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TWO LAX SYSTEMS FOR THE PAINLEVE II EQUATION,
AND TWO RELATED KERNELS IN RANDOM MATRIX THEORY*

KARL LIECHTY! AND DONG WANG*

Abstract. We consider two Lax systems for the homogeneous Painlevé II equation: one of size
2 x 2 studied by Flaschka and Newell in the early 1980s, and one of size 4 X 4 introduced by Delvaux,
Kuijlaars, and Zhang and Duits and Geudens in the early 2010s. We prove that solutions to the 4 x 4
system can be derived from those to the 2 X 2 system via an integral transform, and consequently
relate the Stokes multipliers for the two systems. As corollaries we are able to express two kernels for
determinantal processes as contour integrals involving the Flaschka—Newell Lax system: the tacnode
kernel arising in models of nonintersecting paths and a critical kernel arising in a two-matrix model.
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1. Introduction and statement of results. The homogeneous Painlevé II
equation (PII) is the second order nonlinear ODE

(1.1) y" = ay + 27

Despite its unassuming form, its solutions, known as the Painlevé transcendents, ap-
pear in exact solutions of many models in mathematical physics. For example, one
particular solution to (1.1) is the one satisfying the boundary condition

(1.2) q(o) ~ Ai(o) as 0 — +o0,

where Ai is the Airy function. This solution is known as the Hastings—McLeod solution
[21]. Tt is particularly important in random matrix theory, for it defines the celebrated
Tracy-Widom distributions which describe the generic soft edge behavior of random
matrices from orthogonal-, unitary-, or symplectic-invariant ensembles [29], [30].
The PII equation (1.1) is an integrable equation, and its integrability is charac-
terized by the existence of Lax pairs. A Lax pair, or more generally a Lax system, is
a system of overdetermined linear differential equations whose compatibility implies

a nonlinear equation. Let ¥ = U(z,..., z.) be an n X n matrix-valued function with
variables z1,...,z.. Let
ov ov
1.3 — =AY, ..., —=A97
(1.3) 07 ! 0z,
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be an (overdetermined) system of differential equations satisfied by ¥ with n x n
coefficient matrices Aq,..., A,. For the overdetermined differential equations to have
nontrivial solutions, we need the compatibility among A1, ..., A,, the Frobenius com-
patibility conditions, sometimes called zero-curvature relations:

0A; DA
8,2]' 8Zi

(1.4) +[A;,A;] =0 foralli,j=1,...,r.

The Frobenius compatibility conditions are in general nonlinear differential equations
for the entries of A;, and we call the system (1.3) the Lax system for the nonlinear
equation(s) (1.4). In the most common cases = 2 and we call the system (1.3) a
Lax pair, but we may also consider the general case r > 2.

Remark 1.1. The term Lax pair originates with the work of Peter Lax in the
late 1960s [27], in which he used the compatibility of a pair of linear differential
equations to study a nonlinear partial differential equation. In the problem considered
by Lax the evolution of the time variable gives an isospectral deformation of the
linear operator. On the other hand, Painlevé equations represent isomonodromic
deformations of the analogous linear equations with respect to the singularities, i.e.,
the monodromy data is invariant as the argument of the (fixed) Painlevé function
changes, and the isomonodromic relations are expressed in the same form of Lax pairs
[17, Chapter 4]. The idea of representing the Painlevé equations as isomonodromy
deformations of a system of linear equations is nearly as old as the Painlevé equations
themselves, dating back to the work of Fuchs [18] and later Garnier [19]. Therefore it
may be more appropriate to call the overdetermined systems (1.3) and (1.18) Garnier—
Fuchs pairs/systems rather than Lax pairs/systems. Such terminology can be found in
the literature; see [24] and [25]. However, the phrase Lax pair is much more abundant
in the literature and this is the nomenclature we use, following the terminology of
[12], [14], [10], and [17].

Nonlinear differential equations which possess a Lax system representation are in
some sense integrable, although they can be rather complicated. All of the Painlevé
equations, including (1.1), can be represented by Lax pairs/systems [17]. However,
the construction of Lax pairs/systems for a given Painlevé equation is far from trivial,
and the relations between different Lax pair/systems for a Painlevé equation deserve
investigation for their own sake. In this paper we demonstrate the relation between
one classical Lax pair and a recently discovered Lax system for the PII equation (1.1).
However, the main motivation of our paper is not purely theoretical but is driven by
the appearance of these Lax systems in random matrix theory and related problems.
The classical Lax pair and the new Lax system are both related to random matrix
theory, but in quite different aspects.

1.1. The Flaschka—Newell Lax pair for PII. First we present a classical Lax
pair for (1.1), found by Flaschka and Newell [16].

Remark 1.2. The Flaschka—Newell Lax pair was originally presented for the gen-
eral PII equation which has a free parameter (see section 1.5), and we only present
it for the homogeneous case (1.1). A different Lax pair for PII was found by Jimbo
and Miwa around the same time [22] (with a precursor in [19]), but in the homoge-
neous case the Jimbo—-Miwa Lax pair can be reduced to the Flaschka—Newell one [17,
section 4.2]. Other Lax pairs associated to PII have been found by Harnad, Tracy,
and Widom in [20] (of size 2 x 2) and by Joshi, Kitaev, and Treharne in [25] (of size
3 x 3). The equivalence among these Lax pairs is discussed in [25].
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Let ® = ®((;0) be a 2 x 2 matrix-valued function with variables ¢ and o which
satisfies the overdetermined equations

(1.5a) a%cb(ga) — AD(C0),
(1.5b) 8(G;0) = BE(G;0),
where

_[(—4i¢% —i(o +2¢%) 4Cq + 2ir (=i ¢
(1.6) A= < 4Cq — 2ir 4i¢? +i(o+2q2)> » B= < q z'g> ’

and ¢ and r are parameters which may depend on ¢. It is an amiable exercise to show
that the compatibility of the two equations in (1.5) is reduced to the fact that ¢ = ¢(0)
solves the Painlevé equation (1.1), and the parameter r in (1.6) is r = r(0) = ¢'(0).

It is known that all solutions to the (1.1) are meromorphic, so if we choose g = ¢(o)
to be any particular solution to (1.1) and take r = ¢'(o), then the system (1.5) is
solvable provided o is not a pole of the chosen PII transcendent. Notice then that,
given a particular solution ¢(o) and fixing o that is not a pole of this solution, we
can find a solution to the overdetermined equation (1.5) using only (1.5a), given
proper initial conditions. Thus below we concentrate on (1.5a) when we talk about
the solutions to (1.5), where ¢(o) is a fixed solution to (1.1), r(o) = ¢'(¢), and o is
a constant that is not a pole of ¢. In some formulas in this paper, we suppress the
dependence on ¢ if it is treated as a constant.

Since oo is the only singular point of A, and

-2

(1.7) A=(T4+0(™) <_45C 42.042) as ( — oo,

it is natural to construct the fundamental solution ® such that

e—%i(‘c’—iaf 0

(1.8) ()= +0(™) ( 0 e§i<3+wc> as ( — oo.

But oo is an irregular singularity of A, so the Stokes phenomenon allows us only to
consider the solution ® that satisfies (1.8) sectorally. For a rigorous version of the
heuristic argument above see [17, section 5.0].

For j =0,1,...,5, define the sectors (see Figure 1),

T 4T T T
(1.9) Sj:{zEC:—6+3<argz<6+3}.

Their boundaries are the rays with outward orientation
(1.10) S = {te(k_l/g)% Ite [o,oo)}, k=0,....5

Then there are fundamental solutions W(9), ... ¥®) to (1.5a) such that ¥\ satisfies
the boundary condition (1.8) in sector S;. Of course the solution space to (1.5a) is
two-dimensional and so there are linear relations between the solutions W) ... w(®),
These relations depend on the particular Painlevé transcendent appearing in the co-
efficient matrices A and B in (1.6) and can be described in the following way [17,
section 5.0].
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Fic. 1. Rays Xy, sectors Sy, and jump matrices Jy placed on Zy for k=0,...,5.

For each PII solution ¢(o) to (1.1), there is a triple of complex numbers (t1, t2, t3)
satisfying the relation

(1.11) t1 +to 4+ tz +t1tats =0
such that the fundamental solutions ¥*) associated with ¢(o) satisfy

(1.12)
k) —gk-D g k=0,...,5 with J, shown in Figure 1 and ¥~ := ¢,

The jump matrices Jy are called the Stokes matrices, and the numbers t1,to,t3 are
called the Stokes multipliers corresponding to the given PII solution ¢(o). Remarkably,
each triple (¢1,t2,t3) of Stokes multipliers satisfying (1.11) corresponds uniquely to a
PII solution, and so the solutions to PII are parametrized by the surface (1.11). Thus
in order to specify a solution to PII, it is enough to specify the Stokes multipliers
(t1,t2,t3); see [17, Proposition 5.1]. In Figure 1 we show the rays, the sectors, and
the jump matrices Jy.

For a given set of Stokes multipliers, the jump properties (1.12) determine any of
the fundamental solutions in terms of the solution ¥(?). Indeed if we denote

(1.13) vO(Ga) = (V0 (¢0), ¥ (o))

where (1) and ¥ are two two-dimensional vector-valued functions defined on the
whole complex plane, then the other *) are expressed in 9(!) and ¢(® as in Figure
2. The asymptotics of the columns of ¥*) are summarized below (with § being any
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v

FIG. 2. The formulas of (O ... WO) expressed in 1) and 2.

small positive constant):

¥(Q) e
B0+ 1?0 =1+ 0 ()
(tats + DD (Q) = 202 ()

if arg(¢) € (—2F +0,% — ),
(1.14) if arg(¢) € (6,7 )
if arg(¢) € (3¢ —9),
@)
_th(l) +w(2)(c) I—|— O )) (eéiCBO"riUC)
tap ™M) + (trtz + 1) (Q)
if arg(¢) € (-5 + 5, % —§),
(1.15) if arg(¢) € (7r+5 277 3),
if arg(¢) € (5 +6,%F —6).

1.1.1. Critical kernel in one-matrix model. As mentioned earlier, the
Hastings—McLeod solution to (1.1), the one satisfying (1.2), is of special importance
in random matrix theory. It is the solution to PII that corresponds to the Stokes
multipliers (t1,t2,t3) = (1,0, —1), and it is well established that it has no poles on the
real line. Thus the solution ¥(®) = () (¢; o) exists for any real o [17, section 11.7].

Consider the one-matrix model given by the probability measure on the space of
n x n Hermitian matrices M,

(1.16) Ciexp(—ntTrV(M))dM,

where V is the potential and ¢ > 0 is a scaling factor. The eigenvalues of M are a
determinantal process that is characterized by a correlation kernel. In the case that
V(x) = 2*/4 — 2% and n — oo, the model is in a critical phase if t = 1. As n — oo,
under the double scaling limit ¢ = 1 — (2n)~2/30, the correlation kernel at u(n/4)~/3
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and v(n/4)~'/? converges to

— i (u; )9 (v 0) + D8 (u; )M (v;.0)

(1.17) Ky (u,v;0) = 2mi(u —v)

)

where 1/)51) and z/;él) are the two components of the 2-vector (1) defined in (1.13);
see [4]. We use the notation K§" to emphasize that this kernel arises in a one-matrix
model and to differentiate it from the kernel (1.74) which arises in a two-matrix model,
which we denote K5°. Note that although we only state the limiting correlation kernel
for a very special potential function, the convergence to K{* holds for a large class of
potentials that have a quadratic interior critical point. See [7] for the universality of
the limiting kernel K7{".

Finally we remark that if we give the potential V' a logarithmic perturbation at 0,
ie., let V(z) = 2*/4— 22 — (2a/n) log|z|, then the limiting kernel at 0 is changed, and
it is expressed by the Flaschka—Newell Lax pair for the Hastings—McLeod solution of
the inhomogeneous PII equation. See [6] for details, and also see section 1.5.

1.2. A 4 X 4 Lax system for PII. Now we introduce the other Lax system
for the PII equation (1.1), which was discovered recently by Delvaux, Kuijlaars, and
Zhang in their study of nonintersecting Brownian motions [12], by Delvaux in the
study of nonintersecting squared Bessel processes [9], and by Duits and Geudens in
their study of the two-matrix model [14]; see also [10], [26]. In its most general form
this Lax system is a four-dimensional overdetermined differential system consisting of
16 equations. Here we consider a 4 x 4 matrix valued function M = M(z, s1, s2,7),
and the Lax system is

0
0 0 0
(1.18b) a—SlM =WViM, a—SQM = VoM, EM = WM.

The coefficient matrix U is given by

U11 U12
(119) U= <U21 U22> )

where each U% is a 2 x 2 block, such that

(1.20)
_ 2 u \/T29 .
Ull _ T S1 + C ~CV/r1 U12 _ i 0
_/VC\/qu T4+ s2— u ’ 0 irg)’
VT2
2w VT1q
U2 — THSI—C Y2l ,
V724 2 u
-y =C *77524’6
4 2 2 o ’ 2.2,.2.2
- ST 2s7u u—q Vrir2C (¢ +uq) _ (ris3+r3s1)q
U21 — Tz — 281 + 1 r1C + r1C2 Y YC(rire)3/2

2

(1 _ oGP 4riste sy _ 2s3u | ul—q
v 7“17"20((] +uq) C(rire)3/2 raz 282 + To roC + roC?2

Here the numbers r; and 75 are positive constants, and C, v, ¢, ¢, and u depend on
71,72, 81, 82, T. We relegate the formulas for Vi, Vo, W to Appendix A, since we do not
use them in the rest of this paper. In the symmetric case ry = ro = 1 and s1 = $9,
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we refer the reader to [9, section 5.3], and [14]; and in the 7 = 0 case we refer the
reader to [12, section 5.2]. By the compatibility of the overdetermined system, which
is routine but laborious (see [10, section 6.5]), we derive

8 12 —7r2 181 — oS
(=2 —211/3 _ 1 2 3 151 252
a2 =Rt e (G~ )

and g and u are functions of

2 S1 S92 27’2
1.22 = (=4 =
(1.22) 7TC (7“1 + ro  ri+4r3

Furthermore, ¢ = ¢(o) satisfies the PII equation (1.1), ¢’ = ¢'(0) is the derivative
with respect to o, and u is the PII Hamiltonian

(1.23) u(0) = q'(0)* = q(0)* — q(0)*,
which satisfies
(1.24) u'(0) = —q(o)>.

Now as with the Lax pair (1.5), we fix a particular solution ¢(o) to PII and assume
o is not a pole of this solution. We can then solve the Lax system by (1.18a) alone,
with proper initial conditions.

Remark 1.3. The authors of [12], [14], [10], and [9] introduced the Lax system
(1.18) as a technical tool to study the tacnode Riemann-Hilbert problem (RHP), a
4 x 4 RHP associated with the PII equation (1.1). The tacnode RHP is only defined
for the Hastings—McLeod solution to PII, but the Lax system is algebraic and the
Frobenius compatibility conditions (1.4) are independent of boundary condition, so
the Lax system exists for all solutions to the PII equation. From the Lax system we
can construct an RHP that is associated with all solutions to the PII equation and
thus generalize the tacnode RHP. See RHP 1.5 in section 1.4.3 below.

Since oo is the unique singular point of U, it is natural to put the boundary
condition to the solution M at co. The situation is a bit more complicated than for
the 2 x 2 Lax system, since infinity is, in the language of [17], a general irreqular
singular point of the coefficient matrix U. Nonetheless, it is possible to transform
(1.18a) into an equation with a regular singular point by means of an explicit change
of variable, and then to derive the asymptotic structure of its solutions using the
methods of [31]. This asymptotic structure was derived by Duits and Geudens in [14].
In order to describe it, we define the functions

6.(2) = 2r(—2)} + 21 (—2)}, 2€C\ [0,00),

(1.25) ;
02(z) = grng + 289272, z € C\ (—00,0],
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and then the four-dimensional vector-valued functions

1 , T
vi(z) = ﬁe—wwz ((—z)—z,o, —i(—z)%,o) ,
1 T
va(z) = ﬁeffh(z)*” (O,zfi,O,izi> ,
(1.26)

2

and the matrix-valued function
(1.27) Az) = (vl(z),vg(z),vg(z),m(z)).

For the fractional powers in (1.26) we take the principal branches, so A(z) has cuts
on R, and R_. More precisely, the functions v;(z) and vs(z) each have cuts on the
positive real axis, and the functions v(z) and v4(z) each have cuts on the negative
real axis. We also define the function AT (z) to be the continuation of A(z) from
the upper half plane with a cut on the negative imaginary axis and A~ (z) to be the
continuation of A(z) from the lower half plane with a cut on the positive imaginary
axis. To be concrete, we denote

(1.28) AF(2) = (vE(2), 0 (2), 05 (), v (2))

such that for all j = 1,...,4, v]i(z) = v;(#) in C4, and the branch cut for vji(z) is
{=Fit | t > 0}. If we denote by v;f (2) (resp., v; (2)) the limiting value of v;(2) from the
upper (resp., lower) half plane for j = 1,2,3,4, then we have the following relations:

v (2) = —v3(2) and ovF (2) = vy (2), 2z €Ry,

+
1.29 ;
(1.29) T(2) = —v;(2) and v (z) =0y (2), z€R_.

v

Again due to the Stokes phenomenon, we cannot find solutions that satisfy the
boundary conditions at co from all directions, but only sectorally. Here we follow the
notation in [14] and define six overlapping sectors in the complex plane,

T gm TmogT .
1.30 Q= C:——+=— — 4+ — =0,...,5
( ) J {Ze 12+ 3 <argz< 12+ 3}7 .] ) » Yy

as shown later in Figure 3. The following result was proved in [14, Lemma 5.2].

PROPOSITION 1.1. For fized ri,r2 > 0 and Q; one of the sectors defined in (1.30),
(1.18a) has a unique fundamental solution M) such that as z — oo within Q;,

: 1 1)) A* j=0,1,2
(1.31) MU () = (I+0(z 1)) AT (2) forz 0,1,2,
(I+0(z"1)) A (2) forj=3,4,5.
Remark 1.4. In [14, Lemma 5.2], the above result is stated for s; = s3 € R, and
r1 = rg = 1, but it is trivial to extend to the more general parameters si, so, 7 and
r1,T92 > 0.
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Q
Qo !

Qo
Qs

Q
o 3

Fic. 3. The sectors Qo, ..., Q5.

Remark 1.5. The general theory outlined in [31, Theorem 19.1] would indicate
a weaker result, namely, an asymptotic expansion in powers of z~/2 rather than in
powers of z~!. The stronger asymptotics above are the result of some symmetry in
(1.18a); see the proof in [14].

Below we construct six 4-vector-valued functions solutions to

0
(1.32) "= Um,

which we denote by (9, ..., n® explicitly from the solutions to the Flaschka-Newell
Lax pair (1.5a). It is then shown that the solution n(7) is recessive in the sector S
which was defined in (1.9). Thus these solutions comprise the essential components
of the fundamental solutions M) satisfying (1.31).

1.3. Main results. In order to state the construction and properties of
n@, ..., n®), we first introduce some notation. Suppose I' = T'; UTy UT3 is a
trivalent contour, where I'1,T'2, and I's are three rays in the complex plane which
meet at the origin such that I'y and 'y are oriented away from the origin, and I's is
oriented toward the origin. Denote a,b, ¢, 71, and v as

(1.33)
B % r? —r32 - 8T B l 472 (r? —r3) 5 s1 S
“=3 r2+r2)’ C2(r? 4 rd)’ °TC (r? +r3)? re 1o )|’

87“1*7'3 4 4ri181T 87‘37’3 4 4roSoT
=exp | — , =exp | — ,
R R R A N

and then the function
(1.34) G(¢) = exp (iaC® + b(* +icC) |

and the related functions

G1(0) = \/z G0, Gal0) = \/f GO G = 2¢61(0)

(1.35)  Ga(¢) = %CG2(<)'

Define now an integral transform Qr that transforms two two-dimensional vector-

valued functions f(¢) = (fi(C), ()" and g(¢Q) = (91(¢),92(¢))" into a
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four-dimensional vector-valued function given by

(1.36)  Qr(f,9)(2)

2iz( 2iz 2iz

Jr, €8 FOGI(QACH fr e ? 91(O)G1(Q)dC+ [, e ¢ (F1(0)+91()G1(Q)d¢
Y frle:tf 2(Q)Ga(Q)dC+ [, e _c *92(0)G2(Q)dC+ Jrye <f2<<:> 92(0)G2(0)dc |

Jr e © < [1(Q)G5(0) dC+ [, e ? 91(()03(C)dC+fp3 & (£1(0)+01(0))Gs(C)dC

Jr, €765 2(Q)CA(QdCH [, €7E° g2(Q)Ca(Q)dC+ frgeQ (£2(0)+92(0)Ga(Q)d¢

where 71, 79, S1, $2, T, and C are the parameters in (1.20) and (1.21), and

(1.37)
1 0 0 0
_TZ<,-';>,,§> 0 1 0 0
Y P EE B ot <o
—i qu i r?—r3 2w —i
T2 T E(ﬁ%w% —T+52—6) 0 =

where ¢ = ¢(o) is any fixed PII solution evaluated at o defined in (1.22), and v = u(0)
is defined in (1.23).
We have the following proposition.

PROPOSITION 1.2. Fix some solution q to (1.1) and let o be as in (1.22) such
that it is not a pole of q. Let ¢(¢) and ©({) be any two 2-vector solutions to (1.5a).
Assume that for a particular choice of T' the integral transform Qr(¢, v)(z) exists and
is finite for every z € C. Then Qr(¢,p)(z) solves the differential equation (1.32).

The proof of this proposition is given in section 2.

Now we make a special choice of ¢(¢) and ¢(¢) in Proposition 1.2 and define
the particular solutions n(?), ..., n(® of (1.32). Recall the rays X, ..., X5 defined in
(1.10) (see also Figure 1). We define the trivalent contours T'®), ... T®) as the T in
Proposition 1.2 as follows:

(1.38)
r® =M ur®ur, where T® =%, TP =%, 4, T¥ =(-%5_4),

where the contours 3; are oriented toward infinity, —; means the contour 3J; oriented
in the opposite direction, and ¥;_¢ = ¥;. For an illustration of the contours, see
Figure 4.

Then we define

(139) n(k)(z) :n(k)(z;rl7r2a8175277) = Qr(k)(f(k)7g(k))7 k:O7"'757

where 1,79, 51, 5o, T are parameters in the formula of Qr, and f*) and ¢(*) are the
columns of fundamental solutions to (1.5a), given as

(1.40)
w2 (¢ o) Vi (¢ o) ()
o 2 @) () ' 1,1 ’
f (C) \IJSQ_QJ)(C;U) » g\ (C) toy; (\Pgll%)(c;a)(z)) s
- for j =0,1,2,
_ Ui (Go) . v (G o))
(2J+1) (Y — T gD =t (P ;
e L r0) A (wgﬁ)(c;a)(z))
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ta (D + ,9?) PO 4@
a0 + (tyty + 1)@ e @
M
(0 e
1/}(2>
typ® (tats + 1)) — ty® P
—tgap ™ 4 4p? to(—tarh™ 4 op2)
n(2> n 3

M + @

top ™ + (tyty + 1) ta(tap™ + (tity + 1))
t1((tats + 1) — top?) (tots + 1)) — tyeh
—t3p® + @
o )
FIG. 4. The contours I'®) for the integral representation of n(® ..., n(®. On each ray a two-

dimensional vector in the form of c1v() + covp() is given, and they are f, g, or f+g in the integral
formulas QF(k) .

where the parameter o is determined by the relation (1.22), and (¢1,t2,t3) are the
Stokes multipliers corresponding to the chosen PII solution. We use the notational
conventions t3,; = t; and W+ = W0 and the subscripts refer to the matrix entries.
Here we note that all the f*) and ¢*) are linear combinations of (') and ¥, as
shown in Figure 4, and by the jump condition (1.12) we see that

(2—2k)
24) @iy (Y2 (Go)
(0 + 97 (¢ o) (\Ijgz—%)(c;a)>a
(1.41) (25+1) (. 251) (rr ‘1’81—%)((;0)
f ! (Cv U) +g / (Ca U) - \I/gl_%) (C, (T)
for 5 =0,1,2.

From the definitions of the functions n)(z) and the relation (1.11), the linear
relations between them are easy to see, especially in Figure 4. We have, for example,
the pair of independent relations

(1.42a) n®(2) = —t3n9(2) — (1 + tat3)nV(2) + tan@(2) — n®(2),

(1.42b) n@(2) = —tanM(2) — (1 + t1t2)n@ (2) + 1103 (2) — nW(2).

The next result of the paper is that the solutions n(®), ... n®) of (1.32) satisfy
the asymptotics of the columns of the fundamental solutions M, ... M®) in some
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of the sectors g, ..., 25, and thus these fundamental solutions can be built from the
columns n(®, ... n(® . To state the proposition, we recall the functions 6; (z) and
02(z) defined in (1.25).

PROPOSITION 1.3. Suppose 6 > 0 is a small constant. For z = re'® with 0 fized
and r — 400, we have the following asymptotic results, where all power functions

take the principal branch (—m,m):
1. Uniformly for 6 € (—w/3 +§,7/3 —9)

(1.43)
nO(z) = ¢t (0G"4),z74 + 0=, 0(:74), izt +O(z*%))T
- ﬁ ’ ) ) )

uniformly for 6 € [0,7/3 — 0)
(1.44)

1 1 1 1 1 T
n®(z) = _ﬁe%(ﬂ—ﬁ (O(z_%)Jz_Z +O(z1),0(:71), 25 + O(z—z)) :

and uniformly for 6 € (—mw/3 + 94,0]

(1.45)

1 3 1 3 1 1 T
n@(z) = ﬁef’z@*” (O(z«*z),iz*z FO(1),001), 21 + O(z*z)) .

2. Uniformly for 6 € (7/3+ 6,7 — 0)
(1.46)
n®(z) = — L hala)-7 (0(2—%) i2TF + O(z71),0(271), 27 + O(Z—z))T
- \/i ) ) ) Y

uniformly for 6 € 2w /3, m — §)
(1.47)

1 1 S 1 1 1 T
10(z) = — e (04271 + o), 0:7%) ik +o(= 1))

and uniformly for 6 € (w/3 + 6,2m/3]

(1.48)

3 1 1 1 T
n(z) = %6702@*” (04,274 + o), 06:74), izt + 0(=7H)) .

3. Uniformly for 6 € (7 4+ 6,57/3 — 0)
(1.49)
1

, ) I NT
n@(z) = ﬁeQZ(Z)_” (O(z—z),z'z—z + 01,001, 25 + O(z—z)) ,

uniformly for 0 € [47/3,57/3 — §)
(1.50)

1 3 1 3 1 1 1 T
n0(z) = 5O (07, 27+ 0(), 0( )izt +0(H)
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and uniformly for 6 € (w + 5,47 /3]

(1.51)
n®(z2)= - %6_02(”_” (O(z_i), 2714+ 0(271),0(z"1),iz1 + Oz 1

. Uniformly for 6 € (8,2mw/3 — 6)

1 _ 1 1(2)+72 . -1 -3 -3 L
n! )(z) —ﬁea (2)+ (—z(—z) +0(z71),0(z71),(—=2)
(1.52) +oEH0Eh)

uniformly for 0 € [n/3,2mw/3 — 0)

L -ooers ()3 ~),0(— 1), —i(—2)}
10(z) = = e O ()7 +0(H, 067, —i(-2)
(1.53) + 0(2*%),0([%))T,

and uniformly for 6 € (6,7/3]

L oo ()= £ 0(—1),0(:-1), —i(—2)}
n0(z) = e T (=2t +06E1),061),-i(-2)
(1.54) + O(Z-%),O(z-%))T.
. Uniformly for 6 € (2n/3 + 0,47/3 — 9)
L oo (L4 £ 0(x—1),0(:-4), —i(—2)}
n(3)(z):f\ﬁee()+ ((fz) +O(1),0(:"1), —i(~2)
(1.55) + O(z—%),O(z—%))T,

uniformly for 6 € [w, 4w /3 — §)

n(2) = = SO (if=2) 7t 4+ 0, 06, (-t

1 1 T
(1.56) + O(z—z),O(z—z)) ,

and uniformly for 0 € (2m/3 + d7]

nM(z) :%

L T
(1.57) + Oz 1), 0(271)) .

IS}
~—
—~

N
~—

ST

M= (—i(=2) 7+ 0(x7H), 007

. Uniformly for 0 € (4n/3 + 6, 2w — )

) (2) = — %e‘%@”z (~it=2) "t + 01,01, (-2)

(1.58) + 0(2*%),(9([%))T,
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n® ~ — v;’ = —v, n® ~ — ’”T = vy
n® ~ o = vy nM ~of =0
n® ~ — oy n) ~ vg 2O ~ vy n® ~ v;r = —vg
D@~ o =l | 0@ 0y n® ~ (%~ vy
n() ~ vy n ~ 1:; =v;
n® ~ - 1)2' = —vy n® <~y
n® < nM ~ o =of
n® ~ — v, = 7’u2' n© ~ vy
n®) ~ vy n® ~ — n® ~ oy n® ~ — vy = v1+
2D vy = —uf n®) ~ — oy n(® ~ 2 n® <y
n©® ~ vy = ’UI n® ~ — vy = vr
n@® oy = —o 1)~ = v

Fic. 5. This figure summarizes the result of Proposition 1.3. The dividing lines are the real and
imaginary azes, as well as argz = £7/3 and argz = 47 /3. They separate the complex plane into
8 sectors, and within each sector the leading order behavior of some of the solutions n(k)(z) can be
identified with the columns of AT and A~. If the function v; is written without any superscript it

means that vj.' = vj_ throughout the given sector. The zigzag lines are the branch cuts for At (the

negative imaginary azis) and A~ (the positive imaginary azxis).

uniformly for 6 € [5mw/3,2mw — §)

n(2) :%e_gl(z)'”z (2% + 04,061, ~i(-2)}
1 1 T
(1.59) + 0(="h),06:7Y))

L oot (L3 £ 0(x-1),0(-4), —i(—2)}
n0(2) = = e O ()7 4 0( ), 06, ~i(-2)
(1.60) + 0 1) O(Z—%))T

The proof is given in section 3.

To visualize the result of Proposition 1.3, we summarize it in Figure 5.

As a consequence of Proposition 1.3, we see that the vector nU) is recessive in
the sector S; shown in Figure 1. We now describe the entries of the fundamental
solutions defined in Proposition 1.1 in terms of the solutions n(®), ... n®).

THEOREM 1.4. Fiz a PII solution q(c) with Stokes multipliers (t1,t2,t3). For
j =0,...,5, let MY) be the unique 4 x 4 matriz-valued solution to (1.18a) which
satisfies (1.31). We have the following explicit formulas:

M( ) e (n(S) _|_ t3n(0)7 n(0)7 n(1)7 _n(2)) , M(l) — _',’2/(3’)7 n(o) + th(l), n(l)’ _n(2) ,
M(Z) = (77]/(3)’ 777/(4)’ n(1)+t1n(2)’ 7771(2))’ M(S) — (777/(3), 7n(2)7t3n(3)’ 771/(5)’ n(4))7
M@ = (—n® — ;0@ 0O _n® n @Y, 10 = (nD,n®, _n® @ 4 1)



3632 KARL LIECHTY AND DONG WANG

1 t 0 0 1 0 0 0
0 1 0 0 0 1 0 0
L= 0 1 0 Su=1g 4 tats ta 1 0
0 —(1 +t1t2) —t1 1 to 0 0 1
Ay
AQ A()
1 t3 —(1 + t1t3) 0 0 0 1 —t3
Ja = 0 0 1 0] o - Jo — i3 1 0 1+4+t1t3
3 0 0 1 ol = 0= 11 0 o0 0
0 1 0 0 0 0 0 1
Az As
Ay
1 0 0 0 1 00 o0
| o 1 0 0 _ t1 1 0 0
Ji=1| —ty 1 0 =1 Htita 0 1 —t
—t2 7(1 + tztg) 0 1 0 0 0 1

FiG. 6. Jump matrices Jo,...,Js for RHP 1.5.

Since we know the linear relations for the six fundamental solutions described
above, we may describe them as the solution to an RHP. In order to state the RHP,
define the sectors A; as

. -
(1.62) Aj:—{zeczj;<argz<(‘7+3)”}, j=0,...,5

see Figure 6. We then define the function M (z) piecewise in the complex plane as
(1.63) M(z) := MY (z) forzeAj, j=0,...,5.

Then M (z) satisfies the following RHP.

RIEMANN-HILBERT PROBLEM L1.5.

(1) The 4 x 4 matriz-valued function M is analytic in each of the sectors A,
defined in (1.62), continuous up to the boundaries, and M(z) = O(1) as
z— 0.

(2) On the boundaries of the sectors A;, M = M) satisfies the jump conditions

(1.64) MY (2) = MU=Y(2)J;, forj=0,...,5, MY =M,

for the jump matrices Jy, ..., Js with constant entries specified in Figure 6.
(3) As z — oo, M(z) satisfies the asymptotics

(1.65) M(2) = (1+0(z71)) (v1(2), v2(2), v3(2), va(2)) ,

where vq, v, v3, and vy are defined in (1.26).

It is not hard to see that there is at most one M that satisfies RHP 1.5. So we
have

COROLLARY 1.6. MY (j = 0,...,5) are uniquely determined by RHP 1.5
and (1.63).



TWO LAX SYSTEMS FOR PAINLEVE II 3633

Notice that the jump matrices satisfy the symmetry

01 0 0 01 0 0
10 0 0 10 0 0
(1.66) k=100 o —1|%3o 0 o -1/
00 -1 0 00 —1 0

where Jg4r = Ji. This implies the symmetry of the solutions

(1.67)
01 0 O 01 0 O
10 0 1 0 0 O
M(—z;r1,79,81,82,7T) = 00 0 -1 M (z572,71, 82,81,7) oo 0 -1/l
0 0 -1 0 00 -1 0

which appears in [12, Lemma 5.1(b)] for the Hastings—McLeod case. (Their result is
for the tacnode RHP that is equivalent to RHP 1.5 in the Hastings—McLeod case; see
section 1.4.3.) In this special case, there are additional symmetries with respect to
complex conjugation which are not present in the general case.

Remark 1.6. As noted by an anonymous referee, our integral representation of
the fundamental solution of the Lax system (1.18) by the fundamental solution of the
Flaschka—Newell Lax pair (1.5) is essentially similar to the representation of the fun-
damental solution of the Harnad—Tracy—Widom Lax pair by the fundamental solution
of the Jimbo-Miwa Lax pair in [25, Theorem 3.1]. The idea of using a generalized
Laplace transform to produce a Lax pair which is linear in the spectral variable from
another which is quadratic in the spectral variable is in fact quite general and has
been applied to other Painlevé equations as well; see [24].

1.4. Contour integral formulas for two-matrix critical kernel and tac-
node kernel. In the special case (¢1,%2,t3) = (1,0, —1), M(z) is the solution to the
Lax system for the Hastings—McLeod solution to PII, and we refer to this special case
as M™(z) below. In this section we discuss two occurrences of the entries of M™M
one in the two-matrix model critical kernel and the other in the tacnode kernel in the
nonintersecting Brownian motion model. Originally these two kernels were expressed
in terms of the tacnode RHP, which differs from the Hastings—McLeod case of our
RHP 1.5 only by a constant matrix factor; see (1.69) below. The integral formulas
for the entries of MM yield contour integral formulas for these two kernels.

1.4.1. Critical kernel in two-matrix model. Consider the two-matrix model
in which two n X n random Hermitian matrices M7 and M5 have the joint probability
measure

(1.68) Ci exp(—n Tr(V (My) + W (M) — My My))dM; dMs,

where V' and W are potentials and 7 is the coupling constant. We concentrate on
the distribution of eigenvalues of Mj, which is a determinantal process and is thus
characterized by a correlation kernel. In the case that V(x) = 22/2, W(y) = y*/4 +
ay?/2 and n — oo, the model is in the critical phase if « = —1 and 7 = 1. Asn — oo,
under the double scaling limit o« = —14+2an~"/3—bn=2/3 and 7 = 14+an"'/34+2bn=2/3,
where a and b are constants, the correlation kernel for the eigenvalues of M;, at zn~2/3
and yn—2/3, converges to K§*(x, y; (a®> —5b) /4, —a), whose formula is expressed by the
tacnode RHP. See [14] for the derivation and also [13].
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Similar to the critical kernel K{" in the one-matrix model, the limiting kernel
K§' is believed to be universal, and it should occur in very general settings of the
two-matrix model. If V is a quadratic polynomial, the forthcoming paper [5] will
show that K5" occurs for a large class of potentials W.

1.4.2. Tacnode kernel in nonintersecting Brownian motion model. Con-
sider (1 4+ A)n noncolliding particles in Brownian bridges, with diffusion parameter
n~1/2. Suppose the particles are in two groups, such that the left n of them are in
the first group and the right An of them are in the second. Let particles in the first
group start at a; at time 0 and end at a; at time 1, and let particles in the second
group start at as at time 0 and end at as at time 1. The particles in this model are
a determinantal process, and their multi-time correlation functions are given by the
multi-time correlation kernel.

Ifa; = —1 and as = V'), the model is in the critical phase as n — oo, such that the
rightmost particle in the first group meets narrowly the leftmost particle in the second
group at time 0.5, and their trajectories touch each other like a tacnode. As n — oo,
under the double scaling a; = —(1 + (£/2)n"2/3) and ay = VA(1 + (£/2)n"2/3),
the multi-time correlation kernel at positions (z/2)n~2/% and (y/2)n=2?/% and times
(1+71n1/3)/2 and (1+ 70~ 1/3)/2 converges to L (71, 2; 72, y), which is expressed
by the tacnode RHP.

The derivation of Ef‘a’? was achieved by several groups of people: Adler, Ferrari,
and van Moerbeke got a multi-time tacnode kernel formula with A = 1 from a discrete
random walk model [1]; Delvaux, Kuijlaars, and Zhang got a single time tacnode kernel
formula from the nonintersecting Brownian motion model [12]; Johansson got a multi-
time tacnode kernel formula with A = 1 from the nonintersecting Brownian motion
model [23]; Ferrari and Vet6 generalized Johansson’s result for general A > 0 [15].!
The formulas of Adler, Ferrari, and van Moerbeke and Johansson were both expressed
in terms of Airy resolvents but are quite different in structure. They were later proved
to be equivalent [2]. The Delvaux—Kuijlaars—Zhang formula was expressed by the
tacnode RHP (their paper first defined the tacnode RHP, and the RHP is named
thereby). Later Delvaux showed in [10] the equivalence of the results in [12] and [15]
and furthermore wrote the general multi-time tacnode kernel in the tacnode RHP.
See also [26]. A variation of the model where the nonintersecting Brownian bridges
are on a circle was studied by the current authors in [28].

1.4.3. Tacnode RHP revisited. The tacnode RHP which is mentioned in sec-
tions 1.4.1 and 1.4.2 was defined in [12], [14], and [26], with minor variations in
generality and formality. The definition in [26, section 2.1] resembles the Hastings—
McLeod case of our RHP 1.5. Let us denote the solution to the RHP in [26, section
2.1] by M*¢. Then M"¢ is defined on regions Ay, ..., As with the same boundary
conditions and asymptotics at co, but the jump matrices are slightly different from
those of MHM, It seems perplexing that two similar but different RHP are associ-
ated to Lax sytem (1.18) (in the Hastings—McLeod case), but the reason is simple:
Although the solutions M, ... M®) are the unique solutions to (1.18a) satisfying
the asymptotics (1.31) throughout the sectors €25, as stated in Proposition 1.1, if the
sectors are shrunk to A, the asymptotics (1.31) do not uniquely determine the solu-
tion in each sector. RHP 1.5 and the tacnode RHP in [26] require only asymptotics

LOur notation ﬁi\écz follows that in [15], but with their o replaced by 3. The reason is that o
occurs in our paper everywhere as the argument of g, the solution of (1.1). We note that in [10], the

author took the same change of notation, as explained in [10, Formula 2.15].
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in sectors Aj, so there is some freedom to choose the jump matrices corresponding to
different solutions to (1.18a). The relation between RHP 1.5 and the tacnode RHP is
as follows:

1 0 0 O
11 0 O
tac _ HM
M*™(2) = M7 (2) 00 1 -1 for z € Ag,
0 0 0 1
(1.69) 11 0 0
tac _ HM 01 0 0
MY™(2) = MY (2) 00 1 0 for z € Ag,
00 -1 1

M¥(z) = MPM(2)  otherwise.

In the paper [26], Kuijlaars found explicit formulas for the entries of the solution
to the tacnode RHP in terms of Airy functions and related operators. He found six
solutions to the differential equation (1.18a) with ¢(o) being the Hastings—McLeod
solution to PII, which were labeled m(®,....,m®). Let us remark here that in the
case (t1,t2,t3) = (1,0, —1), the solutions n(?), ..., n(® constructed in this paper agree
with the ones constructed by Kuijlaars up to sign. Specifically we have
2)

n© Z @ 0 2 @ @),
(1.70) 5 o

)

5)

n® = —m® p @ 2@ ) Z (),

which follows from comparing [26, Figure 2] with (1.69) in light of Theorem 1.4.
1.4.4. Contour integral formulas. We can write the critical kernel K§" for
the two-matrix model in a contour integral formula where the integrand is expressed
by entries of ¥(9) in (1.13), the solution to the Flaschka Newell Lax pair. Let Liac
be a contour consisting of two infinite pieces: the first passing from e 5™/6 . 0o to
e~ /6 . 50 and the second passing from €™/ . 0o to €5™/6 . 00, as pictured in Figure
7. Also let Yopnmv be the contour
(1.71) Soamm = [1, €™/ %-00)U[1, e"/6-00)U[—1, €*™/6-00)U[~1, e */C.00)U[-1,1],
oriented as shown in Figure 8. Define the functions f and g on C in a piecewise way:
(1.72)

~0)(¢ o) if Im¢ >0, — 0P (¢o) i Im( >0,
f(Go) = u) (Go)  ifIm¢ <0,  gluo) =P (Go) ifIm¢ <0,
Dy (¢50) if Im¢ =0, Dy(¢;0) if Im¢ =0,

where
(1L.73)  @1(Go) =0 (Go) + U0(Go),  @a(Go) = UG o) + (G o).
We then have the following theorem.

THEOREM 1.7. The critical kernel in the two-matrix model of Duits and Geudens
[14, equation (2.15)] can be written as

1 i00 .
KS'(z,y;8,7) = Ve /ioc du /E dv 6724/37(1‘2*U2)+22/3(wu7y'u)
- 2MM

y <<I>1(u; G)Q(U;Z)(;_(Di)(u; o) f(v; U)) 7

(1.74)
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h \_}/ - Yomm
m

- tac > <

Fic. 7. The contour Xtac. The rays Fic. 8. The contour Yonmm. The rays
make the angles 7/6 with the real azis. make the angles 7/6 with the real azis, and
the horizontal segment is the interval [—1,1].

where o is given as
(1.75) o =22/3(2s — 72).

This theorem is proved in section 5.1.

Similarly we can write the tacnode kernel Li‘a’? in a double contour integral
formula with integrand given by entries of ¥() in (1.13). We have the following
theorem.

THEOREM 1.8. The tacnode kernel of Ferrari and Vetd [15] can be written as
(1.76)
1

2
t c( 1 2 y) 1<T2 47‘1’(7’2 _7_1) 4(7_2 77_1)

+*cl/ du / o o~ 5B =)y (1w —720)+ B pumyo) + 2D (u—)
™ Ztac )

tac

y ((f(U; 0)g(via) — f(vio)g(u; 0))) 7

2mi(u — v)

where

VA

This theorem is proved in section 5.2.

1\ 13
(1.77) C = <1 + ) and o= \/2C%%.

Remark 1.7. In the symmetric case A = 1, the formula (1.76), up to a rescaling,
was derived by the current authors from a model of nonintersecting paths on the circle
[28]. That model was not robust enough to produce the asymmetric tacnode kernel,
and the above theorem is new for A # 1.

Remark 1.8. Formulas (1.74) and (1.76) are analogous, but (1.76) is more general
in the sense that (i) it has a A parameter and (ii) the 71, 72 parameters corresponding
to 7 in (1.74) can be different. In [5], a more general two-matrix model as well as its
dynamical version are considered, and (1.74) is generalized to a formula containing
A, 71, T2 parameters like (1.76).
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1.5. Outlook. In this paper we concentrate on the homogeneous PII equation
(1.1). The general PII equation has a constant term: 3" = zy + 2y — a. Both
the Flaschka—Newell Lax pair (1.5) and the 4 x 4 Lax system can be generalized to
the inhomogeneous PII equation, and each appears in the kernel for a determinantal
process.

The Flaschka—Newell Lax pair for the Hastings—McLeod solution of the inhomoge-
neous PII equation occurs in the one-matrix model with logarithmic perturbation; see
[6] and a brief discussion in section 1.1.1. On the other hand, a 4 x 4 RHP associated
with the Hastings—McLeod solution of the inhomogeneous PII equation occurs in the
limiting critical correlation kernel for the nonintersecting squared Bessel processes.
The (nonintersecting) squared Bessel processes are in some sense a generalization
of the (nonintersecting) Brownian motions, and the limiting critical process for the
nonintersecting squared Bessel process is a “hard-edge” generalization of the tacnode
process. Hence the aforementioned 4 x 4 RHP, which is then called the hard-edge tac-
node RHP, is a natural generalization of the tacnode RHP. This hard-edge tacnode
RHP is also associated with a Lax system that is analogous to and more general than
(1.18). This hard-edge tacnode RHP is also related to a chiral two-matrix model. See
[9] and [11].

It is tempting to conjecture that our construction of the 4 x 4 Lax system from
the 2 x 2 Flaschka—Newell Lax pair can be applied to the inhomogeneous case as
well, thereby giving formulas for the hard-edge tacnode RHP in terms of solutions to
the Flaschka—Newell Lax pair. However, we have so far not been able to derive the
relation in a straightforward way.

Organization of the paper. The algebraic result Proposition 1.2 is proved in
section 2, and the analytic result Proposition 1.3 is proved in section 3. Then the main
result, Theorem 1.4, is proved in section 4, based on Proposition 1.3. As the applica-
tions of the main theorem, Theorems 1.7 and 1.8 are proved in
section 5.

2. The proof of Proposition 1.2. First we note that if m = (my, ma, ms, m4)7
satisfies (1.32), then the components ms, my are expressed in terms of mq,ma by

(2.1) iryms =mj — (T — 57+ %) mi — fy\/\/:zqumZ’

(2.2) iromg = mh + (T — 52+ %) ma + ’y\\//rfgml,

and then (1.32) is reduced to the equations in my,ma:

(2.3)
3/2 CQ
m'l’ = +27'm'1 + N VReo)t \/éq(a) m’2
3/2

T T 1 1

+ (Cq(o)*r] —riz+2ris1 — 7°)my — % |:(I(U)7' (7"2 — 7“2> + C2q/(0)} M2,
i 3

(2.4)

mhy = —21ml — rg/zx/rlq(o)CQ’ymll

3/2
1 1
+ (Cq(0)*r + r3z + 2rass — 7°)ma + T2 vy |:q(0‘)7’ (7"2 - 2) - CQC]/(O'):| my.
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Conversely, if the four components of m satisfy (2.1), (2.2), (2.3), and (2.4), then m
is a solution to (1.32).
Suppose

where f and g are any two two-dimensional vector-valued functions that make Qr
well defined on them. We denote functions I = Ix(z), k = 1,2,3,4, where

(2.6) Iy =Ipq1 + I o+ It 3,
such that for j = 1,2,3, with sgn(k) =1 if k = 1,3 and sgn(k) = 2 if k = 2,4,

= [ Mg O F GO, where 10 = 10 1) =010),

(2.7) KI() = £(¢) +9(0)-
Then by definition (1.36),
(28) irlms(z):e (T%+T§> <— (T é 3 +T—S%+u) Il— \/ﬁq IQ"‘I?,)

T+ 73 v
On the other hand, also by definition (1.36),

(2.9) my(z) = e_TZ<T%+T§>I1, ma(z) = e_TZ<T%“§>I2>

and we can evaluate m/ (z) as follows. Since %B%Gl ) = e (¢) by (1.35), we

have for j =1,2,3,
d G oy (L2 G
(2.10) Ell’j = [ K0 ¢ G1(¢)d¢ = h (Q)G3(¢)d¢ = I3,
Ly

Thus

(2.11) dizll = I3,
and we have
2 2 2 2
d Y i ks 2 _ .2 Y b ks d
mi(z) = e (6 (““2)]1) =- r; Tgml(z) t+e <T2+T§>*1’1

z ry 415 dz

(2.12)
=T ) ()
24712 3

Using expressions (2.8), (2.9), and (2.12), we check that (2.1) holds. Similarly, we can
check that (2.2) holds.
Next we show that if the f and ¢ in (2.5) are chosen to be the solutions ¢(¢) and
©(¢) to (1.32), as in Proposition 1.2, then identities (2.3) and (2.4) also hold.
Consider first m;(z). We have

(2.13)
d2 —rz T%*%
" _ r2yr2
ml(z)_dZ?<e (1*2)[1
2 2 2 2 2 ri—r3 -3\ g2
2 (1T T ”(ﬂ ) 7”(& 7‘2> d
= —92 1 —T itra ) T
<r1+7“§) ma(z) =2 2402 1te dz2'1
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The first derivative of I; is already evaluated in (2.11), and the second derivative can
be computed similarly. We consider Iy 1, I1 2, I 3 individually and have

e T 4 4
21t iy = [ 000 (e ) e = o [ a0 G

Now we use the property that h()(¢) is a solution to (1.32) and have
(2.15)

() = [ ddch“)@)+z’(a+2q<o>2>h§”<o—<4<q<a>+2iq’<a>)h§”<c> :

We therefore have, using (1.35),

d? 1 Y14/T2 Y14/T2
2.16 — == 2¢(0)) i — 24 I, +2C Iy
( ) -2 i T o2 (0 +2q(0)°) 1, q (0)72\/ﬁ 2,5 + q(a)’Yz\/ﬁ 4,5

—i / ( jch“)(o) e 54G1(<>d<] .

Furthermore, using integration by parts, we have

/ (jghm@

(2.17) {_hgﬁ(o)Gl(o), j=12,
+9 G )

Noting that
(2.18) — h{(0) — 2P (0) + AP (0) = 0,

we obtain that

(2.19) Z/ (dch(ﬂ ) ¢)d¢ = Z/ h? (¢ [ emécGH(C))}dC?

and then summing up the j = 1,2,3 cases of (2.16),

d’ _ 2 o VN2 VT2
5l =G |(0+24(0))[1 = 2¢'(0) fo 2 +2Cq(o ),yzﬁh
3 e
(2.20) + ZZ/F K9 (0) [074 (e“cz Gl(C))} dg] .
Since
(2.21) d% ( (g)) - (3mg2 +2bC + ic + 22;) B eN(s)

320261 d2 ( 2iz¢

2iz 2 2iz
1 a2 \¢ 7 Gl(C)) —ibCe T Gy(Q) +i (C+;) T G(0),
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we have, using (2.14), that

(2.22)
3 .
() d ( 2z _ 3iC% &2 . ‘ ).
E/F h () Llc (e G1(<))] d¢ = == ——5h —ibCL(Q) +i (H c) I

Combining (2.20) and (2.22), we solve that

(2.23)
2 2_ /
( _f’m) L. (U“q(g)C_?Q RNy by, 200 T
dz C C C? y/r1 C 7/r1

Plugging (2.23) and (2.10) into (2.13), and using the formulas (1.21) and (1.33) for
the coefficients, we have

r2
(2.24) mi(z) = (7'2r223 + 27151 + 17 Cq(0)? — r%z) my — rlC”yl\F "(o)ma
+ 2\/>

+ 2rms + 2C V2 o )m
2\F
On the other hand, among the terms on the right-hand side of (2.3), my(z), ma(2),
m} (z) are already evaluated in (2.9) and (2.12), while m4(2) can be evaluated similarly
to m}(z) as

P22
(2.25) my(2) = —T———2ma(2) +ma(2).

2
ri+r;3

It is not hard to see that the right-hand side of (2.3) can also be expressed as the
right-hand side of (2.24). Thus we prove (2.3). In the same way we can prove (2.4).

3. Proof of Proposition 1.3. Since parts 1-6 are similar, we prove part 1 in
detail in section 3.1 and explain how the proof is adapted to other cases in section
3.2. Parts 2 and 3 can be proved by the computation as in part 1. For parts 4, 5,
and 6, although the same method works, the computation should be adjusted because
f® g% in (1.40) and f*) 4 ¢*) have different asymptotic behavior at oo for even
and odd k.

In the proof of parts 1, 2, and 3, for a computational reason that will be clear

later, we take a change of variable
(3.1) (=6t o —eh
’ N 3a+4 C?r¥’

where a,b are defined in (1.33), 7 and 7, are defined in (1.20), and C is defined in
(1.21), and we define the cubic polynomial F' as

N B _ 4 8r?
(3:2) F() =iag +ict, where G=a+ g =07
L b2 2z 2z + 482/’/‘2
e=iz) =g tet Gro=—F(G "

and c is defined in (1.33), o is defined in (1.22), and rq, sy are defined in (1.20).
We note that the leading coefficient of F' satisfies a > 0. We are interested in the
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asymptotics of the functions n(?)(z),...,n®)(z) as z — oo in various sectors of the
complex plane. Note that as z — oo at a certain angle, the parameter ¢ = ¢(z) also
approaches oo at the same angle. Thus we will consider the asymptotic behavior of
the integrals which define n(?)(z2),...,n)(2) as & — co. For brevity we will often use
the notation ¢ rather than ¢(z), and we trust the reader can keep in mind that ¢ is
related to z by a scaling and shift of fixed size.

Remark 3.1. The function F(§) will be useful in the proof of parts 1, 2, and
3, because the essential part of asymptotic analysis is the integrals on ng) U I‘ék)

(k =0,2,4), where the contours I’g-k) are deformed, as explained later in this section.

The integrands on I‘gk) u Fék), although various in explicit formulas, all have the
asymptotic behavior

(3.3) 3 HioC+ 25 G(¢) x (factor growing at most linearly at co),

and under the change of variable (3.1),

2

4,034 ol 4 2izC 2r
(3.4) log (e HIEEGC) ) = F(6) ~logye — s
1

2
5TZ,
ri + 7135

where v, is defined in (1.33).

Recall the sectors Ay, ..., As defined in (1.62). In what follows we consider them
on the (-plane and &-plane by replacing z by ¢ and &, respectively, in their definitions.

3.1. Proof of part 1. Note that if z = re?®, where § € (—7/3 4+ 6,7/3 — 9),
then for large enough r, ¢ defined in (3.2) has its argument in a compact subset of
(—m/3,m/3). Below in the proof we assume that

(3.5) arg(¢) € [-w/3+ 46", 7/3—-0"], & >0,

even if |¢| is not large. To be concrete, we may take §' = 6/2.

Before giving the rigorous argument of the proof, we describe the strategy.

Step 1. Find the critical points of F'(¢). There are two of them, which are denoted
as &4 (on the upper-half plane) and £_ (on the lower-half plane). Then denote

b

(3.6) (+ =&+ + Sat i

Step 2. Deform the contour T'*) = I‘gk)Ung)UI‘ék) defined in (1.38) for k = 0, 2,4
57i/6 | o to ewi/ﬁ

—mi/2

such that Fgo) U 1":())0) is a contour from e - 00 and passes through (y,

I ur{ is a contour from e™/6 . 0o to e
—mi/2 574/6

- 00 and passes through £_, and
I‘§4) U F§4) is a contour from e -00 to e - 00 and passes through £_. Then
ng) goes from a point on ng) U Fék) to e(1/2=k/3)mi . oo for k = 0,2,4. Furthermore,
we require that for |z| large enough,
3.7 F(O)e e <arg( <2mw/3 — €}, F(O)G m/34+e<arg( <m—¢€},

1 3
(3.8) ng) e{dn/3 + e <arg( <27 — €}, ng) e{-n/3+e<arg( <w/3—¢},
(3.9 F(14) € {2n/3+ e <arg( < 4m/3 — €}, F§4) e{r+e<arg( <5m/3 —¢€},



3642 KARL LIECHTY AND DONG WANG

N

FiG. 9. Schematic graphs of T(©, I'® | and FI1G. 10. Schematic graphs of I(©), T(2)
'Y in the proof of part 1 of Proposition 1.3. 1"52) and T™ in, the proof of part 2 of Proposition

1.3. Fg4> and Fgo are not labeled, because

and Fgl) are not labeled, because their major parts ] )
their magor parts overlap.

overlap.

2
(3.10) Féo) € {g—f—egarggg % —e}, FéQ) € {—g+e§argC§ —e},

4
Fé4)€{7r+6§argggg—e},

and
(3.11) dist (1), 0) > ¢|z|'/2,

)

where € > 0 is a constant depending on §. Note that we only define Fg for argz > 0

and only define I‘gl) for arg z < 0. For the saddle point analysis, we require
(3.12)

Re IOg (e%ic3+iaﬁ+

2iz¢
C

G(()) attains its maximum on ng) U Fék) at (&, k=0,2,4,

where 4+ is 4+ for £ = 1 and — for k£ = 2,4. See Figure 9 for a schematic graph
of the contours. In the similar cases 2 and 3, the contours are similar and shown
schematically in Figures 10 and 11. The existence of the contours will be carefully
justified later.

Step 3. Use the standard saddle point analysis to prove the result. In particular,
for all integrals on ng) and Fék) (k =0,2,4) in the entries of the 4 x 4 matrix shown in
(1.36), the integrands are expressed as (linear polynomial in ¢ plus O(C™1)) x ef'(&),
where ¢ is related to ¢ by (3.1) and F'(£) is given in (3.2) and (3.4). Thus (1 are the
saddle points giving the major contributions to the integrals. We also show that the
integrals over Fék) are negligible.

Below we give the details of the steps.

3.1.1. Step 1: Critical points. For each z € C, the equation % = 0 has two

solutions,

i)
3a

(3.13) £p = +i

By (3.5), we have £, € Ay and £_ € Ay.
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. . . 0
FI1G. 11. Schematic graphs of IO, T and T4 in the proof of part 3 of Proposition 1.3. Fg )

and ng) are not labeled, because their major parts overlap.

3.1.2. Step 2(a): Preliminary lemmas. For the construction of the contours,
we are going to use some planar dynamical system techniques. We interpret the
complex &-plane as a two-dimensional real coordinate plane by the standard relation
& = x + yi. The function Re F(§) is then harmonic in &, or equivalently in x,y, and
it has only two critical points £1+. By condition (3.5), we have

(3.14) Re F(¢,) < Re F(0) < Re F(€_).

Consider the curve Ly with differentiable parametrization (z(t), y(t)) such that

(3.15)
((%F(:L’(t) +1y(t)), %F(x(t) + zy(t))) . (i,ég) =0, and z(0)=y(0)=0.

This curve is the level curve through 0. Since by (3.14) {4 are not on this level curve,
the level curve can be extended to oo in both directions, and we assume it below. Then
we have the following result on the directions that Lo approaches co. A numerical
plotting of Ly is shown in Figure 12. This plot demonstrates the following result.

LEMMA 3.1. Lg lies in AgU A5 U Ay U As, and it goes to oo in directions €° - oo
and €™ - 00.

Proof. By the behavior of Re F(£) at oo, we know that a level curve, on which
Re F(€) is finite, can only go to oo in six possible directions: kn/3, k =0,...,5. For
Ly, we also know that the tangent direction at 0 is —argé € (7/3 4 ¢',7/3 — ') and
T — argc.

In the remaining part of the proof, we consider three cases separately: (a) arg¢ = 0,

(b) argé € (—7/3,0), and (c) argé € (0,7/3).

In case (a), Lo is exactly the real axis and the result of the lemma is obvious.

In case (b), we have that one part of Ly goes from 0 to sector Qy and the other
part goes from 0 to sector (3. We denote them Lo and Lo _, respectively. We can
see that Lo 4+ does not go out of Qg, because on one boundary of Qg, {{ # 0| arg{ =
0}, Re F(§) > Re F(0), and on the other boundary of Qq, {§ # 0 | arg{ = 7/3},
Re F(§) < Re F(0). Similarly, Ly, does not go out of Q3.
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Fia. 12. The dotted _FiG. 13, The solid curve Fig. 14. The solid curves
curve is Lo. Ly consists of 18 Fgo) u Fgo). The dotted are FgQ)UF?) and F§4>UI‘§4).
the curves above Lo, and L_ curves are Y41 and Y+ 2, and (They overlap in the bottom
consists of the curves below the dashed curves are L. part.) The dotted curve is
Lo. Here are a = 1 and ¢ = Here a =1 and & = e™%/8. Y—,2, and the dashed curves
w/4. are L_. Here a = 1 and

&= eTri/8.

Now the possible directions for Ly 4 to approach oo is limited to 0 and 7/3. Next
we exclude 7/3. For any € > 0, we have by direct calculation that Re F(pe®’) <
Re F(0) for all @ € (7/3 — €,7/3) and large enough p, so for £ € Lo, argé ¢
(m/3 —€,m) if |¢] is large enough. Thus Lo 4 goes to € - co. By a similar reason, Lo —
goes to e™ - co.

Case (c) is converted to case (b) by the change of variables & — £. |

The next technical lemma is proved by straightforward calculation.

LEMMA 3.2. Let p be a big enough positive number. Then on the circle {pe'® |
0 < a < 2r}, ReF(€) has three local mazima, z5(p) = pe™/? + O(p~1), z(p) =
pe™™6 1 O(p™1), and z5(p) = pe~ ™S + O(p~'), and three local minima, around
z1(p) = pe™/S + O(p71), z3(p) = pe™™/C + O(p™"), and z5(p) = pe~™/2 + O(p~").
Furthermore, on each arc Ag(p) between zi_1(p) and zi(p) (k =1,...,6 and zo(p) =
z6(p)), the value of Re F(§) is monotonic as & moves along the arc.

Now comnsider the level curves through £, and £_, which we denote by L, and
L_, respectively. Note that locally around &4, L4 is the union of two smooth local
level curves, and Ly goes to oo as it extends along the four ends of the smooth local
level curves. See Figure 12 for a numerical plotting of these level curves. The plotting
demonstrates the results of the following two lemmas.

LEMMA 3.3.

(a) The branches of Ly go to €® - oo, e - 00, € 00, and €™ - 0o, and we
denote them Ly 1, L1 2, Ly 3, and L 4, Tespectively.

(b) The branches of L_ go to €° - oo, e~ ™/3 .00, e=27/3 . 00, and €™ - 00, and we
denote them L_ 1, L_ o, L_ 3, and L_ 4, respectively.

/3 27i/3

Proof. We give the proof to part (a), and that to part (b) is analogous.

By the argument in the beginning of the proof of Lemma 3.1, we know that the
local level curves through £, go to infinity in the directions k7 /3. By inequality
(3.14), we know that L, the level curve through &, does not intersect Lg. Since we
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assume that £, is in sector €21, we have that L, can only go to oo in directions above
Ly, that is, 0,7/3,27/3, 7.

Recall the notation in Lemma 3.2. Let p be a large enough positive number; then
L intersects the circle {|¢] = p} at four distinct points. These intersecting points are
on A1 (p)UAs(p)UAs(p)UAy(p), since they are above Lg. By the monotone property
stated in Lemma 3.2, these intersecting points are on distinct arcs Ag(p), and then

they are around p, pe™/3, pe?™/3 and —p, respectively. Thus L, goes to infinity in
the four distinct directions. ]
LEMMA 3.4.

(a) L4 intersects with the ray {arg& = w/3} at a point, which we denote by
&1; Ly o stays in sector A1 and has the ray as its asymptote but does not
intersect .

(b) L4 4 intersects with the ray {arg& = 2w/3} at a point, which we denote by
&; Ly s stays in sector Ay and has the ray as its asymptote but does not
intersect it.

(¢) L_ intersects with the ray {arg€ = 57 /3} at a point, which we denote by
&3; L_ o stays in sector Ay and has the ray as its asymptote but does not
intersect it.

(d) L_ 4 intersects with the ray {arg€ = 4w /3} at a point, which we denote by
&; L_ 5 stays in sector Ay and has the ray as its asymptote but does not
intersect it.

Proof. We prove parts (a) and (b), and the proof to parts (¢) and (d) is similar.

We note that Re F'(§) is monotonically decreasing as & moves to co on either the
ray {arg€ = w/3} or the ray {arg{ = 2mw/3}, which are the two boundaries of A;. So
Ly =Ly ULy UL, 3UL, 4 intersects either ray at one point at most. Since L ;
goes from & to €Y - 0o, Ly 4 goes from &4 to €™ - oo, and they do not intersect, we
have that Ly ; intersects with the ray {arg{ = 7/3}, at a point, and Ly 4 intersects
with the ray {arg& = 27/3} at a point. The results for Ly o and L 3 are deduced by
their asymptotic property in Lemma 3.3 and the fact that they do not intersect with
the two rays. ]

3.1.3. Step 2(b): Construction of T'®, T'®  and I'®. We consider the
images of T(©) T'® T® and their components under the change of variables (3.1),
which are

ib

S(k) _
(3.16) T _{§GC|£+3a+4

el—ﬁk)}7 k=0,2,4, x=1,2,3 or blank.

The construction of I'®) is equivalent to the construction of I'*).

The basic ingredients for the construction of the contours are the flow curves
with respect to the gradient field VRe F, i.e., smooth curves with parametrization
(z(t),y(t)) such that

(3.17) (@ (8),9/ (1)) = (fxmﬂc(t) Fiy0), P (r) + iy<t>>) .

Through any point where VRe F' does not vanish, there is a unique flow curve. But
from the critical point £ or £_, there are four flow curves connecting to £+, with two
flowing out of £4, that is, Re F increases along the flow curves away from £, and two
flowing in 4, that is, Re F increases along the flow curves toward .. Generically the
flow lines connecting £+ can be extended to oo, but in some special cases a flow line
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may connect {4 and £_. If a flow curve extends to oo, then it can either go into oo in
directions e™/2 . 0o, €™/ . 50, and e~ ™/6 . 00 or go out of oo in directions /% . oo,
e5mi/6 . 5o, and e ™/? . .

Around &4, the flow curves into and out of {4 alternate with the level curves
Re F(§) = Re F(£4). Part (a) of Lemma 3.3 shows that one flow curve that flows in
¢4 lies between L, 1 and L, 5 and is from €™/ - 0o, and the other flow curve that
flows in &, lies between L 3 and L 4 and is from €57/6 . co. We denote them by
~+.1 and 74 2, respectively, for later use. Part (b) of Lemma 3.3 shows that one flow
curve that flows out of £_ lies between L_ » and L_ 3 and goes to e~ ™/2 - 0o, and the
other flow curve that flows out of £_ lies above L_ ; and L_ 4. We denote them by
v—1 and ~y_ o, respectively. The flow curve y_ > may end at e™/6 . o0, €97/6 . o0, or
&+, depending on the argument of ¢, but we do not need this piece of information.

Below we construct T'© . T2 and T'¥ in the special case that @ =1 and ¢ =e
with 0 € (—w/3 + §',7/3 — ¢"). This construction may seem impractical, since our
interest is the limiting case that z — oo, or equivalently, ¢ — oco. Actually if a =1 =
|é| = 1, 6 = arg z may not satisfy the condition in part 1 of Proposition 1.3. But the
construction for general a and ¢, particularly for large ¢, will be derived by a scaling
transform of the special case.

Construction of fgo) Uf‘éo) fora=1 and |¢| = 1. Recall that L ; intersects with
the ray {arg¢ = 7/3} at &. Since the flow curve vy ; lies above Ly ; and extends
to e™/6 . 0o, it hits the ray {¢ | argé = 7/3 and |€| > |£1]} at a point, which we
denote by £]. By the property of flow curve, Re F/(§) decreases as £ moves from &
to & along v+ 1. A simple calculation shows that as £ moves to e™/6 . 5o along the
ray {&) + pe™/6 | p > 0}, Re F(€) is also decreasing. Similarly, v, o hits the ray
{¢ |argé = 27/3 and [¢] > |&2]} at a point, which we denote by &,. Re F(§) decreases
as & moves along vy o from &4 to &), and furthermore it decreases as £ moves to oo
along the ray {&, + pe®™/6 | p > 0}. We define f‘go) u f‘éo) by the concatenation of (i)
the ray {&5 + pe®™/% | p > 0}, (ii) the part of v, o between &, and &, (iii) the part of
Y41 between &y and &, and (iv) the ray {& + pe™/3 | p > 0}, with the orientation

5mi/6 ™/6 . 0. For a numerical plotting of f‘go) U f‘éo), see Figure 13.

0

from e oo toe

Remark 3.2.

e We have not constructed f‘go) and f‘éo) individually yet, since the dividing
point between them is not given.

e It seems that we can let 1:&0) U f‘éo) simply be 41 U~y 2. But then it is not
easy to show that 74 1 (resp., v4.2) stay in Ag U Ay (resp., A; U Ag), and
then it is a problem to verify (3.7) for F§°) and Fgo) later.

Construction of ng) U ng) and f‘g4) U 1:§4) fora =1 and |¢| = 1. First we note
that the flow curve y_; stays in As. Next we note that the level curves L_; and
L_ 4, the line segment between &3 and 0, and the line segment between £ and 0
enclose a region, which we call R. On the boundary of R, Re F'(§) keeps the same
on the level curves and decreases as £ moves above to 0 along either of the two line
segments. The flow curve y_ , goes into region R. Letting € be a small enough
positive constant, we take £’ as the point on y_ 5 such that |{’ —&_| = € and denote
the part of v_ 2 between {_ and &) by 7.. Then there exists a smooth curve lying
in region R and connecting & and £3/2, which we denote by C3, such that Re F(§)
decreases monotonically as & moves along Cs from £ to £3/2. Similarly, there exists
a smooth curve lying in region R and connecting £’ and £4/2, which we denote by
Cy, such that Re F'(£) decreases monotonically as £ moves along Cy from & to &)/2.
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At last, by direct calculation, we find that Re F/(£) decreases as £ moves along the
ray {€3/2 + pe™/® | p > 0} to e™/6 . 0o, and analogously that Re F/(¢) decreases as &
moves along the ray {£4/2 + pe®™/6 | p > 0} to e>™/6 . c0.

Thus we define f‘gz) U fz(f) by the concatenation of (i) the ray {£3/2 + pe™/S |
p > 0}, (ii) the curve Cs, (iii) the curve ., and (iv) the flow curve v_ 1, with the
orientation from e™/6 . 0o to e /2 . 0o. Similarly, we define f‘(14) U f‘gl) by the
concatenation of (i) the flow curve v_ 1, (ii) the curve 7., (iii) the curve C4, and (iv)
the ray {£4/2 + pe®™/6 | p > 0}, with the orientation from e~"/2 . 0o to €°™/¢ . oo.

For a numerical plotting of f?) U fgz) and f‘§4) U fz(;l), see Figure 14. Note that
they have overlap y_ ; Uy, which explains the overlap in the schematic Figure 9.

Construction of f‘éo), f‘gQ), and 1:‘54) fora =1 and |¢| = 1. In the construction,
we define the function

(3.18) F(&) = F(¢) - ¢§§3 = (a — 2) ISERTES

and note that the leading coefficient of F satisfies @ — 8/3 < 0. Notice that in the

integral formulas (1.36), integrands on 250)7 252)7 and 254)7 although different, can
all be written in the form of exp(—4i¢3/3 — io¢ + 2iz(/C)G(¢)x (factor growing at
most linearly in ¢), and we have

(3.19) exp(—4i¢®/3 —io¢ +2iz(/C)G(C) — F(€) = exp(quadratic polynomial in ¢).

The ray {pe™/? | p > 0} intersects with f‘go) U fgo) at a point, which we denote
by &. Then we define féo) to be the ray {pe™/? | p > |€/|}. The following properties
can be checked by direct computation: (i) f§°> is contained in £, and (ii)

(3.20) Re F(&)) <ReF(&)) < ReF(£4) and

Re F'(£) decreases as £ moves along 1:‘50) from &) to .

Let ¢ € (0,7/6) be a small enough positive number such that

25sin(p/2)3/?
(8 — 3a) sin(3¢p)

(3.21) < %(3&)*1/2 sin(30/2).

Then the ray {pe=% | p > 0} intersects with f?) U I‘éQ) at a point, which we denote
by €4, and the ray {pe’(™t%) | p > 0} intersects f§4) Ufgl) at a point, which we denote
by &/. We define f‘éz) by the ray {pe~ | p > |&}|} if arg(¢) € (—p/2,m/3 — ¢') and
define TS by the ray {pe!(™/2+9) | p > |€V|} if arg(é) € (—7/3 + ', ¢/2). Then we
have that

for all € € f‘gQ) if arg(¢) € (—p/2,7/3 —4"),

(8-22) ReF(§) <ReF(£-) {for all £ € I‘gl) if arg(¢) € (—m/3+¢',/2).

Below we check (3.22) in the case that £ € fé2), and the case £ € f§4) is analogous.
We first note that for all & = e* with 6 € (—p/2,7/3 — §') and for all p > 0,

(3.23) Re (i¢pe"¢) = pRe e!0=¢+7/2) < pRe ! ("/279/2) = psin(p/2).
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So the value Re F'(€) for € on the ray {pe~ | p > 0} satisfies
(3.24)

Re F(£) = Re F(pe™ ™) = Re <z (d - 2) ple 3 4 iépei9>

2sin(p/2)3/2

/(8 =3a)sin(3¢)

< <d — i) pasin(30) + posin(6/2) =
On the other hand,
2 N —1/21 s (28/2\ 2 g —1/2 i o
(3.25) ReF () = §(3a) Re (¢°/%) > 5(3(1) sin(34’/2)

since |¢| = 1 and arg(¢) € (—¢/2,7/3 — ¢’). So inequalities (3.21) and (3.25) imply
(3.22) in the case that £ € f‘gg).

Remark 3.3. Although our construction depends on the value of arg(¢), by the
compactness argument it is clear that for all ¢ that satisfy (3.5), there exists € > 0
such that we can make

1. for arg(¢ € (—m/34¢",m/3—=1¢"), fgo) € AgUA, fgo) € Ay, f‘éo) € AjUA,,
and dist(T”, 0(Ag UAY)) > e, dist(TY, 0(A1)) > e, dist(TV, 0(A; UAY))
> €

2. for arg(¢ € (—p/2,7/3—=0"), f‘:(LQ) € Ay UAs5, 1:‘%2) € As, ng) € As UAg, and
dist(24?,0(Qs U Q5)) > ¢, dist (T, 9(A5)) > ¢, dist(T'P, 0(A5 UA)) > €

3. for arg(¢ € (—7/24 ¢, ¢/2), f‘g4) € Ay U Ag, f‘gl) € As, f‘gl) € Az U Ay, and
dist(T{M, 085 U Ag)) > e, dist(TSY, 0(As) > ¢, dist(TSY, 0(A3 UAL)) > e.

Construction for the contours with general a and ¢. At last we consider the general
case that a is any positive number between 0 and 8/3, and ¢ is any number such

that argé € (—7/3 + ¢, 7/3 — §’). We first construct the contours fgg;led, féi)ﬂed,
and f‘igleed with respect to the parameters 1 and ¢/|¢| in place of & and ¢ and then
scale the contours in &-plane by the factor 4/|¢|/a, that is, £ € I'®) if and only
if ¢/v/efa € T®) .. Then T UTL is still through the point & = i\/Z, and
ff) U f§2) and fYL) U f:(f) are still through the point {_ = —i\/%.

Our goal is to construct T'© T2 T® and it can be done by a translation of
1:‘(0),1:‘(2),1:‘(4) according to (3.16). Note that after a translation, the contours ng)

may not lie in the same sectors as Zg»k) do. But as |z| — oo, or equivalently |¢| — oo,
the finite translation can be neglected. To be precise, if |z| is large enough, then
arg(z) € (—m /349, 7/3—7) implies that arg(¢) satisfies (3.5), and arg(z) € [0,7/3—0)
(resp., arg(z) € (—m/3 + 4, 0]) implies that arg(é) € (—¢/2,7/3 — §') (resp., arg(é) €
(=7/34+6",¢/2)). Thus we derive results (3.7)—(3.12) by properties stated in Remark
3.3 for the contours I'")

scaled”

3.1.4. Step 3: Saddle point analysis. First we compute n(?)(2) as |z| — oo
with argz € (—7/3 + 0,7/3 — §). As discussed in the beginning of this section, this
condition is equivalent to (3.5) and |¢| — oo.

We write

(3.26) n©(z) = M@EO (=) + 2O (2)),
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where
Jrore™ e W ()G (¢)dz + Jro e%fg(oel(odg

(3 27) ﬁ(o)(z) _ fr‘go) 6 \Ilélg(C)GﬂOdZ + f © e g \I/é?%(C)GQ(C)dC

. frg‘” e B (1)(<)G3(C)dz+fl“§0) e C \I/f%(C)Gd(C)dC )

Jro € WEH(O)Ga(Q)dz + fro € W) Ga(C)dC
fr;0> 6 1, 1(C)G1(C)dC
Jro €& “’<<>G2(<>dc

3.28 A0 () = 7

(3.28) '\ (z) f<o>ec (C)GS(C)dC
fpg» e*E W (Q)Ga(C)dC

M is defined in (1.37), and U(*) is the fundamental solution of (1.5a) that is expressed
in 1 and ¥ in Figure 2.

We note that (\IIS %7 \1182) = 1(?) that is defined in (1.13). By (3.7) and (3.11),
we have that for all ¢ € I‘g ) , the asymptotic formula (1.15) holds uniformly. Then
we use the asymptotics of ‘Ilglg(c ), \Ilélg (¢) to derive that uniformly

(3.29) *E WG () = \/ch;yi/ﬁe;f%”em)o(cl)’

(330) T UROG() = \/f nge‘f‘f%é%”e”@u +O(C),
(3.31) T W()Gs(¢) = 2i\/202];ﬁ<er5ﬁ%”eF<s>0(gl),
(332) T URQOGO) = 2z'\/z Cgi@@‘r?ﬁ%”eﬂﬁu +0(C),

where £ depends on ¢ by (3.1). Similarly, (\P%, \IléQ%)T =ty + (tyty + 1)y, and

by (3.7) and (3.11), we also have that for all ¢ € Fé0)7 the asymptotic formula (1.15)
holds uniformly. Then similar to (3.29)-(3.32), we have uniformly

¥

(3.33) e W(OGI(0) = \F%erw OO,

7 Cy24/T1
(331) ¢ TUROG) = \/f Cjae‘éigr%”e”% +O(C),
(3.35) T WEN)G(C) = 2’\F 02,721 e FET PO (),
(3.36) " UF(O)GA(C) = 2i\/z %cer?ﬁ%”e”% +0(¢h).

We compute the second component of the four-dimensional vector #(?)(z) in detail.
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The uniform convergence asymptotics (3.30) and (3.34) imply that

2
—0y_ 2 1 wf:iz”/ F(&)(q -1)g
W= 2 [ o

21 2 ) .
_\[70@6 o /fg%fg“e o

According to the construction in section 3.1.3, the contour fg‘” Ufgo) has the following
property that Re F/(§) attains its unique maximum on it at £, Re F(£) decreases fast
as & — oo along it, and locally around £ it is the steepest descent contour for Re F'(§).
Thus a standard application of the saddle point method yields

(3.37)

_ 2 _
[ Ot o)) de = TeF(5+)(1+O(§+1))
(3.38) IO W (&+)
' 2, ,.2\1/3
_ ﬁ(ﬁ;/:r?;e VA0 (1 4 0(~1/2).
2 T T
Hence
27‘%

2O (2) = \F L vm i+ s pe

TCyrs 2 23,16
_ _%” —1/4,-62(z) —1/2
(3.39) =—e "1tz z7 % 14+ 0(z"9)).

V2

Similarly, we have for the fourth component of (9 (z)

(3.40)

2
_(0) 21 / (o) -1
= 24\ — + 1
niy’ (2) 2\/;02 —e HOLE®) Cem(1+0(¢7))dC

21 -2 b\ g ~

BV R e v 1 +0Y))d
Z\/;C%/Ee L /fgo)uféf’) EETEEVAE
. 273

_ W2 T3 1/4,-6a(2) —1/2

= —Ze TitT72 g e 1+0(z .
¢ (1+0("2)

For the first and third components of 72(°)(2), we can do the same computation, but
we only need the estimates as follows:

(3.41)

27“2 27‘2
70 () = o TEd VA0 1), 70 (2) = o TEE T A0 0 (1/2).

Next we consider the components of 7(%)(z) and give some detail in the estimate
of the first component. We note that (\Ilgli,‘lléli)T =W + ;93 By (3.10) and

(3.11), we have that for all ¢ € Fgo), the asymptotic formula (1.14) holds uniformly.
Then we use the asymptotics of \I!(lli (¢) to derive that uniformly

2
2iz¢ _ (1 2 " 7T'2r2T vy -
(3.42) e \IJE%(C)Gl(C) = \/;C’yz\/ﬁe 7+r3 eF(E)Jrf(E)O(C 1)7
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where F(¢) is defined in (3.18) and

- 8, ]2 8p3 20b
(3.43) ﬂ®‘¥m+4§+”<@a+®2_&05_36a+®3+3a+4

Note that the coefficients of F(¢) and F(€) are given in terms of @ and ¢ If we denote

(3.44)
- PR DU 8\ @
F(&) = F(&) e = ia& +Z‘é|f, F(&) =F(§) e (a 3>€ —Hmfv
then
(3.45) F() = a2 F <f|> LB = |2 F (5”) .

By the construction of Fgo) and (3.20), we have that for all ¢ € Fgo), or equivalently

e féo), there exists € > 0 such that

(3.46) mﬁ<§0<Mf<ﬁJ—e

As z — oo, we have ¢ = 20712 + O(1), and then for all ¢ € Féo), or equivalently
gety),

c 3/2
(3.47) Reﬁx§)<:Refx§+)—»<ij) |2)3/2.

Since f(€) is independent of z and f(&) = O(£?) as £ — oo, we have that as z — oo,
if €] < |2[3/3, then |£(£)| = O(z%/5). Thus for ¢ € £ and [¢] < |2[3/5, there exists
€ > 0 such that for large enough =

(3.48) Re F(§) + f(€) < Re F(&4) — €|z

On the other hand, if £ € 2&0) and [€] > |2[3/® and z — oo, then F(€) is dominated
by the cubic term, and it is clear that inequality (3.48) still holds.

By the approximation (3.42), using (3.48) and that Re F'(¢) — —oo fast as £ — oo

along fgo), we estimate that

2r2
- (0) _J2_m T FO)+1(9) -1
3.49 =1/ itr2 @ d
( ) nl (Z) T 072 /77“1 e \/1:‘;0) € (E ) E

2

—QLTZ ’.,13/2
— o 73 e—ez(z)o(e—e ||

),

where ¢ > 0 is a constant, which can be taken to be the same as in (3.48). By the
same method, we obtain the general result

727‘3 TZ ’
(3.50) O (z) = T e Co(e 1)k =1,2,3,4.
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Plugging (3.39), (3.40), (3.41), and (3.50) into (3.26), we derive that

6—92(2)—720(2—3/4)
1 271/46702(2)77'2(1 +O(271/2))
0
(3.51) n )(z) = ﬁ 6792(2)*7,20(271/4)

21/46—02(z)—‘rz(1+O(2—1/2))
and prove part 1 of Proposition 1.3.

3.2. Sketch of the proof of parts 2—6.

3.2.1. Proof of parts 2 and 3. The proof of parts 2 and 3 is parallel to that of
part 1. We also take the change of variables (3.1) and compute the critical point 1
as in (3.13). But now &; € As and £ € Ay in the setting of part 2, and £, € Ay and
& € Agsin the setting of part 3. Also we use the method from planar dynamic systems
to construct Lg, L4, and the flow curves, and then f‘éf;led, and finally I'®) and T4
(k =0,2,4). The results are shown in Figures 10 and 11. An obvious 27/3 rotational
symmetry can be observed in Figures 9, 10, and 11, and it is a direct consequence
of the symmetry among the settings in the three parts. At last, the saddle point
analysis is applied, and the critical point (; yields the result 6’92(4)*”0(2;’1/4), and
the critical point (_ yields the result 692(4)_”(9(2_1/ 4). The explicit leading terms
of the O(z71/4) factors are computed in the way of section 3.1.4.

3.2.2. Proof of parts 4, 5, and 6. Similar to the proof to parts 1, 2, and 3,
the essential part of the asymptotic analysis in the proof of parts 4, 5, and 6 is the
integrals on ng) UT®) (k = 1,3,5), where the contours F§k> are deformed, in a similar
way to the deformation of contours shown in section 3.1 for part 1. The integrands

on F(lk) UT®) although various in explicit formulas, all have the asymptotic behavior

s G(¢) x (factor growing at most linearly at oo),

(3.52) e FIC—ioCt

which is comparable to (3.3) in Remark 3.1.
Thus we take the change of variables, comparable to (3.1),

b T
3.53 =S o =8 e
(359) (=t- =gy
define
N " .4 873
(3.54) F(§) = —iag® +ie¢, where =3 —a=g05" 0,
. b2 2z 2z —4s1/rq
ey s Ao B
and have
— 4§ o Bz 7%
(3.55) log (e 3 c G(C)) = F(&) +logy — B A
11T72

Remark 3.4. Here and below notations like &, F', a, and ¢, are different from their
counterparts in section 3 but serve the same purpose in the proof. We use the same
notations to emphasize the identical use, while we trust that they do not lead to
confusion.
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FiG. 15. Schematic graphs of (D), T3 FI1G. 16. Schematic graphs of (1), T(3)
and T'®) in the proof of part 4 of Proposition and T'®) in the proof of part 5 of Proposition
1.3. 1_,§3) and F:(f are not labeled, because 1.3. Fg5> and Fgl are not labeled, because

their magjor parts overlap. their magor parts overlap.

Then we find the critical points of F(§) and denote them

(3.56) €=+

i

o

and then let

b
(3.57) C+ =&+ — m~

We deform T'®) (k = 1,3,5) such that ng) U ng) are through either (4 or (_, satisfy

(3.58)
Re log (e_%ics_i”“'

2iz¢
¢}

G(C)) attains its maximum on I’gk) U ng) at (4, k=1,3,5,

and the deformed contours satisfy conditions analogous to (3.7)—(3.11). Since the
construction of the contours is different from the constructions in parts 1, 2, and 3
only in computational detail, we omit it, and we only show Figures 15, 16, and 17 to
indicate the result of the construction.

At last we apply the saddle point analysis and find that the critical point { yields
the result e®(O)=72O(z~1/4), and the critical point ¢_ yields the result e~ f1()-72
O(z’l/ 4), and prove the results. The detailed computation is omitted.

4. Proof of Theorem 1.4. The proof of Theorem 1.4 follows from combining
the results of Propositions 1.1, 1.2, and 1.3. We will write the detailed proof of the
formula for M(©. The proofs for MM M@ . M®) are nearly identical, and we
leave them to the reader. Throughout the proof, we refer the reader to Figure 18,
which divides the complex plane into 12 sectors, each of size w/6. Within each of
these sectors, the asymptotic dominance scheme of the columns of the matrix A% (2)
is indicated. For example, in the sector 0 < arg z < m/6 the sequence 4,1, 3,2 means
that as z — oo,

(4.1) vf‘(z) =0 (v;f(z)) , v;(z) =0 (vi"(z)) , "u;'(z) =0 (v;'(z)) ,
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) ) i 1)
FI1G. 17. Schematic graphs of T, T®) | and T®) in the proof of part 6 of Proposition 1.3. F§

and Fés) are not labeled, because their major parts overlap.

FIG. 18. The dominance scheme for At (z). The complex plane is separated into sectors of angle
/6. In each sector the relative dominance as z — oo of the columns of AT (z) is indicated, e.g., the
sequence 4, 1, 3, 2 in the sector 0 < argz < 7/6 means that \v;"(z)| > |vi"(z)| > |v§' (2)] > |v§' (2)]
as z — 0o. The zigzag line indicates the branch cut for AT (z) (cf. [14, Figure 13]).

where we recall that v; are columns of A™. It is easy to check this dominance scheme
in each of the sectors from the definitions (1.26) and the relations (1.29). The rays
which separate the different dominance schemes are called the Stokes rays.

(0) ,(0)
1My,

Denote the columns of M© by m mgo)’ mflo) so that

(4.2) MO) = (m{” (2),m” (), m (2), m0(2) )

According to Proposition 1.1, M©)(z) = (I + O(z~'))A*(z) as z — oo throughout
the sector )y, so the dominance scheme in Figure 18 applies also to the columns of
M©(z) in this sector. Notice that Qy = {z € C: —7/12 < argz < Tr/12} overlaps
with five of the sectors shown in Figure 18: —7/6 < argz < 0; 0 < argz < 7/6;
m/6 <argz <w/3; w/3 <argz < 7/2; and w/2 < arg z < 47 /3.

We also refer to Figure 5, which summarizes the results of Proposition 1.3. In
that figure the asymptotic behavior as z — oo of the solutions n()(z) is matched to
that of the functions v, ..., vF.
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In the sector 0 < arg z < 7/6, we have that n(9) (2) ~ v (2), and mgo)(z) ~ vy (2).
According to the dominance scheme in this sector, this indicates that both n(?)(z) and
méo)(z) are recessive solutions to (1.18a) in this sector, i.e., they are not dominant
over any other solutions to (1.18a) as z — oo in this sector except the trivial one.
Recessive solutions are unique up to a constant factor. Since both n(?)(z) and méo) (2)

match the leading order behavior of v (z) in this sector, we must have
(4.3) mgo)(z) =n0(z).

By considering the recessive solutions in the sectors 7/3 < argz < m/2 and
m/2 < arg z < 47/3, we similarly obtain
(4.4) mP () =nM(z),  mP(z) = -n®(2).
It remains only to find mgo)(2)7 which is the only column of M (z) which is not
recessive in one of the sectors which overlap 25. We look instead for a sector in which
it is the least dominant possible among those overlapping 2y. Notice in the sector
—m/12 < argz <0, mgo) () dominates mgo)(z) but is dominated by the other columns
of M©(z). According to Figure 5, in this sector we have n(®)(z) ~ v](2).

Since n(®)(z) solves (1.18a) it is a linear combination of the rows of M(©(z),

(4.5) n(5)(z) = clmgo)(z) + czméo)(z) + 03m§0)(z) + c;;mflo)(z),

for some constants ci, cz,c3,c4. In the sector —m/12 < argz < 0, n®(2) ~ v] (2)

and mgo)(z) ~ w7 (z), which dominates v] (z) there, so c¢3 = 0. Similarly, in the
sector 0 < argz < /6, n(®(2) ~ v] (), and mio)(z) ~ v (z), which dominates

vy (2) there, so ¢4 = 0. Furthermore, in the sector —7/12 < argz < 0, we have

clmgo)(z) + czmgo)(z) ~ c1v] (2) + cavs (2) ~ c1v] (%), so ¢; = 1 by the comparison

with the asymptotics of n(%?)(z). Using (4.3) as well, we obtain

(4.6) n®(z) = mgo)(z) + con(0(2).

To find the value of ¢y, we can use the linear relation (1.42a),

(4.7) n®(z) = —t3n(0(2) — (1 + tatz)n (2) + tan® (2) — P (2),

and consider the asymptotics of n(®)(z) in the sector 7/2 < argz < 7r/12. The
leading order behavior of each of the functions on the right-hand side of (4.7) is given
in Proposition 1.3 (see also Figure 5). Inserting these asymptotics into (4.7) gives, as
z — oo with /2 < arg z < Tm/12,

(4.8) n®)(2) ~ —tsvg (2) — (1 + tats)vf (2) — tavf (2) + 07 (2).

According to Figure 18, v; () is dominant as z — oo in this sector, so (4.8) becomes
(4.9) n®)(2) ~ —tzvf (2),

or equivalently, in the sector 7/2 < argz < Tn/12,

(4.10) n®(z) ~ —t3n(2).
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F1G. 19. The dominance scheme for A~ (z). The complex plane is separated into sectors of angle
w/6. In each sector the relative dominance as z — 0o of the columns of A~ (2) is indicated, e.g., the
sequence 4, 3, 1, 2 in the sector 0 < argz < w/6 means that |vy (2)] > |vs (2)| > |v] (2)] > |vy (2)]
as z — 0o. The zigzag line indicates the branch cut for A~ (z).

Comparing (4.9) and (4.6), and noting that n(®)(2) ~ vy (z) dominates mgo)(z) ~
vy (2) in the sector 7/2 < argz < 77/12, we find that c; = —t3. Thus (4.6) gives the
formula for mgo) (2):

(4.11) mgo)(z) =n(2) + tsnO(2).

Combining (4.3), (4.4), and (4.11) gives the formula for M(©)(z) in Theorem 1.4.

The formulas for the rest of the solutions MM (z),..., M®)(2) can be obtained
in a similar manner. Always three out of the four columns of M) can be identified
as solutions to (1.18a) which are recessive in some part of ;. These recessive so-
lutions can be identified with one of the functions n(*)(z) using Proposition 1.3, or
equivalently referencing Figure 5. There is one column which is never recessive in ),
but it can be determined using the linear relations (1.42) in a manner similar to how
m(9) was determined above. In Figure 19 we include the dominance scheme for the
columns of A~, which should be consulted when considering M®)(z), M ¥ (z), and
MO)(2).

5. Proof of contour integral formulas for kernels. In this section, we as-
sume ¢(o) is the Hastings—McLeod solution to the PII equation (1.1). Then the
solutions ¥ (¢;a),..., ¥ (¢; o) to the Lax pair (1.5) that are defined in section 1.1
are also assumed to be associated with the Hastings—McLeod solution g(c). These
solutions to (1.5) are related by the jump conditions (1.12), which are in turn deter-
mined by the parameters (¢, ¢, t3). In this section we assume (t1,t2,t3) = (1,0, —1),
associated with the Hastings—McLeod solution. Recall that for j =0,...,5, n(j)(z) =
n) (211,79, 81, 82, 7) defined in (1.39) are vector-valued functions with the parame-
ters 71,79, 1, 52, 7. The vectors nl9) also depend on a solution to the PII equation
(1.1) by definition, and we assume it to be the Hastings-McLeod solution ¢(o) in this
section.

By the symmetry of (1.5), and the identity ¥(©)(¢;0) = UG (¢;0) that holds
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because to = 0 for the Hastings—McLeod solution (see Figure 2), we have that

o - (d et )

It implies that, with functions f((;0),9(¢;0), ®1((;0), P2((; o) defined in (1.72) and
(1.73),

(5.2) Dy (¢0) = Da(—C50) for all ¢ € C,
(5.3) f(¢o)= —g(=C50) for all ( € C\R.

At last, we note that the differential equation (1.5b) implies that

(5.4)
w = —iCf(G o) +4q(0)g(G0), ag(;;") =q(0)f(G o) +iCg((s o),
% = —iC01(G o) +a(0) (G o), % = q(0)®1(¢;0) + i(P2(C; 0).

5.1. Proof of Theorem 1.7. The Duits—Guedens critical kernel for the two-
matrix model was derived in [14], and our proof of Theorem 1.7 is based on the
presentation in [26]. The critical kernel is described in terms of the tacnode RHP
with parameters [26, Formula (2.41)]

(55) rin=ro=1, 8§ =83 =3, 7€ R.

In [26, Formulas (4.5) and (4.9)], two vector-valued functions m(z) and m(z), depend-
ing on parameters s and 7, are introduced as the linear combinations of the columns
of the solution to the tacnode RHP. By the relation (1.70) between the tacnode RHP
and RHP 1.5, we have in our notation

(5.6) m(z;s,7) = n(l)(z; 1,1,s,8,7)+ n(2)(z; 1,1,s,s,7),
. (z;8,7) = n(o)(z; 1,1,8,8,7) — n(3)(z; 1,1,s,s,7).

3

The critical kernel K§*(z,y; s, 7) has the expression [26, Theorem 2.9 and Formula
(4.13)]

(5.7)
1

K3 (z,y;8,7) = m

[ (i; s, —7)Ma(iy; s, 7) + ma(iz; s, —7)ms (iy; s, 7)
— mg(iz; s, —T)Ma(iy; s, 7) — maliz; s, —7)ma (iy; s, 7)]
and for the proof of Theorem 1.7 we also need [26, equation (4.13)]

(5.8)
9 cr -1 - ~ ~ . ~
RS0 5,7) = — (T (i s, — 1) iy ,7) + a5, ~7)aliy; 5, 7)) d.
Now we use the integral formulas of n(®) and n(9) to express the functions 7,
and 79 in terms of the entries of \IJ(O)(C ;o) which are defined in section 1.1. First we
consider n(?). By the definition given by (1.36)—(1.41), we have that each component
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of n(®)(2) is expressed by a sum of integrals on F(10)7 (O), and F( ). Since n©)(z2)
is associated to the Hastings—McLeod solution, and then (tl,tg,tg) = (1,0,-1), by
(1.40) for any component of n(?)(z), the integrand on I‘éo vanishes, and the integrands
on Fgo) and Fgo) are identical. Similarly, we have that each component of n(®)(z) is
expressed by a sum of integrals on I‘gg), I‘gg), and I‘§3) such that the integrand on I‘gg)
vanishes and the integrands on I’g‘o’)

as in Figure 7, we can deform F(lo) U Fgo) into the upper half of ¥,. and Fg‘g) U Fg‘g’)
into the lower half of ¥,., both with reversed orientation. Thus we can write, after
expressing the integrands in (1.36) by (1.40), (1.41), and (1.12),

and ng) are identical. Furthermore, with Y,

3
- 2 e_TTJ"QST 4/3.02 4 02/3,;,
(5.9) my(z;5,7) = \/;21/3/ e TR (( 2% (25 — 7)) d
Etac
3
N 9 e~ 5 25T 4/8_+2192/3;
(510) 77'1/2(Z7 577') = \/;21/3/ 62 ¢ 42 CQ(C7 22/3(28 — 7'2)) d<7
Ytac

where the functions f(¢;2%/3(2s — 72)) and ¢(¢;2%/3(2s — 72)) the contour Y, are
defined in (1.72) and in Figure 7, respectively. By the same argument, we have that
ms(z;s,7) and my(z;s,7) have similar but slightly more complicated formulas as
integrals on X,.. Here we note that the contour ¥, can be replaced by Yoy where
the definition for f and g is still given by (1.72).

Next we use the integral formulas of n(!) and n(?) to express the functions m;
and ms. Similar to the argument for m, and Mo, because n(t) and n(?) are associated
to the Hastings—McLeod solution, the integrands on Fél) and Fgl) for the integral
formula of the jth component of n(*) are identical to the integrands on I‘z(f) and ng)’
respectively, for the integral formula of the jth component of n(?), and the integrand
on Fgl) for the integral formula of the jth component of n(") is the negative of the
integrand on 1"52) for the integral formula of the jth component of n(?). Using the
") shown in Figure 4, we find that the integrals on Fgl) and Fgl) cancel
2)

contours Fg

the integrals on I‘g) and F:(f), respectively, when we compute n) + nl
(1.40), (1.41), and (1.12), we derive analogous to (5.9) and (5.10),

. Hence by

_ 2 ——237’ 100 3.
(5.11) my(z;8,—7) = — \/;e 37 / 6_24/3T<2+22/3zzc¢1(<; 22/3(28 _ 7_2)) dc,

—1i00

3 .
_ 2 I —2sT 100 )
(5.12) ma(z;s,—7) = — \/;6;/3/ 6_24/3TC2+22/312<¢2(<; 22/3(28 — ) dc,

—100

where ®;(¢;2%/3(2s — 72)) and ®9((;2%/3(25 — 72)) are defined in (1.73). Similarly,
ms(z; s, —7) and my(z; s, —7) have similar but slightly more complicated formulas as
integrals on the imaginary axis.

Plugging (5.9), (5.10), (5.11), and (5.12) into (5.8), we find

o _21/3 (
(5.13) 5 K5 (@, yis,7) = / du / =2 (02 —0?) =223zt
—100 3

tac

X (<I>1(u; 22/3(25—72))f(v; 22/3(25 —72)) + By (u; 22/3(23—7'2))9(1); 22/3(25 —7'2))) )
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Next we make the change of variable u — (—u). We note that the contour for u
changes direction under this transform. Hence by (5.2), (5.13) becomes

0 21/3 vee : 2 2 2/:
:14) SRS @ysr) =2 [ du [ aver et e
S 0 —100 >

tac

X (ch(u; 22/3(25 —72)) f (032273 (25 —72)) + B (u; 22/3(2572))9(0;22/3(2572))).

The right-hand side of the above equation can also be expressed as a derivative
with respect to s. Indeed, using (5.4) we find

2, (vl — st
0o i(u—v)

(5.15) ) = Oy(u;0) f(v;0) + P1(u;0)g(v;0).

We also note that in (5.14), if we deform the integral contour X, into Yoy, with
the definition of f(v;o) and g(v;o) given in (1.72) when v € R, the integral on the
right-hand side does not change. Therefore in (5.14) we can replace Yinc with Yony.
Let us denote

(5:16) K§(0,555,7) = 5175 / du / v e )42 )
T J—ioco SoMMm

y (<I>1(U; 0)9(1};)@_%2})(% o) f(v; U)> 7

where o = 22/3(2s —72) as in (1.75). Notice that without the deformation of ¥, into
Somm, the integral in (5.16) would be singular when the contours cross and would
have to be be regarded as a principal value integral. The deformation removes the
singularity. Then (5.14) and (5.15) imply that

d d =
(517) K (@ yss,T) = RS @y,

If we can show

(5.18) lim_ K§(2,y55,7) = 0.
(5.19) lim K§(z,y;8,7) =0,
o——00

then (1.74) follows from (5.17). Below we prove (5.18) and (5.19).

We need the asymptotic behavior of U0 (¢;0),..., ¥(®)(¢;0), the fundamental
solutions to (1.5a), as ¢ — —oo, when ¢(o) is the Hastings—McLeod solution to (1.1),
or equivalently, when (t1,t2,t3) = (1,0,—1) in (1.11). The result was obtained in [8,
section 6], and we summarize it below.

Suppose o < 0. We define the 2 x 2 matrix-valued function m3)(z), where we
follow the notational convention in [8] and suppress the dependence on o, by

(
(

S|

if z € Cy,

(5.20) M3 (z)e= 5 ()2 (1o
O ( %az;g) —y® (\/%z;a) if z € Cy U Cs,
_Jgm %az;g) e (\/gm) if 2 € O,
= Fx0)

o) =0 (/5220
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1 0 1 0
_e2irg q e2iAg 1

Cs

1 76727)\5
G )

Fic. 20. The jump condition for m(?3)(z), where A = 21/2371(—=0)3/2 and g = g(z) = (2% — 1)3/2.

where C1,C5,Cs,Cy are regions of the complex plane as shown in Figure 20, and
the power function (22 — 1)3/2 has a cut on [—1,1] taking the branch such that
(22 —=1)3/2 ~ 2% as 2 — oo. Then m3(2) = I + O(z7 1) as z — oo, and it satisfies
the jump condition as shown in Figure 20; cf. [8, Figure 6.18].

Then as observed in [8], the RHP for m(?%)(z) converges formally to an RHP on

the interval [—1, 1] with jump matrix ((1) ’01 ), and this RHP has a simple solution:

(5.21)

(o) () — 1/ a(z)+alz)™"  ila(z) —a(z)™) where  alz) — (z—1)V/4
P(z) = 2 (i(a(z)1 —a(2))  a(z)+a(z)! ) ’ h (2) = (z+ )I/E

The function a(z) has a cut on [—1, 1] taking the branch of the fractional power so that
a(z) ~ 1 as z — co. By constructing local parametrices at 1 and —1, the convergence
can be made rigorous, as discussed in [8, section 3]. By standard argument, we derive
the following result.

LEMMA 5.1. Fiz e > 0. As 0 — —oo0, |m®3)(2) — P)(2)|| = 0 uniformly for
all {z € C||z—1] > e and|z+ 1| > €}. Here if z is on the jump curve, then the

uniform convergence holds for both mg_%)(z) and m(_QS)(z).

By Lemma 5.1 and the asymptotics of ¥(¥)(¢; o) implied by it, we use the explicit
formulas (5.11) and (5.12) for m(z;s,—7) and ma(z; s, —7) and derive that as s —
—00, m1(z;s,—7) and ma(z; s, —7) vanishes exponentially. In a similar way, we have
that ms(z; s, —7) and my4(z; s, —7) also vanishes exponentially.

To estimate m;(z;s,7), as s — —o0, it is better to replace the contour Yi,. by
Y9y that depends on o = 22/3(2s — 72) < 0, which is simply the contour Loy
scaled by factor v/—o/2:

(522) ZgMM = [\/_70-/27 eiﬂ'/ﬁ . OO) U [\/_70-/2’ e—iTr/G . OO)
U[-V=0/2,e"™% . 00) U [-v/=0/2,e "™/ . c0) U [~V =0 /2,v/~0/2].

Then by direct computation based on (5.9) and (5.10), we can find that m,(z; s, 7) and
ma(z; s, 7) vanish exponentially as s — —oo. Similarly, we can show that m4(z; s, 7)
and ma(z; s, 7) also do. Hence we prove (5.18) by plugging in the exponential vanishing
property stated above to (5.7).

Similarly, if we replace Yonmm by X9y when we evaluate the double contour
integral in (5.16), we find it vanishes exponentially as s — —oo, and (5.19) holds.
The details are left to the reader. Thus Theorem 1.7 is proved.

5.2. Proof of Theorem 1.8. The multi-time correlation kernel for the tacnode
process was first derived in the form of Airy resolvents, and it was presented in the
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most general form in [15], where the notation /.Za;cz(ﬁ, x; T2, y) is defined. We use this
notation in Theorem 1.8. In [10], it was shown that the kernel can also be represented
in the form of the tacnode RHP. In this section we prove Theorem 1.8 based on the
formula of in [10].

First we recall that in [10, section 2.1.1, RHP 2.1] an RHP is defined, and it is
essentially the same as the tacnode RHP in [26] that is discussed in section 1.4.3.
In [10, section 2.1.1], a matrix M\(z) is defined with parameters 7,72, s1, 82,7, and
without much difficulty we can check that

(5.23)

— r2_r2

. _ TZ 1 .
M(Z,T'l,?"Q,Sl,SQ,T)—@ 2 M( ) (Z7T17T2781a82,

)

(t1,t2,t3)=(1,0,—1)

r%—&—r%T
2

where MW (z;71, 19,51, 52,7) is the solution to RHP 1.5 in sector Aj, associated to
the Hastings—McLeod solution. Then the vector function p(z) defined in [10, Formula
(2.9)], which is the sum of the first and second columns of M(z), becomes

(5.24) p(z)Z(pj(z;rl,r2,51,52,7'))l 4

Jj=1,...,
rf—r3 r? +r3 r2 + 73
_ 5272 (0) . (3) .
=€ n Z2;T1,7T2, 81, 82, D) T|]—nNn Z2;71,7T2, 81, 82, 9 T .

Then the functions p;(z;3,7) (j = 1,2), which are denoted in [10, Formula (2.26)]
and are related to the first two components of p(z) by [10, Formula 4.37], become

D- AL —1/2,~—2 2 4
(5.25) pi(z;s,7) = NeT exp ()\T ()\ O~ 25+ o ))
3/4 1

XPp1 <Z, >‘1/47 ]-7 AT <)\71/2072S + 7'2) ) 5 ()\71/26725 + T2) ,’7'> N

5 (o _ 1 _ —1/2p0-2, 2 2
(5.26) pg(z,sm)—me){p( T()\ C S+3T

A3/4 1
174 —1/2 -2 2) L (y-1/2-2 2
xpg(z,)\ , 1, 5 ()\ C s—i—7’),2()\ C s—l—r),r),

where p1,ps are components of p, C is defined in (1.77) and where A\ > 0 is the

parameter in the correlation kernel formula £;;>. Then by [10, Theorem 2.9] (noting

that our notation £i> means the same as £1.7 in [10] if o and 3 are related by [10,
Formula (2.15)], or equivalently (1.77)),

(5.27)

(y —x)?

Y E/\’E ) L5 ’ ’
4(7_2 — 7_1)) + Liac (Tl T2 y)

1

b

‘C‘i\z;c (Tlvx;TQay) = 7171<7'27 exp (
4m(ro — 1)

where, with o = \1/2C?¥ as specified in (1.77),

(5.28) LYZ (11, 2572,9)

1 [ ~ R o R
= ﬁ/ (A”gpl(:ﬁ;s,ﬁ)pl(y;s, —72) + A 1/21)2(33;8,71)1)2(1/;57—Tz)) ds.
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The vector-valued function p(z) is in the same form as m(z) defined in (5.6) with
more general parameters. Thus similar to (5.9) and (5.10), we can write p;(z) and
p2(z) as integrals on contour iac, and then have by (5.25) and (5.26)

(5.29)
Bz )_;
prise T _7r(1+\[\)1/3
: A1V 4T, (22 1V
x/sz(C,S)exp[ 31+ﬁ< +02C +<C +Z1+\f)\5><l dc,
(5.30)
PN S
Pa(zi87) = m(1+1/V/N)1/3
: ALV 4T o, (22 1V
X/Ztacg(é,s)exp[ 31+\[\C + 26 +<C +zl+ﬁs>g] dc,

where f and g are defined in (1.72).
In this section, we need a technical lemma.

LEMMA 5.2. Let € > 0 and N € R. Then there exists C(e, N) > 0 such that for
allc >N and k=1,2

(5.31) B¢ o) = dBCH) o) for all ¢ € C such that Tm (¢) > €,
(5.32) \I',(fi(g; o) = e_i(%<3+”<)(9(1) for all ¢ € C such that Im ({) < —e.

Proof. We prove (5.31), and the proof of (5.32) is analogous. The Airy resolvent
formulas in [3] yield (see [26, Formulas (2.38) and (2.39)])

(5.33) (¢ o) = GCH) f(¢0), WG o) = BCH)5(¢ ),

where

(5.34) f({;a) = — /00 ezi(m_”)CQU(m)dx, g(Go) =14 /OO e2i(x_”)<Rg(x,o)dx,

g g

and the definitions of @, (z) and R, (x,c) are given in [26, Formulas (2.18) and (2.19)].
For all 0 > N, Qo(z) and R, (z,0) decays at the speed comparable to the Airy
function, so that f(¢;o) and §(¢; o) are bounded and (5.31) is proved. |

Then we can write the kernel L2 (71, 2; 72, y) as

(5.35)

: p - 2 2 ]

AN 1 _4il— ud403 +4(7—1u —Tov )+2,<M,+y“)

Liae (T1,2572,y) = e du/ dve” 3 1A ) o2 u
™ z:tac Etac

N

X % /OO exp <i1;gs(u+v)> {f(u; s)f(v;s) + %g(u;s)g(v;s) ds,
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where the change of order of integrations is justified by Lemma 5.2. Next we make
the change of variable v — (—v). Note now that the contour X, is invariant under
this transform. Hence by (5.2), (5.35) becomes

(5.36)

AN 1 _4i 1=V
[’tac (7—17 Z3T2, y) = 7C du dve 3 1+Vx
T IS Stac

X %03 /°° exp <z;gs(u - v)) [f(u; s)g(v; s) + \%g(u; s)f(v; s):| ds.

Tu—rg0? i(zu—yv
(u®— 2)+4(1022)+2(Cy)

By (5.4), we have

(5.37) 9 [ (142~ 1/2)6“§l+f> (u—v) f(u; 8)g(v;5) — f(v;5)g(u; 8)]
. 2 U —v

0s
= exp <(1 — VY

. , f(u;s)g(v; s)
L s(um) F(as (i) + |

VA

Using this identity, we can write (5.36) as

(5.38)
Lyt (r,mimay) = —— | du / o $ 2B (08 %)+ (1w —rav? )+ H (ru—yo)
C z:tac Etac
. 1/2 is(1—v/X) (uf’u)
(LAY )/°° 9 e A (f(u;8)g(v;s) — f(v;8)g(u;s))
X —— 2 — ds.
2w C3 . Os uU—v

Performing the integration in s and using C°® =1 + A~/2, we derive
(5.39)
Ly (71796 2,y
- = /E du /E — 4 (A2 (0 0%+ (1w —120?)+ B (ru—yo)+ 20 (u—v)
y {( w;0)g(v; 0) = f(v;0)g(u; )
2mi(u — v) ’
given that

(5.40) flu;0)g(v;o) = f(v;0)g(u;0) = 0, as o — +oo, for all u,v € Lty

We thus have that (5.40) is implied by Lemma 5.2. Thus we finish the proof of
Theorem 1.8.

Appendix A. Formulas of V;, Vo, and W in (1.18b). In order to present the
coefficient matrices of (1.18b), it is convenient to introduce several notations which
were used in [10]. Below we define several parameters which depend on 712, 12,
and 7. These are the same notations given in [10, Theorem 6.2] up to the rescaling
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7+ 27/(r? + r2). The quantities C and vy are the ones which were defined in (1.21);
g and ¢’ are the PII solution and its derivative; u is the PII Hamiltonian defined in
(1.23); and all Painlevé functions are evaluated at the point ¢ which is defined in
(1.22). Other notations in this appendix are independent of the rest of the paper.
In particular the parameters b and ¢ given below are not the same ones as in (1.33).
We use these symbols to match the notation of [10] and we trust it will not cause
confusion. Define the parameters

2r7' uq+q’}
Al b= 2 > _ ’
( ) \/7“17“27{< %q C
b= e (4 ”“) &)
Vrire r? +r3 C
2réT q+q
A2 2
(4.2) F= 7“17"2 KS T1+7“2) C
et (- ) 227]
T2 r? +r3 C
as well as
- 2 2
(A3) d=—L i= 4 _5a_ v co 2 _ Y

C\/riray’ T Cyrirs) €= r mC’ ry  1roC’

Also introduce the notation

(Ad)  fo A0 [q’f L= (s 827‘2)Q]
(rf +r3)ryrirs | C 2413 2
2 2
+b(—c—r2~+(rl+T2)T CR2de g 282d’
1 ™ 71 1
(A.5) f= 4 C7! [q/T _ (rf =r3)7m%q  (s1r1— 827"2)Q]
(r? +r3)ray/rirs | C 2413 )
—|—b<— _5+M) Pds "e2d 281d
T2 T2 o 9

Then the matrices V1, Va, and W in (1.18b) are given below. Note that besides the
scaling of 7, the solution to the Lax system in [10] differs from (the Hastings—McLeod
case of ) the solution to Lax system (1.18) by a scalar factor exp(—72(r?—r3)/(ri+r3)),
so our Lax system is slightly different from [10, Formulas (6.21)—(6.24)] in U and W.

c 0 — 0
v o—o d 0 0 0
e i(—cQJr%chjL%—z) b —c —d|’
i3 0 0 0
0 d 0 0
0 c 0 1
(A-6) Va=2| g —iB 0o o |
—ib ( &+l dd z) —d —é
0 —-b 0 —id
. -b 0 id 0
W = diag(z ,—2) +2 0 —if lo 5
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