extended Airy kernel

In order to state our main results, we need to first introduce the extended Airy kernel in this subsection.
Recall the Airy kernel that defines the celebrated Tracy-Widom distribution that is often seen in random
matrix theory and interacting particle systems of the Kardar-Parisi-Zhang (KPZ) universality class, see [3],
[27] and [48], and references therein,

Kainy (2, y) = — /d /d ev ™ 1 (1.6)
iry (L, = . u v R .
Airy 4 (27‘(1)2 o ~ eﬁfy'u u—"v

where the contours v and o are as in Figure [I They are nonintersecting and infinite contours; v goes from
e 2m/3 . 50 to €2™/3 . 50, and o goes from e /3 . 50 to e™/3 . 0. We then define the extended Airy kernel
depending on real parameters a1, as, ..., which is the correlation kernel of a determinantal point process at
discrete time ¢t € Z>¢. For any m1, ma € Z>q, we let

1 ely—2)w ~
Kinva (,y) = = 1(m1 <ma)l(z < y)5— j{ T (w0 w)d“’ + Kyms (@,9), (1.7)
j=mi+1 J

where

w

~nim 1 es o [0 (u—a;) 1
Ky s (T,Y) = WLdUAdU ; (1.8)

oa-w [12 (v —aj) u—v’

such that the contour in ((1.7) encloses all the poles @41, .- .,am, and in (1.8)) all the poles aq, ..., an, of
v are to the left of 4. We note that in the special m1 = mgy = 0 case, the correlation kernel Kzfliy"f (z,y) is

reduced to Kairy(2z,y).



The Airy kernel Kaj, defines a determinantal point process, with infinitely many particles, ordered as
+oo>& >8>, (1.9)

and the n-point correlation function
Rp(w1,. .., 2n) = det(Kairy (i, 75))i 11 (1.10)

Analogously, for each m > 0, the extended Airy kernel KE’J; a also defines a determinantal point process,
with infinitely many particles, ordered as

too> M s dm s (1.11)

with gi(o) = ¢ in . Furthermore, if we put all the §§m)’s (m > 0, i > 1) together, they form a
determinantal point process living in space R and time m € Z>g. The probability meaning of the extended
Airy kernel is that it defines a determinantal point process with infinitely many species of particles, fl.(m)
(particle index i = 1,2,..., species index m = 0,1,...), such that the marginal distribution of m-species
particles is given by the correlation kernels Kzga, and further the mixed correlation function is given by

Ry (x1,m1; 22, m2; ... ;n, my)

. 1 . L . .
= AI;:IEO A—WP (there exists a particle in [x;, z; + Ax) at time m; fori =1, ... ,n) (1.12)
n

Airy,a

= det (Kmlm] (x4, x])>

ij=1

Figure 1: Contours v  Figure 2: Double con-  Figure 3: ~gq(a) and  Figure 4: 4-fold con-

and o. tour X consisting of ~ osta(b) that are stan- tour X consisting of
and o that are deformed  dardized deformations  two pairs of v and o
through £+/—zi. of v and o. in standardized defor-

mation.

Remark 1. It is not easy to check directly that the correlation functions in are well-defined, since
the kernel functions are generally non-Hermitian. (The necessary and sufficient condition for a Hermitian
kernel to define a probabilistic determinantal point process is given in [50, Theorem 3].) However, since we
know in Lemma [f] (see also [2]) that the extended Airy kernel is the limit of the correlation kernels of the
GUE minor process with external source, we conclude thereby that the correlation functions in are
well-defined. Then it is not hard to see that the rightmost particle exists for each species. Also we have
that the point process consisting of finitely many species of particles is simple (by [38, Remark 4]).

1.3 Main results

Recall the point process in ([1.11)) with any fixed parameter sequence a = (a1, ...,ax). Define for any integers
n > j the random variable

Jj—1 g(k) _ g(k—l) n g(k) - g(k—l)

e I “o—x

i=1 fj('k) —& s fj('k) — M
(k)

J

(k)

;(an) =n

wl=

[1]

(1.13)

Our first result is on the existence of the limit of Z:"(a;n) as n — oo.



Theorem 1. For any a = (a1, ...,a;) € R* with fived components, and j a fized positive integer,

E(.k)(a; 00) := lim E(k)(a; n) (1.14)

J n—oo J
exists almost surely.

Our second result is on the distribution of the first kK components of the eigenvectors associated with the
largest eigenvalues. The theorem states for the first component, and see Remark [2| for the 2-nd, ..., k-th
components.

Theorem 2. Under Assumption[l], for any fized j, we have

1
N3 |z -% <327r> ’ =M (a;00),  as N — . (1.15)
Remark 2. Since our a4, ..., oy are unordered, the first component corresponding to the ojeje] deformation
has nothing special compared with the 2-nd, ..., k-th components, and we state the result for the first
component only for notational simplicity. The result of Theorem [I] can be adapted for zj with any [ =
2,...,k as follows: We consider, instead of G4, the random matrix G, which is a conjugate of G4 by
switching the first row/column and the [-th row/column. Then

Tj1 = jjl, (1.16)

where Z,,, means the n-th component of the normalized eigenvector Qf éa associated with oy, (the m-th
largest eigenvalue of G4, which is also the m-th largest eigenvalue of G4 ).

Remark 3. We further remark here that the result in Theorem [2| holds for any fixed j. Particularly, j can
be even larger than k (but fixed). Note that o; is not an outlier or a critical spiked eigenvalue in case
j > k. Hence, the result in Theorem [2| shows that a critical spike can even cause a bias of the eigenvectors
associated with those non-outliers towards the direction of the spikes, since x;; is typically of order N -1/6
here while it would be of order N~/2 in case the deformation Zle aje;e; was absent, for instance. Such
a phenomenon was previously observed in [I8] when the spike is in the subcritical or supercritical regime,
but sufficiently close to the critical regime. As j > k, this bias eventually peters out, and the decay speed
deserves further study.

A consequence of Theorem [1| and Remark [2]is as follows:

Corollary 3. Under Assumption for a fized j, the moduli of components |xj 1], |%jky2l, .-, |xjN| have
the same distribution, and we have, with [ > k,

1
Nz LN 5)(2(2), as N — o0, (1.17)

where x?(2) is the x* random variable with parameter 2, which can be equivalently expressed as Gamma(1,1)
or Exp(1).

Finally, the integrable property of the distribution of Eg-k) (a;00) will be the subject of further study, and
here we only present the first step towards this direction: the non-degeneracy of the distribution.

Theorem 4. Under the assumption of Theorem the limat E§k)(a; 00) is nondegenerate, i.e,

P(=" (a;00) = 2) < 1

for any x € R.

In the end of Section [7] we also present some simulation results, which show some features of the
eigenvector distribution numerically.



1.4 Proof strategy

In order to prove Theorem we turn to study the logarithm of Egk) (a;n) in (|1.13)), which can be further
(k)

written as an integral of 1/(¢ e x) against a random measure i, with the lower limit of the integral given
by &(Lk); see (3.4) and (3.8)). Specifically, the measure p has density ¢ taking 1 on intervals (g§’“>, Z(EII)] for

all 7 and 0 elsewhere. It is also clear that ££Lk) — —oo almost surely as n — oo. Hence, in order to show
that the left tail of the integral in is negligible, i.e., the integral is convergent, it suffices to study the
property of the measure pu((z, 00)) when z — —oo. A key technical step in this part is Proposition where
we show that the random measure p behaves like a halved Lebesgue measure when it acts on the interval

(x,00) with x — —oo. Heuristically, since p has density 1 on intervals (é’fk),éﬁf)]’s but 0 on (§i(k_1), 55“]’5,

Proposition (10| can be interpreted as: when i is large, §i(k) is typically sitting neutrally between §§k_1) and
k—1)
5(

;1 and does not favor either side.
Technically, the complementary distribution function, u((x,400)), can be expressed (approximately)

in terms of the difference between two linear statistics: one of the species {§§k)} with the test function

hy(t) = (=t 4+ 2)1(t > x), and the other of the species {ﬁfk_l)} with the same test function; see (4.5)). The
computation of the linear statistics of determinantal point processes, especially those from random matrix
models, is an extensively studied area, and results are abundant. The tricky part in our case is that up to
the leading term, the asymptotics of the two linear statistics are the same. We take the advantage of our
model that both the mean and variance of the difference of the two linear statistics have an exact formula;
see (4.13) and (4.16). For our purpose, it suffices to take limits of the mean and variance formulas. This is
done in the proof of Proposition [10| via a rather delicate saddle point analysis involving a series of contour
deformations. We also refer to the recent work [32] for a study on the fluctuation of the difference of linear
eigenvalue statistics of a Wigner matrix and its minor, where two strongly correlated linear statistics have a
significant cancellation. The work [32] indicates that exploiting the true size of the fluctuation of difference
between the linear statistics of two interlacing point processes is normally more delicate than that of a single
linear statistic for an individual point process. Although the result in [32] is more on the bulk regime of
random matrices, while here we are discussing two interlacing species of the extended Airy process, our
analysis also indicates the general complexity of the difference between two linear statistics.

For the proof of Theorem [2] we start from the celebrated eigenvector-eigenvalue identity. We refer the
interested readers to the recent survey [29] and reference therein for a detailed discussion and a history of this
identity. Here we cite the identity directly from [29] with slight modification as the following proposition.

Proposition 5. Let A € C™*" be an Hermitian matriz and let M; € C=1x(=1) pe its minor obtained by
deleting the j-th column and row from A. Denote by A\1(A) > --- > A\, (A) the ordered eigenvalues of A and
by M (Mj) > -+ > X\y—1(Mj) the ordered eigenvalues of Mj. Furthermore, let vi; = (vi1, ... ,in) | De the
eigenvector of A, associated with \i(A). Then one has

o2 = — LTt AilA) = Me(My))

 Tleeqn iy Ni(A) = Ae(A)) (1.18)

Applying the eigenvector-eigenvalue identity to our random matrix G4 = GEXN) and its minor GS,‘N_I)
which is constructed by removing the first column and first row of G4, we can write

o — N B o= N 1
2 J i J i—
xi|” = 1.19
ol = [T 2= T 222 (1.19)
i=1 7 i=j+1 J
where o1 > g9 > -+ > oy are eigenvalues of G, A1 > -+ > Ay_1 are eigenvalues of G&Nﬁl), and xj; is the

first component of the normalized eigenvector of G associated with o;. Equivalently, we have

\ N V- Sy
N3l = N5 [ 220 T 2221 (1.20)

oj — 0 0 — 0y

=17 i T

which resembles formally Egk) (a; N) in (1.13).



First, for the fixed i terms in , we apply the result of GUE minor process with external source in [2]
which shows that the two species of point process {o;} and {\;} together form a determinantal point process
(see also [35]). We first show in Lemma |§| that the edge scaling limit of this point process is given by a
determinantal point process with extended Airy kernel defined in , under Assumption Consequently,
we have

05 — 05 é(k ék)

(1.21)

(k)(

for any fixed ¢ # j. This gives an indication of the connection between N1/ 3|2;1/* and the limit = HCE 00).
However, the weak convergence in @ cannot be applied directly to the double limit case when i = i(N) —
oo as N — oo. Hence, besides Lemma @ we need to analyze the product of the large i terms in . To
this end, we mimic the idea of the proof of Theorem [T Again, we turn to consider the logarithm of the
product in ([1.20)) (but over the large i terms only), which can be written as an integral of 1/(o; —x) against
a random measure py with the lower limit of the integral given by o; see (5.1]) and . Specifically, the
measure py has the density ¢y taking 1 on (0, A\j—1] for all i = 2,..., N and 0 elsewhere. Since the domain
of the integral , i.e., [on, 0] contains both the edge and bulk regimes of the semicircle law, and the
point process {fik } only approximates the matrix eigenvalues in the edge regime (with an effective extension
to certain order of intermediate regime), we need to further decompose the domain [0y, o] into two parts:
[on,01] = [on,0N,) U [ony, o], with Ny := [2/(37)NY/|. We will then show that under appropriate
scaling, the random measure py can be well approximated by u on the domain [oy,,o0r]. Furthermore,
a detailed analysis of the measure pun on [on,on,] shows that the integral 1/(o; — ) over this domain is
approximately deterministic, and thus does not contribute to the randomness of the limit of N/ 312

Especially, our result Theoremland its proof show that the randomness of N/ 3]%1 |2 essentially depends
only on the local edge regime of the eigenvalues of G, and G((l 1), and the bulk eigenvalues contribute a
deterministic factor. Similar phenomenon has also shown up in the limiting theorem of some other eigenvalue
statistics in the literature, which inspires our current work. For instance, in the recent work [42], the weak
limit of the statistic

Yo jz:; A (1.22)
is identified to be an infinite sum given in terms of the Airy process, where A; > --- > Ay are the ordered
eigenvalues of Gaussian Orthogonal Ensemble (GOE). The randomness of essentially comes from the
edge part of the sum and the bulk part only contributes collectively in a deterministic manner. We also
refer to [57] for a related discussion.
(-k) (a;00), i Theorem we will apply
the weak convergence in Theorem I to translate the question to N1/3 | 1|2 An advantage of the latter
is that the eigenvalue distribution admits a log-gas representation which can facilitate our analysis. More
specifically, we will show that a bounded truncation (from both below and above) of log(N'/3|x;1|?) has a
lower bound for variance, uniformly in N. This will finally lead to the conclusion of Theorem [4

Finally, we remark here that in this paper we do not consider the deformed GOE since the corresponding
results on the minor process used for GUE here is not available for GOE so far. But many discussions in
this paper work for the deformed GOE as well.

For the proof of the nondegeneracy of the distribution of =

1.5 Organization and notation

The rest of the paper is organized as follows. In Section [2| we state some preliminary results which will
be used in the later sections. The main results of the paper, Theorems [I] and [2] are proved respectively in
Sections |3 and [5] based on the key technical estimates in Propositions |10 and whose proofs will be stated
respectively in Sections[d and [6] In addition, Corollary [3|is an easy consequence of Theorem [2] and Remark
and its proof will be stated at the end of Section [5] Section [7]is then devoted to the proof of Theorem [4]
Finally, some proofs of technical lemmas are collected in Appendix [A]

Throughout the paper, we will use O(-) and o(-) for the standard big-O and little-o notations. We use
C,C",C1, etc. to denote positive constants (independent of N). For any set Z, the notation |Z| stands for
its cardinality. We use the shorthand notation [a, b] = [a,b] NZ, for all a,b € R.



2 Collection of results for spiked GUE and extended Airy process

In this section, we first review the determinantal point process representation of the eigenvalue distribution
of G and its minors, and then state some preliminary results to be used in the later sections. Some lemmas
in this section are direct consequences of existing results in the literature, while for others, only the proof
strategy exists in the literature. We give the proofs and/or the references of the lemmas in Appendix

2.1 Determinantal point process representation for eigenvalues of G,

In this subsection, we re-denote the eigenvalues of G = G(aN) and G&N_l) by
)\Z(N) =0y, )\EN_I) :=A\¢, where i€ [1,N], (€[1,N—1] (2.1)

and further we denote by the ordered eigenvalues of the matrix G(aN_j )

obtained from G, by deleting its first j rows and columns.

(N—j)

/\(N_j) )\(N_j) , which is

For each j, the eigenvalues of Gg form a determinantal point process. In addition, the eigenvalues

of all G(aN J ), j=0,...,k together form a determinantal point process, called the GUE minor process with
external source [2]. The correlation kernel of these eigenvalues is given as follows: For ji,j2 € [0..., k],
J1,J2 . : 1 elv—olv 1-J1,J2
K o) = =101 > )10 < )5 / ; dwt Kifialey),  (2)
) 7T1 r ( —« ) )
i=j2+1 J
where
o~ —xz N k — 1
Kélgé,a(x’y 2 / dZ/ dw = Hl j1+1( ! ’ (2.3)
mi)? T YW N—k Hz (W — ;) 2= W
Here I is a circular contour wrapping 0 and «y, . .., i positively, and 3 is an infinite contour from —i - co

to 7 - 00, to the right of I'; see Figure |10} o
The relation between the correlation kernel K; &JJE o(,y) and the correlation kernel K Alu;y . (x,y) defined
in (L.7)) is as follows:

Lemma 6. Let a,...,ax be given in Assumption . If we denote, with j; = k — k; € [0,k] (i=1,2),

J1,72 101 JZ

K2 a(@y) = N"5N N (- nggga(2f+N 62,2V N + N~ 6y), (2.4)

then

1. For all x,y in a compact subset of R, uniformly

) ki,k
]\}gﬂ Kg\}sfaled( ) KAllry2a( ’y>' (25)
2. Let ¢ > max(ai,...,a;). For any C € R, as operators on L*([C,+o0)), the ones with kernel

ec(r— y)Kf\}’gfaled(x,y) converge, in trace norm, to the one with kernel eﬁ(z*y)KE;];fa(:r Y).

Consequently, the above statements imply the weak convergence of the joint distribution of {Nl/ﬁ(Angj) —
2V N) \0<j<k 1 <i< K} to that of{gk_j |0<j <k, 1<i<K} for any fized positive integer K,

Ds are particles in the determinantal point process given by ((1.12) -

7)

where f

We note that although we discussed the joint distribution of A(

I we only need the j = 0,1 cases. Hence we recycle the notations o; and A; for )\( ) and )\EN
in the sequel, for simplicity.

for all j € [0, k], to prove Theorem

respectively



2.2 Useful estimates
By the well-known Weyl’s inequality, we have that

01> A >02> A > - > Ay_1>0nN, and more generally )\gN_j) > )\SN_j_l) > )\;N_j) > > )\E\J,V__jj)

(2.6)
forall j =0,1,...,N —1 ﬂ In parallel, for the particles in the extended Airy process defined in (1.12)), we
also have the following interlacing property.

Lemma 7. Let j = 1,..., k. With probability 1, the particles fgj) and fgjfl) (i = 1,2,...) whose joint
distribution is given by (1.12)) satisfy the interlacing inequality

+ o0 > 59) > 5?‘” > §§j) > §§j_1) > (2.7)

Next, we list some rigidity result for the particles in the extended Airy process and also the eigenvalues
of Gg.

Lemma 8. Let §§k), j=1,... be the particles defined in (1.12)). Then we have the following estimates.

1. For any fixed j, there exists a numerical C' > 0, such that for allt >0
P > 1) < Ce O, P(EW < 1) < Ce 7O, (2.8)

2. For allm > 2, there exists a numerical ¢ > 0, such that

2/3
p ( € 4 <37m>

2
Lemma 9. Suppose N >k is large enough, then:

> ng> <en”s log n. (2.9)

1. For j € [1,k], there exists a numerical C' > 0, such that

P(o; > 2V N + tN_%) <CeC Ploy < —2VN — tN_é) < Ce MY, forallt >0, (2.10)
P(o; < 2V N — tN_%) < CetC, P(oy > —2\/N+tN_%) <Ce ¥ forall2 <t <2N?3.
(2.11)

2. For any positive constant C > 0, there exists a numerical ¢ > 0, such that for all 2 < n < CN/10,

]P) (
3. Given any (small) ¢ € (0,1), for all i € [1,(1 — ¢)N], for any (small) constant € > 0 and (large)
constant D > 0

1 3mn 2/3
NE(O'n - 2\/N) + <2)

> ng> <ens log n. (2.12)

P <|ai Ty > N—%+%—%) < NP, (2.13)
Here Y; is the scaled quantile of semicircle law defined by
2 N-—i+3 1
se(2)de = ————2.  pe(z) = —~/(4 — 22)4. 2.14
[ @it = SR ) = A (214)

All the lemmas stated in this section are proved in Appendix [A]

¥ Hereafter we ignore the probability 0 event that some )\EN_j_l) is identical to )\EN_j) or )\Efl_j).



3 Existence of the limit

In this section, we prove Theorem |1, Recall (1.13)). For any 1 < j < k < m < n, we set the quantity

" e e )l N n )

= . —n3 J ¢ J o . . - J i

5 en) =3 [[ 2w 1] o Aum(asn), where A (aim) = ] 55—
i=1 §j — & i=j+1 §j =& i=m+1 gj —&

(3.1)
In order to prove Theorem it suffices to show that for any given m > k, log Agj)n(a; n)+ % log n converges
almost surely as n — oo, or equivalently, by Cauchy’s criterion,

lim sup sup |[log Ag-kr)n(a; n) + 1log L 0, a.s.. (3.2)
m—oo0 n>m ’ 3 m
In order to study
log A§~fﬁi(a; n)= > (log(ﬁj('k) —ey - log(éj(»k) - §§k))>, (3.3)

i=m+1

we define a random measure p = p® on R that is absolutely continuous with respect to the Lebesgue
measure, and is given by a random density function ¢(z)

(k) (k=1) ;
1, &7 <x<g”,  foralli>1,
Bla)i=q S STEEn (3.4)
0, otherwise.
Since ék) < +oo almost surely, we have that
M(z) = pl(e,+00)) = [ oltyat (3.5)

is a well defined random, continuous and piecewise linear function of z € R. We also define the deterministic
function

F(x) :=EM(x). (3.6)

It is clear that as © — +o00, M(z) — 0 almost surely, and F(x) — 0. We have the following estimate of
F(z) and M (x), whose proof will be given in the end of this section.

Proposition 10. As the negative parameter x — —oo, we have

— 2
F(z) = 5 +0(1), VarM(x) = EM*(z) - F*(z) = =v/=z + O(Jz[$). (3.7)
Then we write
(k—1) (k—1) (k)
kgA“Many—/"L _1m4@—1/m ]wwwy—/"blmwm) (3.9)
Jm AT T (k) RO (k) e (k) ’ :

where in the last step we used the fact that dM(x) = 0 on (57(5_1),57(5)] by definition. Hence (3.2)) is
equivalent to

(k)

S| 1. ng
/5(’“) 75(@ dM (x) + 3 log e~

ng ,7 — X

lim  sup Dpn, =0, a.s., where Dy, n, =
m—00 ng>ni>m

. (3.9)

Or else, we can use F'(z) to rewrite (3.9)) as

lim  sup Dyn, =0, a.s., where Dy, n, =
m—>oon2>n1>m

ey ~(3mn1/2)?%
/ dM (z) — / dF(z)
4

© &P g ~(Brna/22/3 0=

10



in light of the first identity in (3.7). It is equivalent to show: for any €;, €2 > 0, there exists m, ¢,, such that
for all m > me, ¢,, P (supn2>n1>m Dmm > 61) < €. Furthermore, we see that it suffices to show, under

the same assumption,

P <sup Dm,n > 61> =P (Sup
n>m n>m

Here we note that by Lemma |8 the constants 0, —(37m/2)%/3 and —(37n/2)*/3 approximate the values of
(k) (k) (k) :
& ;s &y’ and &, respectively.
Therefore, in order to prove Theorem 1} it suffices to show (3.11]) in the sequel.

Remark 4. Here we remark that the proof of (3.11]) relies only on the following three ingredients: (i) Propo-
sition |10/ on the properties of F'(x) and M(x), (ii) Lemma g on the fluctuation of fj(k) and 5,(Lk), and (iii) the
property that both dF(xz) and dM (z) are dominated by the Lebesgue measure. Our proof below could be
potentially simplified. Nevertheless, for coherence, we keep the current presentation, since it can be easily

adapted in the later proof of (5.15)).

Proof of (3.11)). We carry out the proof in three steps. To facilitate the proof, for j € [1, k] and m > k, we
denote by ngn)l the events that gﬁ’f) and 5](.k) satisfy the following rigidity properties

(k)

1 —(3mm/2)** 4
——dM(z —/ dF(x
/g(k) gj(k) — ( ) (37m/2)2/3 0—=x ( )

n —

> 61) <€ (3.11)

o) = {w| 1) < mb, |6 + Brm/2)i| < mi), (3.12)
and also denote ngr)nn = Qg’?n N ngrz

1. We first note that given any e; > 0, there exists me, such that for all n > m > m,,,

(k) 2/3
™ 1 —(37m/2) 1 *)
/£ o @) - / e @100,
" J
w ®
<l/ dﬂ@—/ dF(@) 1% )
& €M g g 00—z i (3.13)
(k) 2/3
™ —(37m/2)
4 L 4F@) - L ar@)| 1@,
gff) 0—=x ,(37m/2)2/3 0—=x

3 3 3
2. We next show that given any €1, ez > 0, there exists sufficiently large positive integer m’gm2 such that
for all m > m/ ,
" 1 € €
P ( sup TH—%MMM—Hmﬂ(ﬁm)>i <2 (3.14)
n>m ,gg“) gj — Y 3 2
To see it, using integration by parts, we write
(k) k k k k (k)
L N _ M)~ Few)) _ M(EY) — F(&”) [ M(x) - F(a) |
w oM@ -F@) == T e e
o & - & —&m £ —&n n (fj — )
(3.15)
So to prove (3.14)), we only need to show that for a large enough m{, ,, if m >m{ _,
M(ER) = F(EW) o) €1 €
P <| 0 1QE)| > 5 ) <% (3.16)
J m
& M(z) - F(a)
M) 7 ) (k) & €
P (Sgg ” (f;k) gD dz1 (S, )| > 9 ) <% (3.17)

11



(a)

For (3.16)), we note that since (£§k) - f;,’f))/(37rm/2)2/3 =14+ 0O(m Y1) on ng)n, it suffices to
show " "
IM(&n') — F(&m')| (k) _ €1 €
P 1(Q — —. 3.18
( Grmj2ps N m) =g ) <5 (3.18)
To prove (3.18)), we first set
2
6 = [F’/ﬂ . (3.19)
3

Then for any m € [, lis1], |M (X)) — F(ER) < A; + B;(m) + C;(m), where
= |M(=i) = F(=i)|, Bi(m)=|M(&R) = M(=i)|,  Ci(m) = |F(&R)) — F(=i)|.  (3.20)

By the estimate in Proposition [I0] and Markov’s inequality, we have that if i is big enough, then
for any € > 0

P (|M(—i) — F(—i)| > i) < e 2i7%/2, (3.21)
and we conclude that there exists a sufficiently large positive integer N, ., such that
A; €1 €9
P —— > — | < <. 3.22
(z’j\l/tll),eg (3l /2)2/3 ) 6 (322)

Using the properties that |F(z1) — F(z2)| < |z1 — 22| and |M (z1) — M (z2)| < |z1 — 22|, we have
that there exists N/ _ such that if ¢ > N/ then for all m € [¢;,4;+1], we have that on Qk)

€1,€2 €1,€27 7,m’

—(3mlis1/2)23 — 03°] — [—(3m0;/2)%/3
)| _ I=GBrtin/2) it1] — [=(3mli/2) ]\<g’ w—BorC.
/3 (37rm/2)2/3 27
(3.23)

[xi(m)] \fm — (=
(37rm/2)2/3 = (3mm/2)%/

Hence we have that if i > max(Ne, ,, N. ..) and m € [¢;,£;11], then by (3.23])

1,€29 €1,€2

[M(ew) — Flen) A2

Then by (3.22]), we prove (3.18)), which further implies (3.16]).

1. (3.24)

To show (3.17)) holds, we note that since on Q;k%n, \({;k) —xz)/z| =1+0(m Y15)if £ > 5 , it
suffices to show that if m is large enough,
& |M(a) ~ F() a) e
" (k) 1 €2
P (Sgg /g,(l’” = dz1 (2, ) > 9) <% (3.25)
Also, since &lf goes to —o0 monotonically as m — oo, ® < (gﬁm)2/3 +m3/5 on nggz, nd

the integrand of ( is non-negative, we find that it suffices to prove that there exists K, ,,
such that for all posmve integers ko > k1 > K¢ e,

P < sup /_k1 W@)—;Fwdx > 691) < %2. (3.26)

ko>k1 J —ko Zz

We define the auxiliary functions with integer parameters k1 < ko

F(—i)| F(—i)|
Ak ey = Z = 1)i s Bk, = Z “L 0 ;

- | (3.27)

Chaks =2 %:H G j;_(jl 0 kf(/(ezlf:)l) * é(__li??@-

Since for & € [—i, —(i — 1)), we have, by the monotonicity of F(x) and M(z),
M(—(i— 1) — F(—i) < M(z) — F(z) < M(~i) ~ F(—(i 1)), (328)

12



and the inequality

/'ﬂ ) Py, 55 /“ D M(=i) = F(-G = D) | [M(=(=1) = F(=)|

—k2 i=k1+1 $2 1‘2
ko . . ko—1 . .
_ |M(—i) — F(=(i —1))| |M(—i) — F(=(i +1))|
N i:%;l (i—1)i + ;kl i(i+1)

(Ak1+1,k‘2 + Ck17k2) + (Bkhkz—l + Ck17k2)
Akl,k2 + Bkhkz + 2Ck1,k2'
(3.29)

Hence to prove (3.26)), it suffices to show that there exists K¢, ., such that for k; > K, ,,

€1 €9 €1 €9 €1
P sup A, g, > >< P(sukak>><, and  sup 2|Ch, x| < =
<k2>k1 1,R2 27 k2>k;1 1,R2 27 12 k2>k;1 1,R2 27

(3.30)
By the estimate of F(z) in Proposition we can easily verify the Cj, », part of (3.30) with
large enough k1 > K¢, ¢,. On the other hand, analogous to (3.21]), we have that for large enough
i,

P (|M(—i) ~ (i) > i4/5> < i1, (3.31)

Also if k1 > 2706;1 + 1, we have

—6/5 _ / 6/54 339
7 Tr << —. .
Z - 54 (3.32)

i=kq

Hence if k1 > 270e; * 4 1, noting that (i + 1)2 > (i — 1)i > 42/2 for all i > k; > 2, we have

€1
P| sup By, > )<IP><supAk7k >>
<k2>k1 p 27 ka>k1 n 27

<SS MEDFCl o

= 54
= [ IM (=) = F(=i)| _ s
<P L{ { - > 75 (3.33)
1=FR1
> |M(—i) — F(=i)| _ _s
< Z P ( 2 > i 5
i=kq
<Y it </ zi0dz = 10(k; — 1) 10,
i=kq k1—1

and conclude the proof of the Ay, », and By, , parts of (3.30). Now (3.30) is proved, and so are

(:26) and (F17).
Thus we finish the proof of ( - The constant my, ., can be deduced from Ne, e, N¢ s Keieo
above.

3. Combining (.13 and (3.14) we arrives at that for m > max(m/ , m/ ,,)

€1,€2/)
(k) /
m 1 (37mm/2) 1 *) €o
’ (5351{ /553“> gj(.’“)—de@) - /(Swn/2)2/3 07 @1 ) ¢ > e | < 5 (3:34)

)

13



To complete the proof of (3.2)), it suffices to find me, ., > max(m,, , m! . ) such that for all m > m,, ,

617 €1,€2

Bl U @) ) <3 (3.35)

n>m

By in Lemma we have that if m is large enough, then IP’(|§£,]§) + (3rm/2)*3| > m3/%) <
em~%%logm, and the estimate also holds if m is replaced by n. Also by part [1] of Lemma |8 we have
limyy, oo P (|§ | <m? ) = 0. Hence it is straightforward to check that holds if m is large
enough, and the desired me, ., exists.

Finally we complete the proof of (3.11)). O

4 Analysis of random measure u: proof of Proposition

We show that the estimate of the mean and variance of M (z) can be transformed to the mean and variance
of a linear statistic of the extended Airy process, or more precisely, the difference between the linear statistics
of two species, as mentioned in Section We observe that the mean and variance of the linear statistic
have (multi)-contour integral representations. Then we prove the said estimate, first of the mean and then
of the variance, via delicate saddle point analysis of the contour integrals.

Define the finite random subsets of N

T, ={ieN|M e (2, 40)}, Jo:={ieN| ¥ e (2,+00)}. (4.1)
and the random variable

By the interlacing property stated in Lemma [7] we see that N, is a Bernoulli random variable for a given

z. Hence,
EN, =P(N, =1). (4.3)

We also consider the random variable

S IARD I (i

1€L, 1€Tx
We observe that if ék) <z, then N, =S, = M(xz) = 0. Under the condition that ék) > x, if N, =1, then
Sy =M(x) — §§k), otherwise S, = M(z) — f%k) + z. We conclude that (noting that le(fgk) > x) = Ny)
M(z) = Sy + (€ —2(1 = No)1(EP > 2) = Sy + 2N, + (€7 —2)1(P) > ). (4.5)

By the estimate in Lemma |8 we find that as © — —oo, E(§; (k) _ x)1 ({1 >1z)=—x+0O(1) and Var(ﬁ%k)

a;)l(ﬁgk) > z) = O(1). Hence to prove the Proposition [L0} we only need the following estimates of the mean
and variance of S, + xN,:

E(S, + zN,) = g +0(1), (4.6)
Var(Sy + xN,) = 2\/—x+ak + O(|z|~1?), (4.7)
T

in light of the linearity of expectation and the trivial inequality

| Var(X +Y) — (Var(X) + Var(Y))| < 24/ Var(X) Var(Y). (4.8)

Below we prove (4.6)) and (4.7]) separately. For the proofs, we define the function

0 t<ux
he(t) =<’ - 4.9
®) {—t+x, t> . (4.9)

We emphasize here, all integrals in the sequel, unless the integral domain is specified, are on R.

14



Proof of (4.6) We have, by the standard formula for linear statistics of a determinantal point process,
that

E(Sy + xNy)
~E( L) -5 (L) +o(Biml-El)
1€Tx 1€,

(4.10)
- / Ky 1(t,t)dt—/ tKAHyatth—x(/ lryattdt—/ Kye 1tt)dt>
- / hx(t)(KAlrya(t t) — Kl’;‘r;:’;‘l(t,t))dt.

According to (|1.7) and (|L.8]), we have

k,k k—1,k—1 1 es u—aj 1
KAiry,a(t’ t) KA1ry a (t7 t) = (271'1)2 /Jdu /y dv 3 H v — CL; v — ak- (411)
j=1

Plugging (4.11)) into (4.10]), we have

‘ ! 4.12
-1 6?,‘% Al —a; 1 2
=—— [ du [ dv J .
(27i)? /U T ;1;11 v—aj | (v—ak)(u—wv)?
By some standard residue calculation, we have that if x < 0, then
E(Sz + xNg)
4,_xu k—1
uUu—a 1
= — dud : 4.13
(27i)? // udv™— (Jl_[lfua] (v —ag)(u—v)? (4.13a)
k—1
-1 vt —x
— d 4.13b
+27ri ﬂji(v—ak—’_z (v —ay)( v—ak)) v ( )

Jj=1

where the contour X means that the two deformed contours ¢ and ~ intersect at the two saddle points
++/—xi, see Figure [2| and the integral is understood as the Cauchy principal value, and the contour in

(4-13b) goes by the right of all a;’s. By direct computation, we find the ([@.I3b) is (z — a?)/2 + O(|z|~1/?).
To evaluate (4.13a)), we define two types of infinite contours:

vetd(a) ={eFt+alt>0U{eSt+a|t <0}, owald)={eSt+b|t>0}U{eFt+b|t<0}, (4.14)

both oriented upward; see Figure [3] Assuming that —z is large enough, we deform the contour X such that
u is on ogq(—+/—x/3), and v is on vgq(y/—x/3). Direct computation shows that R(u®/3 — zu) attains its
maximum along o at ++/—xi, and R(v3/3 — zv) attains its minimum along ~y at the same two points. Hence
++/—xi are the saddle points. We divide the double contour X into three disjoint subsets:

(i) Xi={u,ve X ||u—+—2i| <1, |v—+/—zi| <1},
(i) Xo ={u,ve X ||u++/—2zi| <1, |v++/—2zi] <1},
(111) X3=X \ (X1 U Xg)

By standard saddle point method, we have that the parts of integral (4.13a)) over X; and X5 are both
O(|z|~Y/?), and the part of integral (4.13a]) over X3 is o(|z|~1/?). This together with the estimate of (4.13b) m
above completes the proof of (4.6 .
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Proof of (4.7) We can write, with h;(¢) defined in (4.9)),

BI(S: + 2N = [ RORES o0+ [ IOKLE (dar
KTk K
+//hx(s)hm(t Alrya(s’s) Alrya( 2
KA71rya( 8) Alrya( )
1

+//h ( )h (t) Kﬁir;’; 1('3’5) 1]§1r)11’; (S’ )
s k—1k—1 k—1k—1
: ’ KAiry, (t7 S) ‘[{Au*y7 (t7 )

k,k—1
[ nemetn| i ls0) Kl

KAlry a( KAlry a (t7 t)

Kk 1,k—1 Kk 1,k t

kik—1 k,k
KAlry a(t S) I{Alry,a(t7 t)

dsdt

dsdt

dsdt

dsdt.  (4.15)

Combining (4.15)) with (4.10) and using (1.7)) we get
Var [Sx + :ch]

/h?( )( KNE (60 + Kh i ,t))dt—2/hx(t) </°o ho(s)e™ SO KEE L (s, t)ds> dt  (4.16a)

k,k k,k k—1,k—1 k—1,k—1
// KAlry a(s t>KA1ry a< ’ ) KAlry a ( )KAlry a (t’ S)
(4.16b)
k,k—1 -k—1,k -k—1,k k,k—1
KAlry a( )KAlry a(t S) KAlry a( )KAlry a(t S)> dsdt.
First, we consider the integrals in (4.16al). A simple change of order of integration yields
k—1,k—1
/ h‘2 Alry a(t t) + KAlry a ( ) t))dt
1 eﬁ_m 2 Pl —a; ) utv—2a
:”/du/dv - AT —2 (417)
(271)2 J, v ey —av (u—0v) VT v — ag
o
/ ha(t) ( / hx(s)e“k(s_t)Ki’ify;(s,t)ds) dt
. ;
1 e%_‘w 1 "l —a; (3u — v — 2ay)
= 2/du/dv = 1 H J (4.18)
(271)2 J, v e (u—0v) LU u— ag
So (4.16al) becomes
u? k—1
2 / / es T U — aj 1
— [ du [ dv—— . (4.19)
(2mi)2 J, . egfrpv 31;[1 v—aj; | (u—v)%(u—ax)(v—ag)
Similarly to (4.13]), when = < 0, this integral can be written as
@ k1
es T U — a; 1
dudv g (4.20a)
2771 // o5 —av 31;[1 v—aj | (u—0)%(u—ak)(v—ag)
- k—1
2 B 1 1 1
— — — d 4.20b
+27ri = Y $+z;v—aj v—ak | (v—ag)? v ( )
k-1 3 k—1
a 2 1 1 1
+ | | (ax — a-)e3_ak$,/ do, (4.20c)
jl;[l j 27 )y o —av ]1;[1 v—aj | (v—ag)?



where the contour X in (4.20al) and the contour from —y/—zi to /—zi in (4.20b)) are the same as those
in (4.13). We have that the integral in (4.20B) is 4v/—z/7 + 2a; + O(|z|~1), and the integral in (4.20a))

is O(]z|~1). The saddle point analysis is omitted since it is analogous to that for (4.13). The integral in
(4.20c) will be cancelled out later, by a term in (4.25)).
On the other hand, the double integral in (4.16b|) can be expressed as

w

1 e's o eé_m U—aj z—aj

,Ll/du/dv/dz/dwv?, — H J J

(2mi)* J, - - v T et ew S VT aj W=y
1

X (u—v)(z —w)(u —w)(z —v)(v—ap)(w—ag)’ (4.21)

In order to estimate the integral above, we will perform several steps of contour deformation.

(I) We first deform the contour 7 for w and v to Yo" U~ and v U ~®, respectively, as in Figure

w

such that all a; (j = 1,...,k) are enclosed in yin"and then also in 4". We also slightly deform the
contour o for u and z into o, and o, respectively, as shown in Figure [

Figure 5: Deformation of con- Figure 6: o, is deformed into Figure 7: o0, is deformed into
tour ~ for w and v, and con- ol !

u* g
tour o for v and z.

2

II) We then further deform the contour o, such that it goes between 72" and ~", and thus also goes
g Yo Yo g
between 20Ut

out and 4%, We denote by o/, the deformed o,; see Figure @ By residue calculation, we

write (4.21]) as

u’ 22 k—1
1 e3 TU g3 TR U—a; z2—a;
o du dv [ dz dw—s; 3 | | J J
. . v w —_ . —_ .
(27‘(’1) CT,/U‘ ,Yi(})utu,ybn o, ,Y{)Uutu,y;lt]) eT—x’U eT—$’u) le v aj w CLJ

~ (4.22a)

1 e T Z—aj 1
+ dz/ dw . 4.22b
(27i)? /oz ~in w_pw ]1;[1 w—aj | (w—ag)(z—ar)(z —w)? ( )

2 [kl

1 es Z— Q; —1
+— dv/ dz J 4.22¢
2P / e \ = e 4

2 g (k-1

1 es zZ—a; -1
d d ! 4.22d
+ (271)? /%(Jmt v /az Zeﬁfa:v H v—aj | (v—ag)?(z—ar)(z —v) ( )

Jj=1
2B k—1
1 / / es TF Z—aj -1
+ - dv dz . (4.22¢
(271)2 Jjour B 31;[1 w—aj | (w—a)?(z—ag)(z —w) ( )

Derivation of (4.22b])—(4.22¢]). First we integrate u over o], — o, and the result is a 3-fold integral in
v,w, z. The integral domain of z is always o, so we leave it alone, and divide the integral domain of
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v, w into 4 subdomains: (i) Yo" x 42U, (ii) 40U x 40 (iii) in x 'yfj)ut and (iv) 7" x 4", Integrating v, w

on subdomain the result is 0; integrating w on subdomain |(ii)|, the result is ; integrating v

on subdomain the result is ; on subdomain it is more complicated: the integrand can

be divided into two parts, such that when we integrate one part with respect to v, we get , and

when we integrate the other part with respect to w, we get . O
(ITI) Next, 51m11arly to the previous step, we further deform the contour o, such that it goes between "
and ~,", and thus also goes between 79 and . Hence o, becomes o’; see Figure [7] I By residue
calculation, the quantity in ) becomes

/ / / dz/ u?_“‘ e3 TE Iﬁuaj z — a;
27r1 ~Qut Jyin outu,ym e§7:{:v e%g—xw S U T aj W a
o e g e e Ty crmmr B
et [ [ (T2 ) e 02
ud - A B
[ kg e R rermirer iy
Do (1, _
T H e e e MG
v — . _
Ty / . / dww kHl e | @ ay e (42
+ / & / d“’w kg o | oG S (420
+217Ti/ﬁdw w2_x+§w_1aj_w_1ak (w—lam (4.23g)
+ﬁ(ak - ag)e?akf;m [y;r; d e;,l_xw jj - _1 o | w _1%) (4.23h)
7 7 — _
o L L kr_[l e krernemrmcmn B
+ﬁ(ak - ag)eaj W%m /7 dvefl—m ﬁ . _laj © _lak)3 (4.237)
23 _
G / w / dw krj il Ry e e
+§Hi(ak — aj)e?akf;m [Y&Ut dwewsl_m jl_Ii -~ i o | w 2ak)3 (4.231)

Derivation of (4.23]).
ilar to that used to transform (4.21)) to the sum of ([4.22a])—(4.22¢).

(i) (4.224)) is transformed to the sum of (4.23a
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(i) (4.221)) is the sum of ([#.23f), ([#.23g) and (4.23h)). To see it, we express the contours o, = o/, +~/",
and check that if the integral domain of (4.22b]) is changed into (z,w) € 4" x 4", by integrating

z first, we obtain (4.23g)) plus (4.23hl).

(iii) (4.22d) is the sum of (4.231) and (4.23j)). To see it, we express the contours o, = o/, + v*, where
4" encloses 7/, and then find that the part of (4.22d) where o, is replaced by ¢, becomes (4.23i))
and the part where o, is replaced by 7* becomes (4.23j]).

(iv) (4.22d) and (4.22€) are equal, and their sum is equal to the sum of (4.23k|) and (4.231).

(IV) For further deformation of the contours, we introduce the following shorthand notations

— /—xi L — /—zi V3i —V/3i -— /—zri ;1
<>._F+\/jx, @._FJFM, Neh < f+\/_7x. (4.24)

For the 4-fold integral (4.23al), we perform the following operations:

Q:: V—xi+

such that it passes & and 5;

such that it passes <® and 5;
—27i/3

(i) deform o},
/

(ii) deform o,

- 00 to 5, then goes along the left side of o/, until it
2mi/3 | oa:

(iii) deform 2" such that it goes from e

reaches &, and then goes from & toe

(iv) deform 4® such that it goes from <® to e along the right side of 0, then wraps around all a;’s,
and finally goes back to <®;

(v) and at last add an additional contour for v, on which the contour integral vanishes: the contour
goes from O to <o along the left side of o’, then goes from <® to &, and further goes from &
to 5 along the right side of o/,, and finally goes from 5 to ».

See Figure [§| for the deformation of contours.

Now we define the infinite contour +/ as in Figure that goes from e~2™/3 . 00 to &, then to <®, then
wraps a;’s until it reaches ®, and then goes to &, and finally goes to e2™/3 . co. Hence the 4-fold
integral @D can be simplified by the residue theorem with 79" U ~4i® replaced by «,. Then the
formula @D becomes

3 3
Soru 5wz k-1

z
1 e es U—a; z2— aj
—— [ du [ dz dwP.V. [ dv————1] g g
(2mi)t Jor o’ outUyin v e e U AW — 4

1
X (u—v)(z —w)(u—w)(z —v)(v—ap)(w — a) (4.25a)

2 _ k—1

. & e o

+ - /dz/ dw/due3 ||Z 4
(2mi)3 Jor ot in s S gw w — a;

e 3 j=1
x ! (4.25b)
(z —w)(u—w)(z —u)(u—ag)(w — ag) '
1 > e§_m Ll —a
+ e / du/ dw / dz—; H — J'
o Iyl O
1
X (4.25¢)

(u—2)(z —w)(u—w)(z —ar)(w — ag)
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1 eéfxz M a —4
d d . 4.25d
* (271)? /ngut v /U/Z ze;—zw H w—aj | (w—ag)?(z—ag)(z —w) ( )

J=1
k—1 3 k—1
L 1 1 1 2
+ || (ap —a;)es ¥ — / dw (4.25¢)
j]:[l J 2mi Ain~out e%s—xw jr—[l w — aj (w — ak)3
1 eé_“ o 22w — z — ay)
dz [ 4 J -k 4.25¢
e L 5= ) e=are—me—ur 42

+2ak.

Derivation of (#.25)). (i) is equal to the sum of (4.25a)—(4.25d).
(ii) The sum of ({ m m, and (| is equal to .

(iii) The sum of (4.23h]) (4.23]) and is equal to

(iv) The sum of (4.23D)), (]4 23c|) @ 23ﬂ) (]4 23)) is equal to

(v) (4.23g)) is equal to 2ay.

O

(V) Now we deform the contour 42" U ~i" for w in the way similar to our deformation of vo%* U ~i® for v

in Step - )l We perform the followmg operations:
(i) deform o], such that it passes «> and 6 and meanwhile still passes & and 5;

(ii) deform o, such that it passes ¢ and 6 and meanwhile still passes <® and 5;

(iii) deform 42" such that it goes from e~27/3 . 0o to 6, then goes along the left side of o], to &>,
and finally goes from &> to e2™/3 . co;

(iv) deform 4% such that it goes from <@ to 6 along the right side of ¢/, then wraps around all a;’s,
and finally goes back to

(v) and at last add an additional contour for w, on which the contour integral vanishes: the contour
goes from Q to < along the left-side of o/, then goes from <@ to &>, then from &> to () along
the right side of ¢/,, and finally goes from (> to Q

v o o
Yoo
Figure 8: The deformed contours for v, u and z. Figure 9: The deformed contours for w, v and
The four dots are &, <®» & and O». z. The four dots on top are &, <», «> and <,
and the four dots on bottom are their complex
conjugates.

We have the result in Figure @ Similar to ~,, in Figure [8] now we define the infinite contour +,, that

goes from e 2™/3 . 5o to 6, then to <, then wraps all a;’s until it reaches Q, and then goes to &,
and finally goes to e2™/3 . co. Contour ~., is parallel to and to the left of /. Hence by the residue
theorem, the 4-fold integral (4.25a]) can be simplified with v3" U~/ replaced by ~,,, and then formula

- becomes
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ud 23 k—1
1 es W ez T U—a; 2— a;
~ [ du | dzP.V. [ dwP.V. [ do————[[—2-—
(271‘1) U& U/z ~! ~! e?fa:v eT*xw =1 v — aj w — aj

1
X (u—0)(z —w)(u—w)(z—0v)(v—az)(w— ay) (4.26a)

3
1 <« Z gy (k=1 _
+/ dzPV/d/duel [[:—%
(2mi)3 Jor ~ © e \ iV g
1
X (4.26b)

(u=v)(z = u)(z = v)(v = ar)(u — ar)

@[T

<
w

1 @ e (Al

- ,3/duP.V./dv/dz 11—

(2mi)3 Jor ” @  eFtw \iGvTg
1

e a2

1 es I 2 —a; —4
+— / dw / dz : 4.26d
(271)2 JinUyout ol w_pw Jl_[ w—aj | (w—ar)?(z—ag)(z —w) ( )

1 es I Z—a; 2
d d J 4.26
+ (27i)? /U/z : /%n we%:ifxw ]1;[1 w—aj | (w—ag)?(z —w)? (4.26e)
+([@25H) + [E25d) + [E259) + 2a. (4.26£)

Derivation of (£.26)). ( is the sum of (4.26a)—(4.26)), and (ii) the sum of ([£.25d) and (4.25f)
is equal to the sum Of and (4.26¢€]). O

Now we can compute the contour integrals by saddle point method. Recall the contours ogq and ~stq
defined in (4.14)). To facilitate the analysis, we fix the shape of the contours as o], = ogq(—+/—2/3 —
1/y/=x), ol = osta(—v/—2/3 + 1/vV=2), v, = ¥ta(v/—2/3 + 1/V—2) and 7, = ysa(y/—2/3 — 1/v/—2),

and call the 4-fold contour consisting of them X. Also when we consider contour integrals in the form of
fc in and - where C' € C,, we fix the shape of the contour to be the part of astd( ) between

C and C , where a = R(C) — I(C)/V/3. Below we also consider contour integrals denoted as fc right» Whose
contour is the part of yq(b) between C' and C, where b = R(C) + 3(C)/+/3. (For symmetry, fg should be

expressed fg loft- But since it occurs more often than fg right? W omit the left subscript for simplicity.)

(1) The 4-fold integral (4.26al) can be estimated in the same way as the 2-fold integral (4.13a)). To perform
the saddle point analysis, we denote the subsets of X

(i) Xi ={u,v,z,w e X ||Ju——2ai| <1, |[v—+—zi| <1, |z —V/—zi| <1, |w—/—zi| <1},
(i) Xo ={u,v,z,we X | |u++/—zi| <1, |v+/—zi| <1, [z +—zi] <1, w4+ /—zi| <1},
(iii) X3=X \ (Xl U Xg).

By standard saddle point method, we have that the parts of integral (4.26a)) over X; and X5 are both
O(]z|~1), and the part of integral (4.26a)) over X3 is o(|z|™!). Hence we have that (4.26a)) is O(|z|~1).

(2) Both of the 3-fold integrals (4.26b]) and (4.26c)) can be evaluated similarly, and they are O(|z|™1).
(3) The 3-fold integral (4.25b)) can be written as the sum of
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(5)

1
x (4.27a)

(z—w)(u—w)(z—u)(u—ar)(w— ag)

\/jxhtem/ﬁ 73/93 1
d 4.27b
e / of Sremritoy /T = P — e —an) 2T

1 es z—a
d d J 4.27
(27Ti)2 /// e ue%—mu U — a; (z — u)Q(u _ ak)2 ( C)
1 ) k—1 1
o e du | (W - 4.27d
"o & el Q:)—i_;U—ag‘ (u — ag)?’ (4.27d)

where the contours 7. = vsa(/—2/3+2//—x) and 0. = osq(—+/—2/3 —2/+/—x). We note that o’

is similar to o/, but keeps the contour for u in (4.27¢)) on its right, and the contour ~// is similar to v,
but intersects o, at /—xi + e™/6,/—3/x and —/—zi+ e ™/6,/—3/z. On the other hand, the 3-fold
(4.25¢) can be written as the sum of

» Wy (k=1
13/ duP.V./ dw/ Az — | ] =%
(2mi)3 Jor - B e \ W g
1
X 4.28a,
-G - -0 2
1 V=zi+(1+3V/31)) /v =4z <> 1
—I-/ du/ dz 5 (4.28b)
(2mi)? ) =mira- 3%))/\?490 > (u—2)*(u—a)(z —ay)
*7” Pl —a; 1
J
27r1 / du/ e o5 w2 ]1;[1 z—aj | (u—2)%(z—ap)?’ (4.28¢)

where the contour o, = ogq(—+/—2/3 —2/v/—x) is the same as o7 in (4.27d), and it intersects o}, at
V=i + (1 +33i))/v/—4x and —/—xi+ (1 — 3v/3i))//—4x.

The 2-fold integral (4.26d|) can be written as the sum

23 k—1

1 es 7 Z—a; —4
— dvdz J 4.29a
i /), = \ o3 | oo (4.29)
1 v 4
il dg——— 4.29b
+27Ti —/—zi Z(Z —ap)¥’ ( )

by the same transform as (4.12]) is transformed into (4.13)), and the double contour X and the single
contour in (4.29bf) are the same as in (4.13]). Note that the contour (4.13) is to the right of all ax’s
while the contour in (4.29b)) is to the left of all ay’s.

The 2-fold integral (4.26€]) can be written as the sum of

3
1 O eFoe (g -1
d d J 4.30
(27i)2 /g,z/ : s we%g'—xw jl_[1 w—aj | (w—ar)?(z—w)? (4.30a)
e L=
d wW—s—— J 4.30b
z 3 nght e%,xw 31;[1 w— aj (w— ak)2(z —w)? ( )



L, k—1
es Z—aj -1
dz dw J 4.30c
wT?’— 31;[1 w—aj | (w—ar)?(z—w)? ( )
/ d / e kl'[l Sl 1 (4.30d)
z , .
27r1 erght e%g—xw el (w—ag)?(z —w)?

where o7/ is defined the same as o7 in (4.27c|). We note that (4.30al) cancels with (4.27¢), and (4.30c))
cancels with (4.28c)).

(6) The 1-fold integral (4.25¢), after taking into account of the negative sign in (4.16b)), cancels with
(.20¢).

(7) ([@27d) can be evaluated similarly to (@.20b)), and it is 2v/—z /7 — a; + O(|z|~1/?).

(8) (4.27b) and (4.28b) are O(|z|~'/?log|z|), and all the other integrals from (4.27a)) to (4.30d)) not men-
tioned above, are O(|z|~'/2), as © — —oc. Since the evaluations are all by standard saddle point
analysis, we omit the details.

Hence we obtain the final proof of (4.7)).

5 Eigenvector distribution for GUE with external source

Recall the notations o; in (1.4) and x; in (1.5) for the eigenvalues and eigenvectors of Go = G, Let

A1 > Ag > --- > Ay_1 be the ordered eigenvalues of GEXN_I), which is obtained by removing the first column
and first row of G

In order to prove Theoreml we define, analogous to (3.4 - 3.5)) and (3.6 . the random measure py = /‘E\/)
with the random density function ¢ (), (random) complementary distribution function My (z) for puy, and
the mean of My (x) such that

1 o;<a<A-iforallie[L,N My(@) = un((@, +00)) /
on(z) = { . h< = A oratte (LN wi) = bl ot (5.1)
0 otherwise, Fn(z) = EMy(z).
Then for any L € [j, N],
oA T oo A (k) =
L DY = A1 . CNTY . 9j — Ai—1
|lzj1]" = H 0j — 0; H 0j — 0; gj,L(aaN)a where gij(oqN) T H oj—o; (5.2)
41 =1 1=L+1

Here the superscript k£ in the notation Q( 7(c; N) reminds us that the external source is of rank k; see
i, ..., in Assumption I 1| that represent the external source. Analogous to | and (3.8), we write

)\L 1 or, 1
1%gﬁaan=/ dMN@%:/ dMy (). (5.3)

NUj—SL' NUj—l'

Analogous to Proposition we have the following key technical result, whose proof will be given in Section

Gl

Proposition 11. 1. Let € > 0 be any small (but fized) constant and N be large enough. For x €

(=24 )V N,2v/N — N~V10) " we have

Fy(z) = Ex(z) + O(N"12(2VN — 1)2), Ew@g:é;< AN — 22 + g arccos

T T
+VN -2,
mﬂ) 2
4

(5.4)
Var My (z) = Vy(x) + O(N‘?lﬁl(Q\/N— x)i), Vn(x) = % (\/ 1- 43:; + arccos 2%) . (5.5)
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2. Let C be a large enough positive constant and N be large enough. For x € [2v/N — N-Y10 9/N —
CN=), we have, with ¢ = NY/6(z — 2y/N),

Fy(z)=N"1/6 (_25 + 0(1)> : (5.6)
Var My (z) = 1/3< V—=E+0( §|1/4> (5.7)
To prove Theorem |2 we first note that by Lemma @ upon the scaling 2 — N1/6 (x—2v/N), given a fixed
L,o01,...,0p and Aq,..., A, converge weakly and jointly to f&k), .. ,f(Lk) and §§k_1), .. ,§(Lk_1)’s respectively,
as N — oo. Hence for any fixed L > j,
j—1 L =1 (k) (k=1) L (k) (k—1)
o — A oj —Ai—1 d & ¢ & =& —1(k), .
11 o;— i 11 o—o I1 P _e® 11 W g — s (68)
i=1 i=j+1 i=1 Sj i i=j+1 Sj i

Using the convergence result in Theorem [1} we only need to show that for any €1, €2 > 0, there is a sufficiently
large Le, e, > 0 such that for any L > L, ,,

/3 3 1/3
log g](’“L)( N) — [log + log <7T)

limsup P ( N1/3 5

N—oo

> 61) < €9. (59)

Here the deterministic term in (5.9)) originates from the elementary identity

2WN-N-1/6(3xL/2)%/3 dEN (z)
/QW m

1 1-4 (3rLN—1/2)*? arccosy —m o
o ), 1—y 7
—19\2/3 (5.10)
1 L arccos Y4 1 /15(3””\] '/2) dy 1t arccosy .
2r )4 1-y 2/ L=y 21 Ji_i@rn-17223 1=y
1 370\ 2/? 1 L/3 3\ /3 1
10g2—(log2—log< <2N> + O(N 3)—10gN1/3+10g<2> + O(N73),
where we use the fact that 5- fl arccosyd %fJ/Q log(sin #)df by integration by parts, and then it is

equal to log 2 by [36] 4.224.3]. Hence 1t is equ1valent to show that for all large enough L,

oL 1 2\/N*N_1/6(37TL/2)2/3 1
dMN T —/ 7dEN T
/oN 0j — T (@) —2v/N 2V/N —z (@)

In order to prove , we will mainly rely on Proposition There is an apparent obstacle: By part
of Lemma @ oj and oy are close to 2v/N and —2v/N, respectively, but our estimates in Propositi do
not cover the domain [-2v/N, (=2 + €)v/N). In order to handle the integral over [-2v/N, (=2 + €)v/N), we
need the observation that the measure duy(z) = —dM (x) and also its expectation —dF(x) are dominated
by the Lebesgue measure, according to the definition in . To be precise, we have that for any e3 > 0,
there is a small enough € > 0, such that for all large enough N

2+6 1 (—2+6)\/N 1
—dF dM
/ 2vVN —z N (@) /C,N oj—x n(z)

N—o0

limsup P <

> 61> < €. (5.11)

< €3, and < €3 with high probability.

(5.12)
Hence, in order to see ([5.11)), it remains to show that given any € > 0, €1, €2 > 0, for all large enough (but
fixed) L, such that for all large enough N, one has

or, 1 2\/N*N_1/6(37FL/2)2/3 1
P / dMpy(x —/ ———dEnN(x
(—24e)VN 05 — vi@) (—24+e)VN 2VN —z n(o)

> 61) < €9. (513)
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Next, we observe that by (5.4) and (5.6)), for any e3 > 0, there is a small enough ¢ > 0, such that for all
large enough N

2VN—-N~1/6(3nL/2)%/? 1
Lo =8 - vod| <o o
Hence, instead of , we only need to show, under the same assumption,
oL 1 2VN-N~1/8(3nL/2)*/* 1

Theorem [2{ will then follow if (5.15)) is proved.
Proof of (5.15)). First, we set the integer
2 1
Np = L)mNmJ . (5.16)

We note that by part [2| of Lemma @ on, = 2V N — N—1/10 4 O(N—8/7) with high probability. To prove
(5.15)), it suffices to show the following two inequalities with the same conditions:

oL 1 2V/N—N—1/6(3rL/2)%/3 1
P dMy(x —/ ———dFn(x
/UNO 0; —Z N( ) 2/ N—N-1/10 2\/N—Z[; N( )
]P (

UNO 1 2\/N_N71/10 1

aMy(z) - | —————dFy(2)
/(—2+e)\/ﬁ 0j — ¥ (—2+ovN  2VN -z

The proof of (5.17)) is similar to that of (3.11)) after a change of variable £ = N'/6(z — 2¢/N). Actually,

we can show the following stronger estimate, which is an analogue of (3.11)):

o q 2/ N—-N-1/6(3rL/2)%/3 1
dMpy(x —/ ———dFy(z
/an g; — T wi) 20/N-N-1/6(3mn/2)?* 2N — w(@)

> 61> < e, (5.17)

> 61> < e (5.18)

P ( s.upl/10 > 61) < €3, (5.19)
L<n<N

where the supremum for n is bounded by L and N'/10 rather than in for all n greater than m. Note
that the proof of only relies on three ingredients as explained in Remark [4] and all of them have
their counterparts in the proof of : the counterpart of Proposition |[10|is part |2| of Proposition the
counterpart of Lemma [§] is parts [I] and [2] of Lemma [0} the dominance by Lebesgue measure is the same for
wand py. The only slight difference is that part |2 of Lemma |§| is only valid for n less than N/19 since the
Airy process approximation of the GUE minor process with external source can only be extended to such
an intermediate regime.

The proof of again follows the idea of the proof of , with some necessary modifications. We
describe the proof parallel to that of , and give detailed explanations on the modifications. Analogous
to , we denote the events

olb .~ {w ’ INE(0; — 2VN)| < m3, |om — Y| < N*%m%} , (5.20)

where T, is defined in ([2.14)).
1. Analogous to (3.13]), we have the estimate that if N is large enough, then

/O’NQ 1 AF ( ) /2\/N—N1/10 1 . ( ) 1(§(k) )< %, (5 21)
N(x) — ———dFn(z . —. .
(-24+9VN 0j — & (-2+ovF  2VN -z S
2. Next, analogous to (3.14]), we show
P /ONO L d(My (o) - Fy(@)1@8)| > £ < 2. (5.22)
(—24eVN 0j — T 0 3 2
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Using an integration by parts decomposition like (3.15)), we find that it suffices to show

P < MN(UZE)__UiiV(JNo) (QE{“)O) > 691> < %, (523)
Mn((=2+ €)VN) — Fn((=2+ €)VN) | =) €1 €2
P (‘ o ovE 1(08)] > 9) <2, (5.24)
N My(x) — Fn(x) | - 5(k) a\l_e
P</(—2+e)\/ﬁ o @) > 9> <2 (5.25)

We first see that (5.24) only needs that My ((—2 + €)v/N) is close to Fy((—2 + €)v/N), and it is a
direct consequence of (5.5) at z = (=2 + €)v/N, by using Markov inequality. Estimate (5.23)) can be
verified in the same way as for (3.16)). On the other hand, to verify ([5.25)), it suffices to show that

NN | My(a) - Fn(@)] e _ e
P de > — | < = (5.26)
(—2+e)\/ﬁ (QX/N — .I)Q 9 6
by the arguement like that around (3.25)) and ([3.26)). More specifically, to prove (5.26)), we introduce
6; =2VN —iN~s (5.27)
and analogous to (3.27) we set
n IMN (fz) | M () — Fn (4)]
Akl,@—z ; Bklkg—z z+1 ;
(5.28)

ko—1

N FN(Ekl) FN(gkz)
Ot = %;11—1 1+U Filks +1) (k2 — ke
[ 1

Then analogous to (3.29) and (3.30), we have (without loss of generality, assuming N'/1® and (4 —
€)N?/3 are integers)

/WNNWMM@—M@|
(

dx < Né(AN1/15,(4—e)N2/3 + BN1/15,(4—5)N2/3 + QCN1/15,(4—6)N2/3)7

—24¢)VN (2\/N — ZZZ)2
(5.29)
and need only to prove
1 €1 €2 1 €1
P (NGAN1/15 (4—e)N2/3 = 27) <=, P (NGBN1/15,(4—5)N2/3 > ﬁ) < 12’ 2N60N1/15( )N2/(35§O§7’

As N is large enough, it is straightforward to show the last inequality for C': /15 (4—)N2/3- Also, like
(3.33)), we have that for large enough N,

P (AN1/157(476)N2/3 > N 6 “l

( N1/15 (4—)N2/3 = 27N_%)
(4— N2/
( 7 My ()~ Fx ()] ey

—N1/15

(5.31)

We thus finish the proof of ([5.26]), and then (5.25)), and finally finish the proof of ([5.22]).
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3. At last, we need to shovv that the event QY Jz, satisfies that }P’(Q§ ) ,) > 1 —€/2if N is large enough.
(This is analogous to ) but is much Weaker ) This follows dlrectly from the estimates of o; and
oN, in parts [I] and 2] of Lemma ol

Hence, we conclude the proof of Theorem [2} O
Next, we prove Corollary

Proof. Let U = (ui5) € CWN=k)x(N=k) he a any unitary matrix, then by the unitary invariance of GUE,
the random matrix (I @& U)Gq(Ir @ U*) has the same distribution as Go. Hence the eigenvector x; =
(@)1, ... ,ij)T of G associated with o, which is a random unit vector, satisfies that fixing z;1,..., 2,
the conditional distribution of the truncated random vector (x;x11,...,x; ~) T is unitarily invariant.
Furthermore, we have SN pi1 lTjil? = 1 — O(kN~ 1/3) with hlgh probability by Theorem I So the
distribution of x;; is approximated by that of a component of a Haar distributed complex unit random
vector in CV =% as N — oo. Combining the above facts we can conclude the proof of Corollary |3 I easily. [

6 Analysis of random measure juy: proof of Proposition

To prove (5.4) and (5.6, we use the method similar to the proof of (3.7). We consider, analogous to (4.2]),
the random variable (with notation abused)

Ny =|Zy| — |Jz| where Z,:={ieN|o; € (z,+0)}, Tp:={ieN|N\ € (z,+0)}. (6.1)
By the interlacing property, we note that N, is a Bernoulli random variable. Then
EN, =P(N, =1). (6.2)

We also consider, analogous to (4.4) the random variable (with notation abused)

— Z o; + Z A (6.3)

€1, 1€Te

We observe that if o7 < z, then N, = S, = My(z) = 0. Under the condition that o; > x, we have that if
N, =1, then S, = My(z) — o1, otherwise S, = My(x) — o1 + . Similar to (4.5, we conclude that

Mp(x) = Sy + Ny + (01 — 2)1(01 > ). (6.4)

For the second term in (6.4]) that only involves o1, by part |1| of Lemma |§|7 we have the following estimate
that holds for all z € R:

E[(c1 — 2)1(0y > 2)] = 2VN — 2+ O(N"6), Var[(o) — 2)1(o1 > z)] = O(N"3). (6.5)

Then by the linearity of expectation and (4.8]), the mean and variance estimates in Proposition follow

from (6.5) and that for z € ((=2 + €)v/N, 2V N — N~1/10)

E(S, + 2N;) = Ex(z) — (VN — z) + O(N"12(2VN — 2)2), (6.6)
Var(S, + zN,) = Viy(2) + O(N"3), (6.7)

and for z € [2\/N—N_1/10, 2\/N—CN_1/6], with z = 2\/N—|—N_1/6§, then we have the uniform convergence

§+ o(1), (6.8)

N& E(S, + 2N,) =
N3 Var(Sy + xN,) \/ £+ O( |§] (6.9)

Below we prove , (6.7) and . The proof of is similar to that of (6.7) and we only give a
sketch.
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Proof of To faciliate the saddle point analysis below, we define several types of contours. First, we
recall that aq, ..., are defined by ay,...,a; in Assumption |1, We take a constant r € [0, +00) such that
r is bigger than all ai,...,a;. Then we let I'S 4 y(a) be the positively oriented boundary of the open set

{zeC||z| < VN +a}U{zeC]||z—+N| < NS} where a > 0, such that it is almost the circle centred
at 0 with radius VN + a and it encloses all o, ..., ag. (Actually, if » = 0, then I' is the circle centred at 0
with radius /N + a.) We also define for any b € R the upward vertical contour

Sl () ={b+it| —oo <t < +oo}. (6.10)

Next, for any 6 € (0,7/6), we define the positively oriented contour

T2 n(0,a) = {(\F+ a)e3=01 4 Ky | —7(f+ a) sin (g - 9) <t< o}

U {(\/N+a)e(%"+9>i+e§it l0<t< ﬁ(\/ﬁ+a)sin<§ —0) }u{(\/NJra)e“ | g—e <t< %ﬂjue}.
(6.11)

We also define for any b < v/N the upward infinite polygonal contour
S5an(d) = {b+e§it l0<t< 2(\/N—b)+\/ﬁ} U {b+e%"it | —VN —2(VN-b) <t< o}
3 3
U {5W+ it | |t] = V3(5VN - b)}. (6.12)

See Figures [11] and [T2] for their shapes.

Fs>td,N(a)

A

Figure 10: Contours I' and X. Figure 11: Shapes of thd,N(a) Figure 12: Shapes of T';, y(a)
and ZLtd,N(b)' and Zs<td,N(b)'

b

‘We have that

E(S, + zN,) <Z>\> (ZJi)‘FiL’E‘Zx’_fCE‘jm’

ZEJz ZEII

* 1,1 * 0,0
= / tK Gup ot t)dt — / tK g ot t)dt
T

(6.13)
o0
+a (/ Kp ot t)dt —/ Kivpalt t)dt>
x
0,0 1,1
_ / (t ) (K&m.a(t 1) — Kot ot.)) dt.
T
In light of (2.3]), one has
0.0 11 —tz N k k z— 1

Kup.a(t:t) = KGup.a(t:t) zm /dz/dw P—— H oo | oo (6.14)
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which implies

27 b 2 —q 1 o
E(Sy + =Ny) / dz/ dw—; H J / e Gt — g)dt
2m 5w j:2w—aj w— o1 J,
6.15
fmz N—k k 5 — s 1 ( )
d d J .
(2mi)2 / z/ Y i—ww N—k gw—aj (w—a1)(z —w)?
By some standard residue calculation, we have that
E(S; + xNy)
——xz N k k
zZ— 1
dzd ! 6.16
27{'1 // rAW—g————— —7:E’LU N*k ngw_a] (’U}—al)(z_w)Q ( a)
-1 upperintersect _ k
+— wort (N-k/w Z dw, (6.16b)
271 Jlowerintersect w—0; — Otj —aq)

:2

.

where (i) the contour ® means that the ¥ contour cuts into the I' contour, and divide its interior into two
parts, such that they intersect at the two saddle points %(:U + V4N — z2i) and %(;1: — V4N — z2i), which are
the upperintersect and lowerintersect respectly in , and all aq,...,a are in the right part, (ii) the
integral in (6.16al) is understood as the Cauchy principal value, and (iii) the contour of integral in
goes by the right of 0 and all ay,...,a;. We then have

3 (@+VAN—a2) < N—k) 1 N —k
I+{a1—2+ " -

G160) = —
211 J 1 (o—vaAN—27i) ai

1
— 1 a1 w

j=1
1| VAN —22 < +N— ) . x — 20 +N—k:
S — o —x arcco arccos
T 2 ! a VAN — 22 a v

(6.17)

3| =
[N}
[\

— arccot ————
VAN — 22 VAN — 22

NS ( z—2VN — 2N/6q, z—2VN — 2N1/6ak+1_j>
— Z arccot

( N—k‘)( z— 2N — 2NV6q, x—2\/ﬁ>
— arccot

— arcc
VAN — z2 VAN — x2

ag — Qp4+1—j

1 AN — g2
= [_\/7 + garccos 2% - g(2\/]v— x)

— (2NY%a; + O(N~Y/6)) arccos + O(N~/?)

2VN
= En(z) — (2N —2) + O(N~ 2 (2VN — 2)2),

where we note that a; = VN + N'/%a;_; 1 and N~V10 < 2¢/N — 2 < (4 — €)v/N, and all the O terms are
uniform in x.

On the other hand, the integral in has the estimate as O((4N — x2)~1/2) = O(N~1/%). To see it,
we deform the contours I' and ¥ into standard shapes depending on the value of x:
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(i) If (=2 + €)V/N < 2 < 1.9v/N, then let T be I%an(0), and ¥ be ZLtd,N($/2)'

(ii) If 1.9V N < 2 < 2¢/N — N7/10 then let T be T, (6,0) with § = arccos(v/V4N), and ¥ be
Ssan(@/2 — /N —22/4/V/3).

Then we can estimate it by the standard saddle point analysis, similar to the analysis for the integral over

X in (4.13a)). We omit the detail.
Hence we obtain .

Proof of Like in the proof of (6.6)), we also make use of and compute ([6.16a) and (6.16b))
separately. However, now we require that upperintersect and lowerintersect, the intersections of ¥ with
T, are VN + (2N — 2)!/2NY4. (For z € [2/N — N~1/10.2\/N — CN~Y/%), they are very close to
3(x £ VAN — 22i).) Let £ = NY/S(x — 2V/N), such that —N'/1® < ¢ < —C. First we consider (6.165). We
have, with v = N~1/6(w — v/N),

-1 V=& 2 k 31k
N& x (6.16B) = — it 1 Z BU PSR
2m J_ =g v —ag = (v —apt1- —j (7} —ay) 1—-—N"3v
6.18
o e (6.18)

-1 +Z

2m J_ =g v —ag ]:2 — Of41— ])( v — ay)

Here we note that N=1/3¢3 = O(N~2/1%). Like the estimate of ({.135), we have that is (§—a})/2+
O(|€]7/?) for —N/15 < ¢ < —C.

Next, we consider (6.16a)). We deform I' into I'Zan(0, (2v/N — z)/2N1/*/4/3), and deform ¥ into
E;(LN((\/]V—Q\/N—:c)l/QNl/‘l/\/g). With the change of variables & = N'/6(z—2v/N), u = N~Y/6(z—+/N)
and v = N~V/6(w — v/N), we have

Y —tutfn@) [k .
N& x (6.16a) // dudv [] - : - (6.19)
er—oriv) \$5v—arng | (0 —ax)(u—v)
where ) )
fn(u) = (N — k) log(1 + N~Y3u) — N3y + 5Nl/i’nﬂ - §u3 (6.20)

and the contour Xy is transformed from the deformed ® = F X E in by the change of Variables. We
note that in the region u,v = o(N'/3), the contour Xy in 9)) overlaps with the contour X in , if
¢ is identified with x there. By standard saddle point analysm similar to that for ) that we dlscussed
in Sectlonl we derlve that (6.19) is O(|¢|~ 12) for —NV15 < ¢ < —C.

Combining (6 with the estimates of (6.18) and (6.19), we prove the identity (6.8).

Proof of We let h,(t) be defined in (4.9)), and analogous to (4.10|), we have

E[(S, + 2N,)?] = / B2 KO0 o (b D)t + / B2 K ot )dE

Ktma(5,5) Kago(5:1)
+ [ [ atoate) |G TghEe Nasar
GUB.a(l:s) Kgupa(t:t)
K5 s, S K5 s,t
+ / / hao (8)ha (t) Cf}{E’a( ) ?EE@( )| dsar
KGupa(ts) Kgupalt:t)
K%%Ea(s’s) Kg:[lJEa(S?t)
- ha(s)ha(t) | 10 1,1 dsdt
KGupa(ts) Kgupalt:t)
Katga(5:8) Kabg o (s:1)
— / / he(8)he(t) K%}{E’ K%BE’ dsdt. (6.21)
GUB.a(l:s)  Kgupa(t:t)
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Hence, by (6.21) and (6.13)), we have analogous to (|4.16])

Var [Sx + :UNQ:]
- / h2(t) (K%’%Ea(t,t) —|—Ké’[1JE7a(t,t))dt— 2 / ha (1) ( / hgg(s)eal(st)Kg’[l]E’a(s,t)ds> dt  (6.22a)
t

0,0 , , ,
// KGUE e t)KGUE M) +KGUE (S t)KGUE ot s)

(6.22b)
0,1 ~1,0 -1,0 0,1
— KGup,a (8 ) KGup ot s) — KGUE,a(Sv K Gup.ot; 5)>d5dt-
First we consider the integral in m Like and -, we write
0,0 1,1
/ h2(t) (KGUE,a(t’ )+ KgGug.at t))dt
2 —xz N k k . —9 )
/dz/dw Z | ) o, (6.23)
2771 5wy N—k \ 55 W= Q w—oa; (z—w)

/hx(t) (/too ha(s)e® (5~ t)Kgllea(s,t)ds) dt

ZT_:‘ZN’“ k Z— o 1 3z —w— 20
dz [ d J . (6.24
(27i)? / Z/ v o —aw, N—k JI;[ w—aj | (z—w)?t  z—a (6:24)

So ((6.22a]) becomes
——:cz N k k
Z— 1
dz [ d . : 6.25
27“ / Z/ Y o5 —aw, N~k Hw—aj (z —w)?(z — a1)(w — ay) (6.25)

Jj=2

Similarly to (6.16]), when = < 0, this integral can be written as

%—:z:z N—k k 2 — s 1
dzd 2 6.26
2771 // Y Nk o —aw N—k gw—ag’ (z —w)*(z — a1)(w — 1) (6.26a)
9 upperintersect N —k k 1 1 1
+— dw [w+—— -2+ —~ 5 (6.26b)
271 Jlowerintersect w =2 w — &y w— o (UJ — 051)
2 k k
o7 2 1 1 1
+ez o F [ (a1 — aj) = / dw—y——— : (6.26¢)
! ]1_[2 omi Jp T g —w Nk ]1_[2 w—oy | (w—ap)?

where the contour ® is the same as in , and the contours ¥ and I' intersect at the two saddle points
$(z + VAN — 2%) and §(z — VAN — 22i), which are the upperintersect and lowerintersect respectively. We
also require that in the contour X lies to the left of all aq, ..., a, and the contour in lies to
the right of 0 and all ag,...,ar. We evaluate analogous to , and have that

1 22 k k
2 (@+VAN=2%0) N—k 1 1 N kl 1
G260) = — [ dw | [1-—=-Y" 7 +Z
27l L (z—IN—=27i) a; = (o —aj)? | w— a1 = (a1 —aj)?w—qj
. b 1 1
a —
! ‘a1 —q (w—0a1)?  (w—o)?
2 2
= - <\/1 - I—N + arccos 2%) + O(N_%).
(6.27)
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We also evaluate the integral in (6.26a]) by standard saddle point analysis similar to (4.13a)), and find that
it is O((4N — 2%)~1) = O(N~2/%). The integral in (6.26d) will be cancelled out later.
On the other hand, the double integral in (6.22b]) can be expressed as

ou, N—k _Z—xz S N—k k
U ez U— o 2 — O
/du/dv/dz/dw2 H J J
27T1 —f:pvafk eTf:chwak jZZU—Oéjw—Oéj
1

=)z —w)u—w)(z — )0 —a)(w —a1) (6.28)

In order to estimate the integral above, we will perform several steps of contour deformation. Since the
arguments are parallel to those for the contour deformations of (4.21)) in Section |4, we omit most justifica-
tions. Also similar to the computation of (4.21)), below we assume that all contour integrals in the form of
1€ have the cont ing between 0 and min{ }, unless th ially marked as [ . i

¢ have the contour going between 0 and min{aj, ..., ax}, unless they are specially marked as [ ;. in
which case the contour goes to the right of max{a;,...,ax}.

(I) We first deform the contours for w and v to T'S™ U T2 and T'9" U T", respectively, as in Figure
such that all oj (j = 1,...,k) are enclosed in I'}| and then also in T''", and 0 is enclosed in I'{", and
then also in T'9"*. We also slightly deform the contour ¥ and denote it by 3, and X, for the contour
of u and z, respectively.

(IT) We then further deform the contour ¥, such that it goes between Fg‘” and T'" and thus also goes
between ' and . We denote by ¥/, the deformed ¥,; see Figure 14} By residue calculation, we

write (6.28)) as

22 k
—muuN—k ez—szN—k U— s 2 —
dz | | J J
v2 2
27r1 2 Foutul"ln ; Foutul"m 67—xva_k e —TW, N~k o2 V= w—

% (u—v)(z —w)(u—w)(z—v)(v—0a1)(w—ay) (6-292)

1 e PNk LIPS 1
41 1 / qu 2 j 6.29b
(27i)2 /E rin g —ww, N—k H w—aj | (w—oa1)(z—oa1)(z —w)? ( )

z w Jj=2
2 sz N—k
1 ez TET Z—« -1
+ dv/ dz g 6.29¢
(271)? /}Un . oS Ty N—k ]1_121)—(1] (v—a1)?(z — a1)(z — v) ( )
2
1 Z —xz N—k _ -1
s / dv/ P S . (6.29d)
(271)? Jrout . T TgN—k \j5 VT (v—a1)?(z—a1)(z —v)

—:cz N—k k z— 1
d d . (6.29
2771 /l"out v/z O Nk —73611) wN—Fk jl_IQw—aj (w—01)?(z — a1)(z —w) (6:29¢)

(IIT) Next, similarly to the previous step, we further deform the contour X, such that it goes between T'O"
and T'", and thus also goes between I'°"* and I''". Hence Y, becomes Y’ ; see Figure By residue
calculation, the quantity in (6.29) becomes

22 k
—zu Nkez—szN—k: u— a2 —
du dz — — H
271'1 ! I‘outurm ! Fouturm e 2 x"U,UN k ef—xwwN_k =2 v — OZJ w — OZJ
1

X (u—2)(z—w)(u—w)(z—0v)(v—a)(w—a) (6.30a)
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rout AA

Figure 13: Separation of con- Figure 14: X%, is deformed into Figure 15: ¥, is deformed into
tours for w and v. X, .
1 u—Q—ru N—k k 1
e 2 u U — oy
+(27ri)2 / du/' dw w2 pw w—oa; | (w—a1)(u—a)(u—w)? (6.30D)
4 rin o3 wN=Fk \ ;5 J 1 1
1 "—2—J:u N—k k 1
e (T U — -
+ - du/ dv J 6.30c
(27i)? /E& Tin % —Tv, Nk jll v—aj | (v—o1)?(u—oa1)(u—o) ( )
1 / / e’z ~Tuy Nk U — -1
+ du dv 6.30d
(2mi)? Jy Pout %~y N—k Jl_Iz v—oj | (v—oa1)?(u—oaq)(u—0) ( )
2
1 L —zu, N—k _ -1
+—3 / du/ dw S 22 al i 5 (6.30¢)
(2mi)? Js rgn e TwN—k \ i W qy (w—oa1)?(u—a1)(u—w)
2
1 ez ¥ Nk zZ— 1
+ dz/ dw J 6.30f
(27i)? /E’z in % —aw, N—k jl_[2 w—aj | (w—o)(z—oa1)(z—w)? ( )
k
1 N —k 1 1 1
— d — — 6.30
1 1 LI 1
_ D) —a1r N—ki 6 30h
+j1;[2(041 ag)e (6] 27 oo e%z—mwwN—k 1;[2 w— a; (w _ a1)3 ( )
%f:pz N—k k z—qj -1
d d 6.30i
27r1 /111 U// - %— N—k jI;IZv—aj (v—a1)?(z —a1)(z —v) (6.301)
k k
1 1 1 1
a1 — ) BNk dv 6.30]
]]l 1 _7 1 27‘(1 Filn €§_Z‘U’UN_I€ ‘]]l v — a] (’U — 051)3 ( .])
1 e 5 —xz SNk k = _9
+— dv P J 6.30k
(271)2 /F%ut S oS —rw  N—k ]1;[2 w—aj | (w—o)?(z—a1)(z—w) ( )
k ) k
oz Nk L d ! ! 2 6.301
— - 2 _— _— . .
+j:1_[2(041 OCJ)e aq o - we%Q—xwwak ]1212 w—ay (’U} — a1)3 ( )

(IV) For further deformation of the contours We introduce the shorthand notations [?, %7, Céand §J, anal-
ogous to <», &, < and «> defined in We delay the concrete assignment of their values to
Remark [5, and only indicate that they are close to (JJ + V4N — z21), and their relative positions are
shown in the subsequent figures schematically; espe01ally see Figure

For the 4-fold integral (6.30al), we perform the following operations:
(i) deform X such that it passes®] and #7;

33



(ii) deform X’ such that it passes [ and C%;

(iii) deform I'9"* such that it goes from %3, along _the left side of i, until it reaches ®7J, then wraps
around 0 (and T'9") and finally goes back to®J;

(iv) deform TI™ such that it goes from [? to C¥ along the right side of ¥/, then wraps around all a;’s,
and finally goes back to [%;

(v) and at last add an additional contour for v, on which the contour integral vanishes: the contour
goes from ¥ to [? along the left-side of ¥, then goes from [? to®], and further goes from ¥J to
¢ along the right-side of ¥/, and finally goes from %7 to C¥.

See Figure [16] for the deformation of contours.

Figure 16: The deformed contours for v, u and Figure 17: The deformed contours for w, v and

z. The four intersections are®J, [%,%7 and Y. z. The four intersections on Cy are ®J, [9, §J
and L and the four intersections on C_ are their
complex conjugates.

Now we define the contour I'} as in Figure |16| that goes from®7 to ¥, then wraps a;j’s until it reaches
[?, and then goes to %], and finally wraps 0 and goes to®]. Hence the 4-fold integral (6.30a]) can be
simplified by the residue theorem with T'9"* U T'" replaced by I'). Then the formula (6.30)) becomes

k
u e 2 z U—o; 2— 0y
dwP.V. [ dvS, — 11 ] J

du dz
' ! routyLin I, 6“2 —xvy N—k ¢ 5 —zw, N—k iy V=0 W — Oy
1
x 6.31a
(=0~ W) —w)e o) —a)w—ap
2 g Nk [k

1 5 - _ .

+ .3/dz/ dwEduezz Hz Qj

(2771) ; Fﬁ,utUFH,‘ ewT—CwaN—k; j=2 w — Oéj

1

x (6.31D)

(z—w)(u—w)(z—u)(u—oar)(w—ag)

® L —zu, N—k k
1 e 2 u U — o
+2,3/du/ 'dw/ dzw27 H _].
(27i) > Tout i i vw, N—k \ 15 W —

e 2 j=2

v ! (6.31¢)
3le

(u—2)(z —w)(u—w)(z —o)(w— )

——mz N k k
zZ—Q; —4
d d : 6.31d
27?1 /l"out v/, O Nk oS —w, N—k jl_[2w—ozj (w—01)?(z —a1)(z —w) ( )
k k
1 1 1 2

a1 — Q; *_O‘“” N—k dw (6.31e)

g ] 1 27T1 Fiurjxul"g)uut eéfxww]\/'_k g w — Oé] (w — 0{1)3
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27*“ Nk K 22w — z — )
d d . 6.31f
2771 // Z/m O Nk oS —ww, Nk Jl;[w—aj (w—0a1)?(z —a1)(z — w)? ( )

X

2
a7

Here we remark that the 1-fold integral (6.30g) is equal to 1 — ¥5E

1

(V) Now we deform the contour I'9"* U T for w in the way similar to our deformation of I'"* U T for v
in Step [(IV)l We perform the following operations:

(a) deform ¥/, such that it passes §J and ¢J, and meanwhile still passes®] and ¥7;
eform such that 1t passes Lean Ce and meanwhile sti passes LT an ;
b) def X h that i Leand L and hil 1 [® and %

(c) deform T'% such that it goes from &), along the left side of ¥/, until it reaches §J, then wraps
around 0 and finally goes back to §J;

(d) deform T'» such that it goes from Céto Cealong the right-side of ', then wraps around all «;,
and finally goes back to Lé;

(e) and at last add an additional contour for w, on which the contour integral vanishes: the contour
goes from Léto Léalong the left-side of X/, then goes from Leto §J, and further goes from §J to Iy
along the right-side of ¥/, and finally goes from §J to Cé.

We have the result in Figure Similar to '} in Figure Now we define the contour I'), that goes
from &J to Ce, then wraps a;’s until it reaches Lé, and then goes to ¢J, and finally wraps 0 and goes to
&). Hence by the residue theorem, the 4-fold integral can be simplified with T9" UTI! replaced
by I'!,, and then formula becomes

2 2
du [ dzP V/ qwp.y. [ oS N a2
u Z . . wr. . v
b/} b I INA €§7'/M)UN7]€ e%Qfxwwak =2 v — Oéj w — CYJ
1
X 6.32a
=0 - -0 —a@—a) o
2
1 o’ Z—xz N—k k .
+ 53 dzP.V./ dv/ du622 i HZ &
a7 o, PV g o (o
1
X (6.32b)

(u—v)(z—u)(z—v)(v—0a1)(u—a)

) u—Q—mu N—k k
1 — s
b L [ [fat e (e
(2mi)3 Jsy 2 r o5 +av Sy VT
1

X (u—2)(z—w)(z—2v)(v—a1)(z — ay) (6.32¢)

1 eT PNk LIPS —4
+—= dw/ dz— J 6.32d
(27i)? /Filgul"g]ut > W2 g, N—k 1;[ w—aj | (w—01)*(z—a1)(z —w) ( )

e 2 j=2
d 4 %7szk k z— 9 5o
27['1 // z/ln ™ R WTQ_Q;H) N—Fk gw_aj (w_a1)2(2—w)2 ( . e)
N —k
+(6310) + (6:31d) + (6:31d) +1 — —5—. (6.32f)
(0%

1
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Now we can compute the contour integrals by saddle point method. First we need to fix the shapes of
contours I}, T ¥/ and X
(i) If (24 €)VN <z < 1.9V'N, then let '}, be T'gy 1 (0), T, be Tg g (1), ¥, be S v(@/2) and ¥, be
Slan(@/2+1).

(i) If 1L.9VN < & < 2¢/N — N~Y/19 then with § = arccos(z/V4N), let T, be I';4 y(6,0), T, be
T34 (0, 2—2/VN)7H4), 5, be B34 y(2/2—+/N — 22/4/v/3) and & be 55 v (z/2—/N — 2%/4/V/3+
(2 - x/VN)~V/).

Remark 5. We note that in either case, the four contours have four intersections around %(az + VAN — zi),
and they are the desired [?,%7, Cdand §.

(1) The 4-fold integral (6.32a) can be estimated in the same way as for (#.26a)), and it is O((2v'N —
z) TN,

(2) Both of the 3-fold integrals (6.32b)) and (6.32¢) can be estimated in the same way as for (4.26b)) and

({4.26¢). We note that in the evaluation of (4.26b]) and (4.26c)), we specified the shapes of the contour

from &> to &> for u and the contour from <@ to <g for z. Here we can deform the contours from §J to
& for u and the contour from Céto Cefor z in a similar way: the contour for w is the part of Y inside
of I, and the contour for z is the part of ¥, inside of I'},. We conclude that both (6.32b)) and (6.32¢))
are O((2v/'N — z) " IN—1/4),

(3) The 3-fold integral (6.31b]) can be written as the sum of

1 ez vz N—k k Z—
(2m)3//dzP.V./” dwEdu P ———— Hw_a‘
z w e 2 wr ]: J

1
X 6.33a
E s ey gy o e
uppermtersect -1
[ du (6.33b)
lowerintersect’ (u - z)z(u —ar)(z — )
e%_mzN_k - a 1
+7, dz dy—5— ! 6.33¢c
(27i)? //2/ Y Y —Tu N—k JH2 u—aj | (z—u)?(u—oa)? ( )
k
1 N -k 1 1
— d - 6.33d
Tom s (w—z+ u )+j;u—aj (u—aq)?’ ( )
where the contours

o Std ~(2), (=2+€)VN <z < 1.9VN, (6.34)

v Sth arccos(z/VAN),2(2 — z/vV/N)~ Y%, 1.9VN <z < 2y/N — N~V/10, '
o _ Slan(@/2 - 1), (—2+€¢)VN <z < 1.9VN, (6.35)

? Sian(@/2— /N —a2/4/v/3— (2—a/VN)™/), 1.9V/N <z <2y/N-N-V10 7

upperintersect’ and lowerintersect’ are the intersections between I, and X,. Also we take the contours
from ®7 to®] for u to be the part of ¥, inside I}, the contour from lowerintersect’ to upperintersect’
for z to be the part of ¥/, inside I'l,. On the other hand, the 3-fold (6.31c|) can bewritten as the sum
of

“T—xu N—k

duP. V. dw/ dz—
I8 ffmw N_k j:2w_aj

u—ozj

271'1 Z’
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1
. (u—2)(z—w)(u—w)(z—ar)(w—ay) (6.36a)

1 upperintersect’’ 1 hf q 1 6,361
o uf, de '
(271'1)2 /lowerintersect” /g (’U, - Z)2(u - al)(z - al) ( )
——a:u N k k
U — 1
du dz J . (6.36¢
27r1 /Z/ / o5 —2 ,N—k ]1;12 z—oj | (u—2)2%(z —a1)? ( )

where the contour I is the same as I') in (6.33a), and it intersects X!, at upperintersect” and
lowerintersect”, and the contour from £% to [ for z is the part of ¥’ inside T

(4) The 2-fold integral (6.32d]) can be written as the sum of

f—xz N k k
z— Q5 —4
dvd J |
2771 // R R 7_xw N k ]HQ’U)O[J (w*al)Q(Z*Oq)(sz) (6 37&)
1 upperintersect 4
2 P 37b
271 Jiowerintersect ‘ (Z - 061>3 ’ (6 37 )

by the same transform as (6.15)) is transformed into (6.16]), and the contour ® and the integral limits
upperintersect, lowerintersect are as defined in (6.16)). Note that in (6.37b)) the contour is between 0
and min(ayq, ..., ax) while in (6.16b]) the contour is to the right of 0 and all a, ..., ag.

(5) The 2-fold integral (6.32¢]) can be written as the sum of

2_ k
1 es ¥ Z— -1
—_— d dw—s—- J 6.38
(27i)? /// : E v 2w H w—aj | (w—o1)?(z—w)? (6.382)

& j=2

dz o ﬁ — ; (6.38b)

" 1ght 6%3_361” iy w — oy (w — 051)2(2’ _ ,w)g .
d d o= ﬁ — = (6.38¢)

z w ‘

4 “’TB i Wy (w—a1)?(z —w)?
7_” ko — o 1

dz/ - , 6.38d
27Tl /u ljrlght e%fxw jl;[2w—aj (w_al)Z(z_w)Q ( )

where ¥/ is the same as X7 in (6.33d), the contour for w in (6.38a)) is the part of X!, inside of I}, the
contour for w in (6.38b) is the part of I} to the right of ¥, the contour for w in (6.38c) is the part
of 3, inside of I}, and the contour for w in (6.38d)) is the part of I} to the right of 3,. We note that

(6.38a)) cancels with (6.33c]), and (6.38¢) cancels with (6.36¢)).
(6) The 1-fold integral (6.31€]) cancels with ({6.26¢]).
(7) (6-33d) can be evaluated similar to (6.26b), and it is (y/1 — 22/(4N) + arccos(z/V4N) + O(N~1/3).

(8) (6.33b) and (6.36B) are O(N~2/log N), and all other integrals from (6.33a]) to (6.38d) not mentioned
above are O(N 2/5

Hence we obtain the final proof of .

37



Sketch of proof of . Like the proof of ., we try to estimate and -
For , we again use the decomposition (6.26} , but the precise shapes of the contours are not to

be the same as in the proof of , and the integral limits upperintersect, lowerintersect are not to be
$(x+ V4N — 22i) and (z — VAN — 221). Instead, we deform the contour ® = I' x ¥ as in the proof of (6.8),
that is, I into Fs>td7N(0, (2v/N — z)1/2N1/*/\/3), and deform ¥ into E;va((\/N —2V/N — 2)/2NV/4//3),
and then let the integral limits upperintersect, lowerintersect be v/ N =+ (2\/N — a:)l/ 2N1/4{. Then we have
that in the regime that 2 = N~1/6¢42¢/N and —NV1® < ¢ < —C, is O(N—Y3(—¢)~1), and (6.26D)
is N-U3(4 /=€ + 2a;) + O(N-/3(—) 1),

For , we take the transforms as in Steps - with only one methodological difference: The
intersection points [?,®7], Céand §J now should be around v'N + (2v/N — z)/2N'/4i, in consistence with
our choice of ® and upperintersect, lowerintersect. However, practically we can still use the deformation
of the contours in the regime 1.9v/N < z < 2¢/N — N~1/10_ because in the regime where we are working,
$(z+V4AN — 22i) and VN+(2VN —xz)Y/2N14 are very close to each other. Hence we can still use the saddle
point method that is used in the proof of , especially that for the regime 1.9v/N < z < 2¢/N — N—1/10,

At last, we derive by the method delineated above, with much detail omitted.

7 Nondegeneracy of the limiting distribution

In this section, we prove that the random variable :gk) (a; 00) defined in is nondegenerate, i.e., The-
orem {4l which tells that the distribution is not supported on a single pomt It is equivalent to show that

=(k (k)(

log =; (a; 00) is nondegenerate. It is not a trivial task, since log 25" (a; 00) is a non-linear functional on the

externded Airy process. Our proof relies on that log _g-k) (a;00) is the limit of log(N'/3|z;1|?) by Theorem
(up to a constant), which is a non-linear functional on the GUE minor process with external source. The
advantage of the latter is that the eigenvalue distribution of a GUE-type matrix has a log-gas representa-
tion that does not pass to their limiting processes, e.g. an Airy-type process. We make use of the log-gas
representation, and prove Lemma which leads to the proof of Theorem [4in a straightforward way.

Since in the statement and proof of Lemmawe will conditionon A1, ..., Any_1,01,...,0j-1,0j41,...,0N
and play with the randomness of ¢; only, we will denote by w = (A1,...,AN—1,01,...,0j-1,0j4+1,...,0N) &

generic realization of the collection of the given eigenvalues, for notational simplicity.

Lemma 12. There exist M, e, €, €” > 0, such that if N is large enough, there exists an event A of w, with
P(A) > €, and the conditional variance satisfies

P (Mfl < N%\xﬂ]Q < M| w) >¢, and Var <log(N%]a:j1\2) |w and M~ < N%\xﬂ]Q < M) > €
(7.1)
for any fired w € A.

Proof of Theorem[]] by Lemma[I3. Lemma [I2] shows that for all large enough N, the followings hold:
(i) P(M~' < NY3zj1|>? < M) >P(AN{M~ < NY3|z;1|? < M}) > e€’, and
(ii) the conditional variance
Var (log(N%|xj1|2) | Mt < N%|1‘j1|2 < M)
P(AN{M~' < N3z > < M})
— P(M < NYB|zju2 < M)

1 n
> €€€ .

Var (1og(N%\xj1|2) | AN{M ' < N3|zj|? < M}) (7.2)

Using Theorem we have P(M " < (37/2)/*2" (a;00) < M) > e’ and Var(log((37/2)/*=\" (a; 00)) |
M- < (37r/2)1/3E§k) (a;00) < M) > e€’€”. Then we can conclude the proof of Theorem || easily. O

The remaining part of this section is devoted to the proof of Lemma To make notations simple, in
this section we denote \; = Nl/ﬁ()\i — 2\/N) and 5; = N/6 (0;—2v/N). We recall that &;’s and \;’s converge
jointly in distribution to fi(k)’s and fi(k_l)’s, by Lemma @ We further denote Fj = log(N'/3|z;;]%). We will

also need the following estimate:
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Lemma 13. Let L > 0 be any constant independent of N. If N is large enough, there is a constant Cf,
such that for all x € [—L, L]

N
E (z; (0_961)2“> < Cy. (7.3)
Proof. The left-hand side of can be expressed as
il 1 , [ 1
E <z; (o—x)2+1> = N3 /_OO PN (t) (/N N R ~ (7.4)
where py(t) is the empirical density function of o1,...,0n. By the property of determinantal processes

(cf. [L12)), pn(t) = K%%E,a(t,t) = I?%%Eja(t,t), where K%%E,a is defined in and represented by
a double integral formula in (2:3). The estimation of py(t) with t € ((—=2 + €)V'N,2v/N — N~1/10) and
te [2\/N — N0 9y/N — C’N‘l/ﬁ] can be done by the same saddle point analysis method as we evaluate
E(S; +2N;) in (6.6) and respectively, since E(S, +xN,) is expressed by a very similar double integral
formula in (6.15). For t > 2v/N — CN~Y6 where C' > 0, py(t) can be estimated by using in
Appendix |é and then apply the standard saddle point method to Hyo and Jyo. For t < (-2 + e)V'N,
similar methods can be applied and we omit the detail. The estimate we need is that for large enough NV:

(i) (The semicircle law) For t € (—2v/N + N~V 2\/N — N=V10) py(t) = L VAN —#2(1 + o(1)).

(ii) For t € [2/N — N~/ 2y/N — CN~/6) and t € (—2V/N + CN~Y6, 2/ N + N=V10] pn(t) =
O(NV*(2v/N — t)1/2) and py(t) = O(NY*(2v/N + t)'/2) respectively.

(iii) For t > 2v/N — CN~Y6 and t < —2v/N + CN~V/6, pn(t) = O(NI/GG_CNI/G(t_2‘/N)) and py(t) =
O(NV6eNYO@VN+) for some ¢ > 0, respectively.

The estimate of px(t) above and the expression (7.4)) imply the desired boundedness. O

Proof of Lemma[1Z We discuss first the j = 1 case in detail, and then extend the discussion to the j > 1
case.

The j =1 case We note that fgkil) > fék) almost surely and they are both continuous random variables.

Hence there exist some ¢; € R and €3 > 0 such ]P’(ék) € (c1,c1 + €2) and ‘fék*l) < c1 — €2) > € for some
€1 > 0. Hence the event A; defined by

Al = {5\1 S (01,01 + 62) and 09 < ¢] — 62} (75)

satisfies that P(A;) > €; for large enough N.
Let p(w) be the marginal density of w, whose formula is not relevant. If w is fixed, the conditional density
of o1 given w is, by [2, Theorem 1]

2 N
pw(a) = Clyw exp(_fw,oél (O-))]'(O- > )‘1)7 where fw,oq (U) = % — 010 — Zz; 1Og(0 - Ui)a (76)

for some constant C,,, or equivalently, the conditional density for &1 is

p(o) 1 < . < 1 52 U
Po(0) = ijs = 7 OP(—foa(0))1(E > M), where  fu0,(5) = N§5—ak6+N_§?—Zlog(&—6i),
w,ag =2
- (7.7)
and C,, 4, = N~N/6exp(2N?/3a;)C,,. Hence
~ 1 1 N 1 ~ 1 N 1 >
f;7ak(&):N3—ak—{—N_Sa'—iz;&_&i, (Z’ak(a'):N_li‘f‘iz;(&_&i)Z? and /5\1 ﬁw(&)da':]_
(7.8)

39



We note that since the random variable fgk) < +oo and as N — 0o, we have that there exists My > ¢1 + €9
such that P(§§k) > M) < %, and then for large enough N,

P(61 > M) = /p(w)dw/ Po(5)de < 2. (7.9)
My 6
Then the event A, defined by
My 9
AQ = {w S A1 ‘ ﬁw((})d& > } (710)
! 3
satisfies P(A2) > €;/2 for large enough N. Otherwise we will have
oo [e.e] 1
/p(w)dw/ Pw(d)de > / p(w)dw/ Pw(0)de > =P(A; \ Az) = 6—1, (7.11)
My A1\ A2 My 3 6

contradictory to (7.9).
Next, since fﬁk > §§k_1) almost surely and {gk), {5 are both continuous random variables, there exist
€3 > 0 such that P({%k) > f%k_l) +e3) > 1—¢€/12, and then for large enough N,

k—1)

5\1+€3

Por<hte) = [pldo [ (@) < 5. (7.12)
X
Then the event A3 defined by
Xi+es 1
A3 =<qweE Ay ‘ - ﬁw(&)d(} < g (713)
A1

satisfies P(A3) > €;/4 for large enough N. Otherwise, we will have

Ai+tes Ai+tes 1 €1
/ p(w)dw / pu(5)d5 > / p(w)dw / 5o()d5 > TP(As\ Ay = L (7.14)
:\1 AQ\A3 5\1 3 12
contradictory to . We note that if w € As, then
00 1 ~ _ 5\1+63 1
P> M1 w) = [ @ <g Bere (udive) o) = [ A6 <3
My 3 A 3 (7.15)
- My 1 ’
and  P(3; € [\ + €5, Mi] | w) = / pu(6)d5 > .
5\1-‘1-63 3

Recall L > 0 in Lemma Now we choose L sufficiently large such that [—L, L] D (¢; — €2, M), and
define

N
o 1 i o
Ai=qwed w > doy < : 7.16
' {W 3|/f\1 g (01)2(01—01)2%-1 71 61/8} (7.16)
We have that P(A4) > €1/8 for all large enough N. Otherwise,
N ) o N X
E(ST— - )= oS L g
(i:l (Gi— 1) + 1) /P(w)dw /:\1 Do (G1) ; Gt 1d01
0o N 1
> w dw/ Do, (O — = d5
/143\144 p( ) A1 P ( 1) ; (O’z‘ - 61)2 +1 ! (717)
Cr
>P(As \ Ay)—~
> P(A3\ 4)51/8
> Cp,

contradictory to (7.3).
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Now consider the function F| = log(N'/3|z11|?) defined by (T.20). For a fixed w € Ay, Fy depends
on o1, or equivalently 51. Below we express it as F} (61;w) as a function of 1. Fi(61;w) is an increasing
function as &1 € (A1, 4+00). In Theorem |2| we have shown that the random variable Fj converges weakly to

the random variable (37/2)"/ 3E§-k) (a;00), so there exists Ma > 1 such that for large enough N,

P(F, < —log My or Fy > log M) < % (7.18)

Then the event As defined by

45 = {w € Ay | [~ log M, log Ms] 1 [Fiy (B + e3; ), Fi (M )] # 0} (7.19)

satisfies P(A5) > €1/16 for large enough N. Otherwise, we will have

~ 1
P(Fy < —log My or Fy > log My) > / p(w)dwP(61 € [M + €3, Mi] | w) > a-_ 4, (7.20)
As\As 163 48
We have, by (5.2)) and (5.3)),
- -1 1
Fi(o;w) = / — dz + - log N. (7.21)
UNsGihia) 0 =2 3
Hence with w € A4, we have
- 1 1 My — M\ M — ¢
Fi(My;w) — Fi(A + e3;w </ <~ — >dx—lo < lo , (7.22
1(Mr;w) 10 € 0) (—oo ] \M +e3—ax M —z & €3 s €3 (7.22)
and for & between \; + €5 and M,
d 1 1 1
7~F N; > = d - - 5 723
a7 /[cl—ew] G-22"  M-a M-a+te (v23)
where we recalled the domain in (|7.5|).
By (7.22), with M3 = My - (M — c1)/e€3), we have that
[Fi(A\1 + e35w), F1 (My;w)] C [~ log M3, log M3], if w € As. (7.24)
Hence we have for all w € As,
P(—log M < Fy(61;w) <log M3 | w) > P(Fi (A1 + e35w) < Fy(61;w) < Fy(My;w) | w)
- 1 (7.25)
= P(&l S [)\1 +63,M1] ‘ w) > g

We note that by (7.8)), ffu’ak is positive and decreasing on (A1, +00). For w € As, we have that if 6 > Ay,
then for large enough NV,

N
— o 1
0< /1, (6)<N3T+Y —o

122(0'1‘—61)
N
_ 1+€2 1
<NTs+—52) = )
& = (i —c1)?+1 (7.26)
N
1 1+e3/°<’~ 5 1 N
< N7 3+ o — o
2 5 pw( 1)2(01—01)24—1 1
8Cr,
616%’



Now with the aid of -, we claim that for all w € Az, if we take C4 to be a constant bigger than
both 651 + SCL(€1€2) (M1 — Cl) and 1GCL(€162) (Ml — 01) then

e, (@) < Ca if 6 € [A1 + €3, M1]. (7.27)

Since fw ., (0) is increasing on (A1, +00), to prove (7.27)), it suffices to check that
foan (1 +€3) > = Ca, (7.28)
fw,ak (Ml) < Ca. (729)

If (7.28]) does not hold, we have that, in light of (7.26]),

- 2My—ca1
fw Jak (2M1 - Cl) ftf.z,ak(Al + 63) + /| fc:/,ak (&)d&
A1+e3
L . 8C),
< fw,ak(Al + 63) + [(2M1 — Cl) — ()\1 + 63)]61? (730)
2

8C
< —Ca+2(M —cl)—g < 0.

It implies that ﬂ,ak(‘}) is negative on (A1, 2M; — ¢1), and then f,, 4, (5) is decreasing there. By (7.7), p.,(5)
is increasing there. We hence have

~ 2M1—c
P(1 € (M1, +0) | w) >P(016(M1,2M1—01)\w)_ My Pu(6)de

- 2 ~ < = =37 > 1, (7.31)
P(51 € [\ + €3, My] | w) P(61 € (M + €3, M1] | w) fiﬁlres Puw(0)do
which is contradictory to ([7.15)). On the other hand, if (7.29) does not hold, then
. - - o 8C 8C _
Fran() = Tl ) = [ (@06 > FL (M)~ (11 =M 2 Ca-(Mi—a) g =6 (7:32)
A1 € 2

Hence we have, by the monotonicity of f&ak (¢), that f;}ak(&) > e; ! for all & € [\, M;]. Hence we have

Aites Aites N ~ ~
A 7u(5)d5 /A exX(— fi oy (5))d5

1

1
;\1+63 5 5 ~
exp[—fu,a, (A1 + €3) + €5 (A1 + €3 — 7)]d5 (7.33)

v
l
N

w,ak 1

exp|— fu,a, (M + €3)]

=(e—1)e ~ ,
(e —1)es Corar
and
M1 Ml
[ petene= o [ (@)
A1+e3 A+
— ﬁ exXpl—fua, (M1 + €3) — €31(6 — A1 — €3)]d& (7.34)
Cw,ak A1+e3
exp[— fu,a, (A1 + €3)]
€3 A
Cw,ak
Hence we have
A1+e€3 ~

PG e M, hte) w) S5 Pe(0)do
P61 € M+e, Mi]|w) [ 5.(5)de

which is also contradictory to (7.15)). Hence we have (7.27)).

> 1, (7.35)
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We have that if w € As and &1 € [\ + €3, M), then (i) 61 spreads fairly even due to (7.27); and
(ii) F1(61;w) varies monotonically and significantly, by (7.23]). We therefore conclude that for all w € As,
for some €4 > 0 independent of w,

Var(F1(61;w) | w and &1 € [A + €3, M1]) > . (7.36)

Then using ([7.25)), we have

Var(F1(61;w) | w and — log M3 < Fy(61;w) < log M3)
> P(&l S [5\1 + 63,M1] ‘ w)
~ P(—log M3 < F1(01;w) < log M3 | w)

Var(Fi(61;w) | w and &1 € [A\ + €3, M7)) (7.37)
>—€4.

Taking A = A5, M = M3, € = €1/16, ¢ = 1/3 and €’ = €4, we see that Lemma [12]is verified in the j =1
case by (7.25)) and (7.37)).

The j > 1 case Similar to A; in the proof of the j = 1 case, we can define

B, = {5\] € (dl,dl + 52) and S\jfl S (dg — 52,d2) and 5j+1 < dy — d9 and 5']'71 > dy + 09 and o1 < Nl},
(7.38)
such that P(B;) > 6; for large enough N, where dj,ds, N1 are real numbers, d1,dy are positive numbers,
and dj + 62 < da — d2, da + J2 < N1. We additionally require that do < (do2 — dy)/6 for later use.
Next, let p(w) be the marginal density of w, and the conditional density of 0}, as w is fixed, is

1 o2
Pw(0) = = exp(—Guw,a, (0))L(A\j <o < Aj_1) where gy = 5 T Z log(U—Ui)—Zlog(%—

Co i=j+1
(7.39)
for some constant C,,, or equivalently, the conditional density for o; is
Pu(0) = %76) = ~w1ak exXP(—Juw,ay, (0))1(A; <7 < Aj1),
’ (7.40)
where g0, (0) = N3G — aro + N~ 52 _ Z log(6 — 7;) Z log(6; —

1=j+1

and C,, 4, = N~N/6exp(2N?/3a;)C,,. Hence

N J—1
~/ ~ o 1 1 q" o -3 g !
Toan@) = N3 it NT35 = 30 oma 43 omss B =754 (6 -5

i=j+1 i=1 il NI\GY

>\j_1
and / Pw(0)de = 1.
A

(7.41)
Then analogous to As and Az in the proof of the j = 1 case, we can define

1 ;\ +43 1
Bs=<(we€ By | / 0)dé < - and / pu(0)do < = 7, (7.42)
Aj—1— 53 3 Aj 3

J

such that P(Bs) > 01/4 for large enough N, where d3 > 0. We additionally require that d3 < d2/2 for later
use. It is straightforward to see that for all w € Bs,

P(5; € [Aj + 03, X1 — d3]) > (7.43)

w\»—‘
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Analogous to the definition of A4, we choose L in Lemma sufficiently large such that [-L,L] D
(dy — d2,d2 + 62), and let

Voo & 1 e
/ i=1 "
)\J 1 N CL
d ————do; < . 7.44b
o /A] z; —d2 +1°% 61/16} (7.44b)

We have that P(B4) > d1/8 for large enough N. Otherwise, we have that with probability no less than §;/8,
at least one of the two inequalities in (7.44al) and (7.44b) fails. Without of loss of generality, we assume that
in probability > §1/16 inequality (7.44af m ) fails. Then like , we can derive E <ZZ 1 m) > Cp,
contradictory to (7.3)).

Now consider the function F; = log(N'/3|z;|?) defined by (L.20). For a fixed w € Ba, F; depends on
oj, or equivalently ¢;. Below we express it as a function of ; and further decompose it into two parts
F;(6j;w) = Fj(l)(&j;w) + F»(z) (6j;w), where

=i, 1
a], Zlog FA (Gj;w Z 1og — 3 log N. (7.45)
i=j+1 v

We also note that Fj(2)(&;w) is an increasing function of ¢ € (:\j,:\j_l), analogous to Fj(0;w) as & €

(5\1, +00). Similar to As in the proof of the j = 1 case, we have that for a large enough Ny > 0, the event

Bs = {w € By | [~ log Na,log Na] N [EZ) (3 + 63;0), F (N1 — 83;w)] # @} (7.46)

satisfies P(B5) > 01/16 for large enough N.

We have, by (5.2)) and (5.3)),

@) (5 ) — —1 1
F; (J,w)—/N — dz + 3logN. (7.47)

i:j+1(5i7>\i—1

Hence with w € A4, we have, analogous to ((7.22) and (7.23)),

~ ~ 1 1 do —d
FON —63:0)— FOR + 630 </ _ — = dz < log 2—"1 (7.48
J (Aj—1 = d53w) J (% 3 W) (oo )] \Aj+03—2 N_1—03—7 ° 03 | )
By (7.48]), with N3 = Ny - ((d2 — d1)/63), we have, analogous to (7.24)),
[P (3 + 0350), F2 (X1 — 03:0)] € [~ log Na,log Ns],  if w € Bs. (7.49)

On the other hand, since 5\]-,1 > do — 09 and &1 < N7, we have

—dy+ 6240 B 5 < -
20240 1ogL < FYG5w) <0, forall 5; € [N + 63, A1 — 03], (7.50)

Ny
—1
o8 53 01— 05 J

Hence by setting Ny = N3 - (N1 — da + 82 + 83)/83), we have for any & € [\j + d3, \j_1 — 3],

[Fj(A\j + 03;w), Fj(A\j_1 — 03;w)] C [~ log Ny, log Ny], if w € Bs. (7.51)
We then have, analogous to ([7.25)) in the j = 1 case,
1
P(—log Ny < Fj(Gj;w) < log Ny | w) > 3 (7.52)

Further, note that if & € (S\j, dy — 02), we have
d dz dz
~Fj(0~';w):/ ~ ~2—/' ~ EERY)
do UM, 1 (Gihiz1] (6 —x) Uz (i) (6 — ) (7.53)

>/ dx_/ dz . 52 B 1
By-02h;] (0= 2)%  Jigysy400) (6 =2)% (6 —X)(F—XNj+3d2) d2—02—0G
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By direct computation, and based on our assumptions on di, ds, d2, 03, we have that for all w € Bs

d - 1 -
gFj(o;w) > % >0, &€\ +33 A+, (7.54)

which is a counterpart of ((7.23)). o o
We note that by (7.41)), gl, ,, is positive and concave on (Aj, Aj—1), so we have for ¢ € (\j, A\j—1),

~/

0 < G0, (6) < max{gl) ., (), G000 (Njm1)}s (7.55)

and then for large enough N, we can derive in a way parallel to (7.26)

16Cr,
0<gpa (0) < —- 7.56
gw,ak (U) 515% ( )
Moreover, we can show that for all w € By, we can find a large enough Cg > 0 such that
1000, (3) < Cp if & € [Nj + 03, X\j—1 — 33]. (7.57)

The proof relies on that §, 4, (¢) is increasing on (A\;,A;_1) and we can show both 9.y (Aj +03) > —Cy
and g, 4, (Aj_1 — 03) < Cy. Since the proof techniques are similar to those used for and (7.29), we
omit the detail.

We have, analogous to ,

Var(Fj(;w) | w and &1 € [\ + 03, A; + 02]) > €. (7.58)

Also because of the probability inequality (7.43) and the boundedness of g, , (&) given in (7.57), we have

that

- - 5
P(6; € [Aj + 03, A5 + 02] | w) > 35 (7.59)

for some 64 > 0. Hence we have, analogous to ([7.37)),

Var(Fj(6j;w) | wand —log Ny < Fj(61;w) < log Ny)
o PG N+ 48] |w)
~ P(—log Ny < Fj(6;w) < log Ny | w)

d5
>§(54.

Var(F;(6;;w) | w and 6; € [5\1 + 93, 02)) (7.60)

Taking A = By, M = Ny, € = 61/16, € = 1/3 and €’ = §405/3, we see that Lemma [12]is verified in the
j > 1 case by (7.52)) and ([7.60)). O

In the end of this section, we state some simulation results on the distribution of the eigenvector com-
ponents; see Figures [1§ and [19] below. The simulation is done under the following setting for G¢, in (|1.1)):
N = 1000, k = 2, oy = VN, as = VN — N/6. The simulation results are based on 6000 replica-
tions. In Figure we plot the kernel density estimates (smooth approximations of histograms), px, for
X = N1/3\x11\2, N1/3|x12|2, and N|z13|%. In Figure we plot the negative logarithm of the tail function,
—logP(X > t),t > 0.5, for X = NY3|zy1|2, NV/3|z15|?, and N|zi3/%. Observe that the limiting distribution
of N|z13|? shall be Exp(1), in light of Corollary [3| However, the yellow curve is apparently above 1 at t = 0
in Figure This is due to a finite N effect, since according to our proof of Corollary [3] the difference
between the distribution of N|zi3|> and the limiting one, Exp(1), is of order O(N~1/3). We also remark
here that Figure 19 shows (numerically) the difference between the tail behavior of the laws in Theorem
and that of Exp(1). A theoretical study of the tails of these laws will be deferred to future study.
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Figure 18: Kernel Density Estimate Figure 19: Negative Logarithm of Tail Probability

A Proof of results in Section 2

Proof of Lemma [6] We only give a sketch of the proof of Lemma [6] because the case that j; = ja, and
all oj = VN (equivalent to ap—j+1 = 0) for j =1,...,k is already proved in [46] which follows closely the
method used in [6]. Our proof is an adaption of that in [46]. The main difference between our lemma and
the results in [6] and [46] is that we require € to be large enough while in [6] and [46], € is only required
to be positive, because they essentially assume all a; = 0. Our assumption on € implies that the operators

ec(z— y)K/’illgl;Qa(x, y) and ez y)Kf\}’sjjaled(x,y) are both trace class.

Proof. Below in this proof we are going to use notation in [46] that is quite different from the notation used
elsewhere in our paper.
We define, analogous to [46, Formula (16)],

K§V7j17j2(x,y) = N—1/6N(j1—j2)/6€N1/3(y—x)[?élﬁjE2)7a(2\/ﬁ+ N—1/6y72\/ﬁ+N—1/6x)' (A1)

We only need to consider the convergence of ee(y_””)KJ’\,j1 o (@,y) to eclv= )KZ;];Qa(y, x) (pointwise and in

trace norm). Analogous to [46, Formulas (18) and (19)], we denote F/(z) = 22/2—2z+log 2 (see [46], Formula
(17)]), e = 1 4+ eN~/3 (see [46, Formula (16)]), and define

Nyl
o) =5 [ | 11

exp(—NF(2)) exp(N3z(z — ,))dz, (A.2)

s i
i=ja+1 VN
1

Ingi (y) = ald / -k H (w — \ﬁ> exp(NF(w)) exp(—N3y(w — de))dw, (A.3)

27
i=j1+1

where the contours I" and «y are defined as in [46, Formula (14)]. Then we have, analogous to [46, Proposition
2.1],

NGB =D () / Hy gy (@ + ) Jn, (y + ). (A.4)

Next, analogous to [46, Formulas (21) and (22)], define

ko

exp(—ex 23 1
Hoo iy (x) = p2(71')/ exp (1:2 - 3) H o a'dz, (A.5)

=1

exple w3 d
Jooks () = I;Er y) / exp (—yw + 3> H(w — a;)dw, (A.6)
Yoo i=1

where the contours I's, and 7o are defined in |46l Figure 1]. By the arguments in [46], Sections 2.1 and 2.2],
we have, analogous to [46, Proposition 2.2], that for any fixed yo € R, there exists C' > 0, ¢ > 0, an integer
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Ng > 0 such that

|Zn jo HN j, () — Hoo s, ()] < CW, for any x > yg, N > Ny, (A7)
Zl:f}ﬁ IN (Y) = Joo by (y)‘ < Cw, for any y > yo, N > Np, (A.8)
where Zy ; = NUR)/3 exp(NF(1)). On the other hand, we have
IR 0) = = [ Hoa o+ 0T (05 00 (A.9)
The proof is finished by using the argument in [6, Section 3.3]. O

Proof of Lemma By Lemma@ for any n, the joint distribution of )\SN_j), )\gN_j_l), )\;N_j), )\gN_j_l), e A,(@N_j)
converges weakly to that of £(k ]), §§k_J_1),fék_j), §£k_]_1), . ,fT(Lk_]) up to a scaling transform. Hence we

have that the interlacing inequality (2.6)) implies the weak interlacing property
k—j k—j—1 k—j k—j—1 —j

+00> € >IN > (I S (Y > s k), (A.10)

On the other hand, the determinantal structure requires that the point process consisting of fl-(kfj )

{lk i1 i simple, so with probability 1 the inequalities in (A.10]) are all strict. So with probability 1 we
have . 2.7) by letting n — oo.

and

Proof of Lemma We prove the lemma in three steps: First the right tail estimate of fj(-k) in part
then the left tail estimate of £ ](k), and at last we prove part [2[ about the rigidity of §£Lk).

Proof of the right tail estimate of §(k) We note that

P(Ej(k) > 1) < ]P’(f( ) >t) < E(# Off on [t —|—oo / lrya(x,x)dx. (A.11)
Then by ,
3
+oo L—tu k — .
szy a(;p7gg)dx = (2 1 . /du/d’ue 3 Hj 1( aj) _1 . (A12)
t mi)? Jy S H] (v —aj) (u—=0)

Let v and o be deformed into vsq(v/1) and ogq(—v/1) (c.f. (4.14)). By standard saddle point analysis, we

find that as ¢ — +oo0, the integral (A.12) concentrates on the region u € g q(v) N {u — vVt = Ot~ /4)}
and v € ogq(—vt) N {v+ Vvt = O@t~1/*)}. Then we conclude that as t — +oo,

/ Kjifya z,z)der = O <t3/2 exp <—§t3/2)> . (A.13)

Hence by choosing C' properly, we have P(¢; *) > t) < > Kk Alry 2z, 2)de < Ce™C, O

Proof of the left tail estimate of §j(-k . We note that by the interlacing property in Lemma IF’(§J(-k) < —t) <

P(¢ 0 —t), where fj@) is the j-th particle in the determinantal point process defined by the Airy kernel
(1.6). Then by [53], with any A € (0,1), we have

J— 00
Pe\” < )= E(m;—t) < (1= NS (1 - \"E(n; —t) = 271D(~t, ), (A.14)
n=0
where E(n; —t) is the probability that exactly n particles are in [—t,00) as denoted in [53] Section ID], and

D(—t, \) is defined by [53, Formula (1.17)] as

dg(s; ) 3

> = sq(s:\) +2¢°(s5 A
D(—t,\) = exp (_/ (x4 t)q(z; >\)2dl‘> , where ds? 5q(s; ) +2¢°(s; ),
B q(s;)) ~ VAAi(s) as s — oo.

(A.15)
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The function ¢(s; ) is the Ablowitz-Segur solution to the Painlevé II equation [1], [49], its asymptotics at
400 is given by the Airy function multiplied by constant v/A. The asymptotic behaviour of ¢(s; A) has been
extensively studied, see [28] for a rigorous and systematic discussion. We then derive the upper bound of

D(—t, \) for large t from the asymptotics of ¢(s; \), and finally justify the estimate P(gj(k) < —t) < Ce t/C
for some properly chosen C. O

Proof of the rigidity of &(f). We note that by the interlacing property (2.6)), for all n > k,

3m™n 2/3 3 (0) 3™ 2/3 3
P fr(zk)+< B > >ns # of § <2 > 4+ns,00|is>n—k
(0) . 3mn 2/3 3 .
+P#of " in | — 5 —n5,00 | is<n|. (A.16)

Since 57(10) are the n-th particle in the determinantal point process with the Airy kernel, so the problem is
reduced to the rigidity of particles in this determinantal point process. The desired regidity can be deduced

from the mean and variance of the number of {l(o) in (—T,00) and the Markov inequality. If we denote the
number of 51(0) in (=7, 00) as v1(7T), in the notation of [51], then

E(vi(T)) = 27%2/(37) + ©O(1), and Var(v(T)) = O(logT) (A.17)

as T — +o00, see [51, Theorem 1 and the paragraph above Theorem 1] ﬁ That is enough to show that as

[ — o0,
3\ 23 logn 3\ 23 logn
(A.18)

By choosing the constant ¢ properly, we obtain ([2.9)) for all n > 2. O

wljeo
SIS

Proof of Lemma [9] This lemma is analogous to Lemma 8, We prove it in four steps, with the first three
steps parallel to those in the proof of Lemma [8; First, the right tail estimate of o; (part , next the left
tail estimate of o; (part , and then the rigidity for o, close to the edge (part , and at last the rigidity
of o, in the bulk (part . In part [1| we also need to consider oy, but we omit it, because the estimates for
on are analogous to the estimate for ;.

Proof of the right tail estimate of oj. We use the same idea as in (A.11]), and write

[e.9]

o0
P(o; > 2\/N+tN_%) <P(o1 > 2\/ﬁ+tN_%) = / K?;’%Ea(:r,x)d:): = / Ky oo(z, z)dx,
2 ’ t o

(A.19)

where Ky o(7, ) is defined in (A.1). Although we can evaluate the right-hand side of (A.19) like (A.12)),
we prefer an indirect method that relies on result and proof of Lemma[6] We recall that as a special case of

(A9,

VN+tN—1/6

Khy00(2,7) / Hyole + ) Ino(e +t)dt, (A.20)
and then by (A.7) and (A.8), there exists Ny > 0 and C' > 0 such that for x > 0, N > N,
Cexp(—cx Cexp(—cy)

1Zn0HNo(2) = Hoo i (2)] < (A.21)

DU | Iola) — Taoila)| < TERA),
where Zn g = N~F/3 exp(—3N/2) and Hoo 1, Joo o are defined in (A.5)) and (A.6). Hence by the very rough
estimate (whose proof is omitted) that Hy (z) = O(1) and J i(z) = O(1) for all > 0, and with the
help of (A.9)), we have that

Kooz, ) — Kﬁ’i];ya(x, z) = O(N"3e=®) forall z >0 and N > Np. (A.22)

5Tt is pointed out in [42] that [5I, Theorem 1] has a calculational error. See [42] Theorem 6.2]. Since we only need the
magnitude of the variance, this mistake does not affect our argument. We also note that the variance of P(# of §l(o> in (=7, —00))
as T'— +oo can be computed by the contour integral method that is used in the proof of our Proposition
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Therefore, the desired right tail estimate of o; is implied by the estimate (A.13]) for the right tail estimate
(k)
of £ ;- O

Proof of the left tail estimate of 0 = A;N) . We use the same idea as in the proof of the left tail estimate of

§§k), that P(o; < 2V N —tN~1/6) < P(A§N_k) < 2¢/N —tN~-1/6) 50 it is not hard to see that it suffices to
prove that there exists C' > 0 such that

PO < 2N =k —t(N —k)78) < Ce ¥/, forall 2 <t < 2(N — k)*/>, (A.23)
where A ™% is the j-th largest eigenvalue of a GUE random matrix with dimension N — k. The j =1

case of (A:23) exists in literature, see [43], Section 5.3, especially Formula (5.16)], where a stronger version
of @ is derived in a very accessible way. The j > 1 case of is not found in literature, to the best
knowledge of the authors. However, we can extend the method in [43] Section 5.3] to solve this case. To see
it, we note that like (A.14)), with A € (0,1), we have

j—1
PO <2V N—k—t(N—k)"5)= Y E(m;2VN —k —t(N —k)75)

n=0
= A24
<(1-NN (- N"E(m2VN —k —t(N — k)75) (4.2

n=0
= (1 -\ det (Id-)\K),
where K is the N x N matrix whose (m,n) entry is

<Pm—17 Pn_1>L2((17%(ka)*2/3,oo),d,u)7 (A25)

such that the meanings of P, and du are the same as in [43, Formula (1.11)]. Then by the same arguments
that leads to [43 Formula (5.14)], we have

N

det (Id —AK) = [J(1 = Api) < e2 X1 P = exp (—)\NMN ((1 - %(N — k)73, oo))) , (A.26)
=1

where p; are the eigenvalues of K, and pV is the measure defined in [43, Formula (1.4)]. We note that if
we let A = 1 in (A.26]), then (A.26) is equivalent to [43, Formula (5.14)]. At last, using the estimate of
)72 3

pN((1— LN -k ,00)) given in [43] Section 5.3], we derive an estimate of det (Id —AK'), which yields
the desired estimate of ]P’()\g-N_k) <2y/N —k —t(N — k)~'/%) and P(0; < 2v/N — tN~1/%). Finally, we note
that essentially the idea of the proof above is in [56]. O

Proof of the rigidity of oy, for n < CNY10_ Asin , we note that is analogous to , and can
be proved by an analogous argument. Instead of , we have that if vln (T') is the number of eigenvalues
of an n-dimensional GUE random matrix in the interval (2y/n — n~ 10T, 4-00), then as n — oo, T > Ty a
positive constant, and 7'/n = o(1), by the result of [37] m

E(w\"(T)) = 2732 /(37) + O(1), and Var(v{™(T)) = O(log T). (A.27)
Then we prove by the same argument as the proof of (2.9). O

The proof of the regidity of o, as in (2.13]). Thisis a direct consequence of the interlacing property )\%N_k) <
on < )\gﬁgk) and the rigidity of GUE eigenvalues in [33, Theorem 2.2], which states the rigidity of eigenvalues

for Wigner matrices that of which the GUE random matrices are a special case. O

TThe mean estimate is given in [37, Lemma 2.2], and the variance estimate is given in [37, Lemma 2.3] under an additional
condition that T — oo as n — oco. However, as pointed out by [42, Remark under Theorem 6.3], if we only need a crude
estimate as in (A.27)), then the argument in [37] works for all T' > Ty > 0.
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