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Abstract

This paper studies a number of matrix models of size n and the associated Markov
chains for the eigenvalues of the models for consecutive n’s. They are consecutive principal
minors for two of the models, GUE with external source and the multiple Laguerre matrix
model, and merely properly defined consecutive matrices for the third one, the Jacobi-Pineiro
model; nevertheless the eigenvalues of the consecutive models all interlace. We show: (i)
For each of those finite models, we give the transition probability of the associated Markov
chain and the joint distribution of the entire interlacing set of eigenvalues; we show this is
a determinantal point process whose extended kernels share many common features. (ii)
To each of these models and their set of eigenvalues, we associate a last-passage percolation
model, either finite percolation or percolation along an infinite strip of finite width, yielding
a precise relationship between the last passage times and the eigenvalues. (iii) Finally it
is shown that for appropriate choices of exponential distribution on the percolation, with
very small means, the rescaled last passage times lead to the Pearcey process; this should
connect the Pearcey statistics with random directed polymers.

Keywords: Random matrix; minor process; last-passage percolation; multiple orthogonal
polynomial; Pearcey kernel.
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1 Introduction

In this paper we are concerned with the (generalized) minor processes associated to random
matrix models that are related to very classical orthogonal polynomials. We also show their
relation to last-passage percolation models. This project was partially motivated by the follow-
ing open problem: finding a continuum random directed polymer interpretation for the Pearcey
process, and a corresponding stochastic heat equation, in the same way that the Airy process
has a KPZ / stochastic heat equation / random polymer interpretation; see the work of Amir,
Corwin and Quastel [4]. A first step in that direction is to show that the Pearcey process
appears as a limit of a last-passage percolation model; this is done in the present work.

The first minor process arising from random matrix is the Gaussian Unitary Ensemble
(GUE) minor process defined and analyzed in [24] by Johansson and Nordenstam. Following
this result, other minor processes of classical random matrices are obtained [16]. The minor
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process of Laguerre Unitary Ensemble, a.k.a. complex white Wishart ensemble, leads to the
generalized Wishart ensemble that was conjectured in [I1] and solved in [I3]. See also [17], [15],
[2] and [I] for other minor processes related to random matrices.

Analogous to complex Wishart ensemble (a.k.a. Laguerre Unitary Ensemble with external
source) that is a generalization of the classical Laguerre Unitary Ensemble (LUE), the GUE
with external source is a generalization to the classical Gaussian Unitary Ensemble. In this
paper we consider the minor process associated to this matrix model.

In the same spirit as the complex Wishart ensemble and GUE with external source, there
is a new matrix model that generalizes the classical Jacobi Unitary Ensemble (JUE) that we
denote as Jacobi-Pineiro ensemble, and another generalization of the LUE that we denote as
multiple Laguerre ensemble (to be distinguished with the complex Wishart ensemble).

We describe the minor processes in a systematic way as follows. In all cases below, W,,, X, Y,
denote the matrix of the first n columns of the M x N-matrix W, X (resp. the M’ x N-matrix
Y) for 1 <n < N, where M, M’ N are positive integers and we assume M > N and M’ > N.
For square matrices Zy and A of size N, (Zy + A),, denotes the n-th principal minor of the
square matrix Zg + A, also for 1 < n < N. For the definition of X, we need parameters «; that
are nonnegative integers satisfying

l+a;<2+as << N+ap. (1)
The four (generalized) minor processes Consider the spectra A1), ... A(N) of the follow-
ing consecutive matrices S,,, where A" = (/\(1n), ... 7)\%71)) and )\gn) are in increasing order.

1. (GUE with external source) The n x n consecutive matricesﬂ (minors of Sy)

Zy = GUE(N),

Sp = (Zo+ A), with { A = diag(ay,...,an).

2. (Wishart) The n x n consecutive matrices (minors of Sy)

W = M x N matrix,
Sp = WiW, with § RWij =N (0, —5-), (3)
SWij = N (0, —3,-),

where a1, ...,ay are negative parameters.

3. (Multiple Laguerre) The n x n consecutive matrices (minors of Sy)

X = M x N matrix,
RX;; =N(0,1/2) L
<1 < ;
%XU :N(O,l/Z) fOTl_Z_]+(IJ, (4)
and X;; = 0 otherwise.

Sp = XX, with

4. (Jacobi-Pineiro) The n x n consecutive matrices

X = M x N matrix, as before,
with Y = M’ x N matrix, (5)
RY;; =N(0,1/2), SYi; =N(0,1/2).

X:X,

Sp =
"X EX, +YRY,

!GUE(N) is standardly defined as Hermitian matrices with independent normal entries, with R(Zo):; =
N(O, %), S(Zo)ij = N(O, %) and (Zo)ii = ./\/(0, 1).



Remark 1. Note that in the definitions of the first three minor processes, S;,—_1 is a minor of .S,
so the name “minor process” is assigned. Although in the last process, S,_1 is not a minor of
Sh, by definition the numerator and denominator of S;,_1 are minors of those of 5, respectively,
and also in that case the eigenvalues of S,,_1 and those of S,, are interlaced as for eigenvalues
of a Hermitian matrix and its minor. Thus the name minor process is also justified.

Remark 2. The Wishart minor process is a special case of the so called generalized Wishart
random-matrix process [I3], and its properties has been already known. We include it in this
paper for completeness.

Previously studied minor processes are shown to be the continuous limits of special Schur
processes and are equivalent to continuous last-passage percolation models with properly chosen
parameters and possibly taking limit (see e.g. [12], [19], [13] and [16] for the cases most close to
ours). The minor processes considered in our paper also have this property.

(m, 1) (m,n)

(1,1) (1,n)

Figure 1: Two up-right paths in II(m,n) that do not intersect.

Consider the percolation model on the Z* x Z* lattice {(i,7) | 7,7 = 1,2,...}, where on
each site we associate a real weight z;;. Let II(m, n) be the set of up-right paths in the rectangle
with vertices (1, 1), (1,n), (m, 1), (m,n), see Figure|ll Then we define the maximum of the total
length of [ non-intersecting up-right paths in that rectangle to be

!
LW (m,n) = max Z Z Tij. (6)
Plv“)}Dle.rI(m’n) 3 k=1 (5.4
Pi,...,P, non-intersecting "= (4,5)€ Pk
In the case | = 1, L (m, n) is the length of the longest up-right path from (1,1) to (m,n). Let
P1,P2,---3q1,q2,--. be two sets of positive parameters. and let the x;;’s be independent and
exponentially distributed with parameter m;; = p; +¢; > 0,

P(xij Z t) = e_mjt. (7)

Then the L) (m,n) become random variables, which for fixed m, n are increasing as [ increases.
We define the n-variate random variables [

l
M(m,ﬂ) - (Mgm’n), e Mg{”’”)) where Z ugm’n) =10 (m,n). (8)
i=1

’In the components of the vector u(™™ are weakly decreasing. But later in this paper, some vectors
have (weakly) increasing components. Sometimes we say an array of increasing random variables and an array
of decreasing random variables have the same distribution, if they have the same distribution after reversing the
order of either between them.



Now we state the distribution of the eigenvalues A

in the minor processes defined above.

Before the statement of the theorem, we first define the notation p < v of interlacing between

an (n — 1)-variate random variable p = (1, .
(1/1, ce
p=v

it <pp <o <pp <o <1 < vy, where py, v € 1L

Theorem 1. The interlacing sets of spectra AV, . ..
Markov chain with transition probability:

A

n n (n)
RECEUNY

Ly <)),
OnAn_1<A<n—1>>HH nh)y AT

where A, (A™) = H1§j<k§n(>‘l(cn)

..y ln—1) and an n-variate random variable v =
, Un) such that their components are in increasing order and are in a common domain I:

(9)

AN constitute an inhomogeneous

(10)

— )\g.n)) is the Vandermonde determinant, the range I of the

eigenvalues, the weight wy(z), the function v (z) and the constant Cy, are given in Table 1]

model 1 wp(z) P(z) Cp p1(2)
22 ?L
1. GUE ext source || R e~z Tanz 1 Vore2 \/%e*%(zfal)
2. Wishart [0,00) ZM_nea"Z z (( - ;1]» ((;a_)ll\)/j! ZM_1 aiz
3. Mult. Laguerre 0,00) | z9me™? Py ! % 2
4. Jacobi-Pifieiro || [0,1] | 2% (1 —2)M'7" | 2(1 - z2) a@%\;}}' Hg;;,(_a;;” (1— 2)M'~1,m

Table 1: The range I, the weight w,,(2), the function v (z), the constant C),, and the probability

density function p;(z) of the eigenvalue /\11 of Sy for the four minor processes.

As a corollary to Theorem [1}, we have the joint distribution of )\1(”)

in the minor processes.

Corollary 1. In each of the four minor processes associated to the GUE with external source,
Wishart ensemble, multiple Laguerre ensemble and Jacobi-Pineiro ensemble respectively, the

joint distribution of the eigenvalues X\ € ', \2) e 2, ...

N N-1 n
20 = 250 T o) T (11
n=1 "

n=1

AN e TN s

(n)
PO, Walh; )

n)

or equivalently, (with the Al il

virtual variables introduced for convenience)

H det(n (A" AL,

N
POW Ay = Ap(A) H L
n:l

where qbn()\gn), A§n+1)) is given by
wp, ()
n\T, - —]lx ) x )‘n )
¢ ( y) wn+1(x)¢(m) <y 7é +1
and otherwise
an( n+1? ) =1

Here the domain I, constant Cy, and functions wy, ) are defined in Table[]]

- | Lam <),
o1 et (A >> -

(11)

(12)




To prove Corollary I} we use the Markovian property of A apply inductively, and
note the initial condition that the probability density function of )\gl) in the four minor processes
is given by p1(z) in Table[ll One can check that the determinant in encodes the interlacing
property.

The next theorem shows the equivalence between the minor processes and the last-passage
percolation models.

Theorem 2. To the exponentially distributed percolation model 11y ny with parameter
ji=pi+q for1<i<Mandl1<j< N, with N <M, (15)

we associate the variables u(M’n), 1<i<nasin . Then the following holds:

1
1. Formyj = 1—aj/V' M, the scaling limit v v W) of the percolation variables p(M1) | . (MN)

(M,n)
v = im M T8
t " M—oo v M ’
has the same joint distribution as A AN iy the GUE with external source minor
process defined in .

2. (A special case of [13, Theorem 1.1]) For m;j = —aj, the percolation variables p™-1) ... (M:N)

have the same joint distribution as XV, ..., XN) in the Wishart minor process defined in

B3)-

3. Form;; = i+ay, the scaling limit v v of the percolation variables pil

1<i<n<N, (16)

M) (M)

(M,n)
v™ = lim Me ™ ", 1<i<n<N, (17)

i
M—o0

has the same joint distribution as the XV, ..., XN) in the multiple Laguerre minor process
defined in .

4. For mj; = i + «j, the variables v v obtained by ezponentiating the percolation
variables ,u(M/’l), el M(MlvN),

TL) (M’ ,n)

v om0 M 1<i<n< N<M, (18)

(2
have the same joint distribution as the MO AN G the Jacobi-Pineiro minor process

defined in .

Furthermore, we show that the correlation function of )\E") in each minor process has a
determinantal formula, and the correlation kernel has a double contour integral formula.

Theorem 3. In each of the four minor processes associated to the GUE with external source,
Wishart ensemble, multiple Laguerre ensemble and Jacobi-Pineiro ensemble respectively, the
correlation kernel of eigenvalues in Sy, and Sy, s given by

(a) GUE with external source:

2 Ty Hl n1+1 )
w? (g — 1
a =1 1)z—-w

where the contour Iy, encloses all poles of the form a; in the intergrand, and ¥ = C'+iR 1
lies to the right of I'y.

K(nl,x;TLQ,y) =

dw]l:c<y]1n1 <n2




(b) Wishart (a special case of [11, Formula (15)]):

. Sly—a)w
K(nlax§x2>y) = ? T H[ n1+1( )dw]lx<y]1n1<n2
M ™ — 1
/ dz% dwe_wz+yw 7) H];)le(z ak‘) , (20)
(27i)2 . z [[2(w—a)w—=z

where the contour I'y encloses all poles of the form a; in the intergrand, and ¥ encloses
0, and does not cross or contain I',.

(¢) Multiple Laguerre:

-1 v 1yw
K(nyi,x;n9, dwlz, 1
( 1 2 y) 27TZ Fa Hl n1+1( ) z<y TL1<TL2
—z—1 wr "1 2 —
2m )T (w Hl 1 (w—ay)
where 'y, is a contour enclosing aq, ..., 0n,, and X is a deformed Hankel contour going
counterclockwise from —oo to —oo that encloses poles z = —1, — . (see Figure @) and

the contour I'y,.

(d) Jacobi-Pineiro:

-1 xfwflyw
K , L s = — d 1 1
(nl €Ti;n2 y) i - H?ﬁnl-}-l(w — al) Whg<yllng<ng
—zlyw M +1)r DT —
b d aw® y“ Tw+ M +1)I'(2+1) ,:gl(z ak), (22)
. z—w T(z+M+1DNw+1) [[[2(w— o)

where the contour 'y, is a contour inclosing a1, ..., Qn,, and ¥ is a contour going coun-

terclockwise enclosing —1,—2,...,—M' and the contour T'y,.

Figure 2: The deformed Hankel contour. It comes from —oo, ends at —oco and enclose (—oc, 0)
counterclockwise. It keeps a constant distance to the real line at —oco

Remark 3. As a special case of the GUE with external source minor process, if all a; = 0, our
model becomes the well known GUE minor model. In [I5, Formula (21)], the correlation kernel
of the GUE minor model was obtained as the sum of two contour integrals. Due to a different
choice of scaling convention, the kernel in [I5] Formula (21)] is related to our kernel in by

KiF" (€1, mis €2, m2)dép = 2027 VRK (mywimg p)dy| (23)



The correlation kernel of the GUE minor model was first discovered in [24] Definition 1.2], (see
[25] Definition 1.1] for erratum) by Johansson and Nordenstam in terms of Hermite polynomials.
Their kernel is related to ours by

2

:027
K$E(r, & 5,m)de = e 1 K(n1, z5n0,y)dy : (24)

ni=s,no=r

r=v2n,y=v2¢

Although the formula of the correlation kernel in our paper is slightly different from those in
previous literature, they define the same correlation function of eigenvalues of minors, since the
difference is simply a conjugation and change of variables. Hence Theorem [I]is a generalization
of previous results. The recent preprint [14] by Ferrari and Frings that appeared shortly before
the first preprint version of this paper obtained essentially the same result of Theorem
Their kernel [14, Formula (4)] with ¢ = 1 is related to our kernel by

KI,F—F((:Ea n)7 (‘T/a n/))dxl = (_1)n2_n1K(nla z;nz, y)dy}nlzn,ngzn’ . (25)

r=x,y=1'

[14] also relates the GUE with external source minor process to Warren’s process with drifts
[32] and an interacting particle system [9], [§].

Remark 4. If we let all a,, = 0 in the GUE with external source minor process or all a,, = M —n
in the multiple Laguerre minor process and the Jacobi-Pifieiro minor process, they are reduced
to the GUE, LUE and JUE minor processes respectively, and we can check that the correlation
functions in the special cases agree with those obtained in [I6] for these three minor processes.

The minor processes studied in this paper are also related to directed polymers. Specialize
the exponentially distributed percolation model Il ,, for all 1 <n < N, as in , to

_ k1 ;
- 1 @ forlgjgr%, (26)
—\/—;7 forri +1<j <mn,

with LW (M, n) as in (6). As a shorthand notation, we set

(27)

k1 in the region where j € [1,r1],
Ky =
ko in the region where j € [r; 4+ 1,n].

Then from Theorem ] it follows that

Corollary 2. Given n independent standard Brownian motions Bj(t) run along the vertical
lines j = 1,...,n, the first component I/in) of the vector v = (V%n) > > l/r(Ln)) as in ,
can be expressed as a directed polymer problem (for continuous times t; € Ry )

LO(M,n) — M &

A = sw Bj(tj) — Bj(tj—1) + ra(ty — tj—1)]. (28
! M—o0 VM O=to<ti<-<tn=1 ;[ i(t5) i(ti-1) (tj — -0l (28)

More generally, consider non-intersecting right-upper paths mp,, 1 < k <1, leaving from the left-
most adjacent points at t = 0 and going to the right-most adjacent points at t = 1; see Figure

@. The time 0 = t(()k) < tgk) << tgi)lﬂ =1 are the associated instants of jump for each path
EkH) < tl(k) in order to respect the non-intersecting nature of the paths. Also consider
(k)

%

Tk, with t

independent standard Brownian motions B;"’(t), associated with each path 7y, and each vertical



linek <1 <n-—1I0+k. Then the other components vl(n) of the vector v(™ have an interpretation

in terms of directed percolation, namely for 1 <1 <mn one has

w . LOM,n)—IM
Z v, = lim
= M—oo v M
n—Il+1

l
k k k k k k
= s STS [ - B s -]
TL yeeeyTT n l—1 ]:1

where the paths w1, ..., m € 1, are non-intersecting right-upper paths.

See also [0], [21] and [22].
K1 K9 K1 K2

k) _
t, = 1 tn—l+1 =1

tz | 2 |_ ]
H
(1) I
t | I
ty _I_rl_
t() = 0 to = O
~ —— —~— ——
1 n—rq 1 n—ri

Figure 3: Directed polymers for [ =1 and [ = 3.

It is not a coincidence that these four minor processes share so many similarities. They
are closely related to the so called very classical multiple orthogonal polynomials [31], namely
the multiple Hermite (to GUE with external source), multiple Laguerre of the second kind
(to Wishart), multiple Laguerre of the first kind (to multiple Laguerre) and Jacobi-Pineiro (to
Jacobi-Pineiro) respectively. Here we state without proof the correlation kernel in the Wishart
minor process (20]) can be written in the form of multiple Laguerre polynomials of the second
kind when ny > ny (see and for the definition of P(anl7%1_1’.”,%“1;M,nl)(:c) and

Q(an2 g —1;0ny, ;M —no2) (y))

M—ny M2

K(ny, a3ng,y) = (—1)"2 ™2

y]\/[_n2 P(an1 Ay —1esOnp iM—n1) (m)Q(anQ,an2_1,...,an,C iM—ng3) (y)

k=1

(30)
When n; < ng, the kernel is also related to multiple Laguerre polynomials of the second kind,
but the relation is not so simple. Although we do not prove , we indicate that it can be
proven based on the joint probability density and the algebraic result in Lemma [2| of the



next section, leading to , and we prove similar formulas for the other three minor processes
as intermediate steps in the derivation of double contour integral formulas , and .

It is well known that in the Gaussian unitary ensemble, Laguerre unitary ensemble and
Jacobi unitary ensemble, if the dimension approaches infinity and we consider the correlation
among eigenvalues at the edge of the support of their limiting empirical distribution, then we find
the correlation kernel has the limit as the Airy kernel. If we consider the corresponding minor
processes, it is shown in [I6] that the joint distributions of eigenvalues of consecutive minors
around the edge of the limiting empirical distribution has the limit as the extended Airy kernel
that defines the Airy process. Since the minor processes discussed here are generalizations to the
three minor processes analyzed in [16], one may expect that they can realize more complicated
correlation kernels as their limiting kernels as the dimension of minors approaches infinity and
the parameters a; or a; are chosen properly. Indeed, in [I1], Borodin and Péché shows that the
generalized Airy kernel with two sets of parameters can be realized in the limit of the generalized
Wishart random-matrix process, which is a generalization of the Wishart minor process in our
paper. In this paper, we show that if we choose parameters properly, the Pearcey kernel can be
realized as the limit of the correlation kernel of the multiple Laguerre minor process. Similar
result should hold for the other three minor processes considered in this paper, but we only
analyze the multiple Laguerre case for brevity.

We consider one special case of the multiple Laguerre ensemble, which is the analytically
most feasible one (besides the white Wishart ensemble), such that the parameter «; are of only
two values, namely, half of them are na and the other half nb. When «; are chosen in this
simplest way, however, the region that the nonzero entries in X occupy is a composition of
two trapezoids, aesthetically not of the simplest shape, compared with the composition of two
rectangles. In the latter case we also observe the Pearcey process upon taking the limit properly,
but we omit the details for brevity.

The trapezoidal multiple Laguerre minor process We define the M x N random matrix
X as follows, depending on a large integer n and two parameters a, b. Let the left n columns of
X be determined by the parameter a and the other N — n columns by b, such that in the ¢-th
column where i < n, the top ¢ + |na] entries are in i.i.d. standard complex normal distribution
and the bottom M —i— |na] entries are zero, while if i > n, the top i+ |nb| entries are in i.i.d.
standard normal distribution and the bottom M — i — |nb] entries are zero. We shall take the
limit n — oo, and assume that N is large enough, (say, at least greater than 2n), and M > N
is large enough so that M > ¢+ na and M > i+ nb in any column. In terms of parameters a;,
the M x N random matrix X is characterized by

ap=was=-=a,=|na], and auy1 = Qpy2 =---= |nb|. (31)

For our purpose to analyze the limiting Pearcey process, a and b are chosen in the way that
(see Figure (4]

1 1 1
Goap T o ) =3 (32)

intersect at a unique point zy on the interval (a, b).

the graphs of f(x) =

Theorem 4. Suppose a is large enough and b is determinted by a by . Upon the change of
scaling
ny = |n(2+ cln_%s)J, ny = |n(2+ cln_%t)J,
1 1 (33)

—ein" 2 _3 — -2 _3
x=cncy " P11 —can"1u), y=cnc, " (1 —c3n"1v),
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Figure 4: An example of a, b and x(, where Figure 5: The central part of ng, $oo, fg"
a =~ 1.8748, b ~ 8.0752 and g =~ 4.6305. and I'q, X, 'y around 0 respectively, where
%0 =Tg°uTye (resp. I' = I'y UTy). For
'3, X9, I, the rays go to infinity, while
for I'y, X, 'y, the contom;s extend to the
ends having magnitude nz.
where the constant c is expressed as
1 1
¢ = xg exp( ) (34)

:L‘o—a+ac0—b

and the constants ci,ca,c3 depending on a,b,xo are defined in (183|), the correlation kernel
of the multiple Laguerre minor process with parameters «; defined by a,b via , upon
conjugation, becomes the extended Pearcey kernel, i.e., for fized s, x,t,y

nxo . —n1
lim "0 ((xg — b)n)

e 7 (g — b))

K(n1,z;n2,y)dy = K7 (s, u;t, v)dv, (35)

with

4 2
e~ Tt Tvw Tiss (w—u)?

1 _
KP(s,uit,v) = —— d d — 3(t—s) 36
(S’ u’ ”U) (27TZ)2 f:oo § %‘oo v 67%4»%7”2 w—z 27T(t —_ S)e ’ ( )

where the contours T =T U f’go and X% are shown in Figure @

The condition that a is large enough is technical. See the discussion in Remark

Pearcey distribution in percolation In [23], Johansson shows that an Airy process appears
by taking an appropriate limit n and m — oo of a last passage percolation, with n and m as
in Figure [l The question remained whether the Pearcey process could be found as a limit of
percolation problems and also in the directed polymer context. The next theorem answers this
question. For the ease of statement, we only consider the one-time distribution of the Pearcey
process.

Theorem 5. Setting r1 = n/2 and letting n — oo and the drifts k1 = —/n and kg = \/n, we
obtain a Pearcey distribution for the percolation problem described in Corollary[3, namely
. (n) o E° _ PO
lim P(all v’ € —, for 1 <1 <n) =det(l — K" (0,4;0,v))2(p (37)
n—o0 377/1

where K (0,u;0,v) is the Pearcey kernel defined in evaluated for s =t = 0.

10



From , it follows that the paths contributing the most will be in the ko = /n-region,
i.e., in the right-region of the model of size n/2. When the number of paths increases, they will
tend to fill up that region. When the number of paths exceed n/2, more and more paths will be
forced in the left-half region where k1 = —+/n, a much lower value, thus leading to lower values
of the polymer supremum in . That is to say that around [ = n/2 the successive increases
Vl(n) of 22:1 ui("), when [ increases will be considerably less. That is to say a gap will appear
around the values of Vl(n), with [ = n/2. It would be interesting to have such a statement for
the O’Connell process, that is to say when the temperature is raised; see [29].

Outline of the paper

In this paper, the joint distribution function of the eigenvalues in the minor processes are derived
in Sections and using the idea of corank 1 projection used by Forrester et al. in
[16] and [I8]. The derivation of the determinantal kernel in Sections and from
the joint distribution function is based on Lemma [2| that was obtained by Borodin, Ferrari,
Prahofer and Sasamoto in [10, Lemma 3.4]. Then in Section [5| we do the asymptotic analysis
for a special case of the multiple Laguerre minor process to show the occurrence of the Pearcey
process as the limit. We also prove Theorem [5| in Section The relation between the minor
processes and percolation models and Schur processes via RSK correspondence in Section [f]
follows the argument by Forrester et al. in similar models, see [16] and [I8, Appendix A]. The
proof of Corollary 2] will be given in the end of Section[6] In Appendix[A] we derive new contour
integral formulas for the two kinds of very classical multiple orthogonal polynomials, namely
the multiple Laguerre polynomials of the first kind and the Jacobi-Pifieiro polynomials, which
do not appear in the literature according to our limited knowledge. The construction of random
matrix models related to the two very classical multiple polynomials brings new types of random
matrix models, and the Pearcey kernel is seen in the minor processes for the first time.

Acknowledgment The authors thank Ivan Corwin for fruitful discussions at an early stage
of this work.

2 Joint distribution of eigenvalues of minors in GUE with ex-
ternal source

2.1 Transition probability of the Markov chain A\

The results in this subsection depend on the following technical lemma.

Lemma 1. Suppose H' is an (n—1) x (n—1) fixred Hermitian matriz with distinct eigenvalues
= (l1,...,n—1) in increasing order. Let H be the n x n random Hermitian matriz defined

by

e The upper-left (n — 1) minor of H is equal to H'.

e Denote the (n — 1) dimensional column vector h := (hyp, ... ,hn_l,n)L, the last column
of H without the last component. The components of h are independent complex random
variables in standard normal distribution, i.e., p(Rhin) = N(0,3) and p(Shiy,) = N(0, 3).

® hpyp, the lower-right entry of H, is a real random variable independent of hi, (i < n), and
it is in normal distribution: p(hyp,) = N(a, 1), where a is a real constant.
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Then the distribution of eigenvalues of H, denoted by A = (A1,..., ) with A\; < -+ < Ay,
satisfies the interlacing property p < X\ given by @D and their joint distribution s

2
L a2 (o
2i=1 — 3 tad e elei=1 2
A) =CAL(N)e 1,<), where C = ) 38
pli( ) ( ) p=A \/ﬂ An—l(,u) ( )

Remark 5. The distribution of eigenvalues of H depends only on the eigenvalues of H'.

Proof. The proof of Lemmal || is analogous to the proof of [6, Section 4]. Suppose U € U(n — 1)
is an (n — 1) dimensional unitary matrix depending on H’, such that UH'U~! = diag(p). Then
the n x n random Hermitian matrix

q= (dla]ff’“‘) hh ) , where h:=(hi,...,hy_1) = Uh, (39)

is conjugate to H, and they have the same eigenvalues and the same characteristic polynomials
pu(z) = pg(2). Note that components of h are also independent random variables in standard
complex normal distribution. By direct computation, we find the relations between the charac-
teristic polynomials py(z) = pg(z) = [[i, (2 — A\i) of H and H and pg(z2) = H?:_ll(z — p;) of
H':

pu(z) _ 5 P
pw(m ; Z =i w
z];;((?) =z — (o1(\) — o1 () — %(01()‘)01 (1) + o2(p) — o2(N) — ot () + O(Z%), (41)

where o1(A) = 32, A, 02(A) = 3, AiAj are elementary symmetric polynomials. If |hi|? are
all positive, the roots of pg(A), which are eigenvalues of H and H, satisfy the strict interlacing
condition p < A, which means

AL < p1 <A <o < pp—1 < Ape (42)
To see that, we notice the limiting behavior of pg(2)/pu/(2)

. pa(N) . pa(N)
lim = d-oo, im
A—too pH/()\) A= ()% pH’()‘)

= Foo, (43)

and find that there is one root in each of the n intervals with u;, 00 as endpoints.

Given |hj|> € Ry and hp, € R, there is a unique A = (A, . .., An) satisfying (@#2). On the
other hand, given A satisfying , there is a unique array of |h;|> € R*, hy, € R such that
A1, ..., Ap are roots of py(z). To see that, we identify the residues at z = p; of the right-hand
side of with that of the left-hand side, and obtain

|}~l’2 _ pa (ki)
Py (1)’

then we identify the constant terms in the right-hand sides of and , and obtain

1=1,...,n—1; (44)

hin = 01(A) = o1 (). (45)

The argument above also shows that the probability that some eigenvalues of H coincide with
eigenvalues of H' is the same as the probability that some h; = 0, which is 0. Thus in order to

12



find the probability density of A, we need only to find the probability density of |i~zj|2 € Ry and
hnn € R and the Jacobian determinant of the map from A to |h;|2, hyp, since

(Vlva ) ‘Bn—1’27 h’nn)

- ~ 0
2 2
= cee n—1| > l'nn 4
By and we obtain
P2 72
0lh;| _ |1 ’ Ohnn _1 (47)
8/\2' )\i — My 6Az
Ohaf?, - VP han) _ T 7 2 1 Aa(Y)
= hi|*det(C) = (-1)" ——— 48
where
1 LR 1
A1—p1 An—p1
C= (49)
Al —fn—1 An—pn—1
1 1
Here we use the formula of |h;|? and
n—2)(n— An(NA,—
det(C) = (—1)"=2e=2 __ AnNAn1() (50)

[T T i — )

from the Cauchy determinant formula. )
On the other hand, by the distributions of |h;|? and Ay,

- ~ 1 _xn—17 27(hnn*a)2
p(’h1‘27--'7’h7’b—1|27hnn) = \/276 Zi:l |hZ| 2
T (51)

-1 -1 2
= 1 e_% it A?"‘% Yo mi e M= Bi)— %

V2T ’

where the second identity follows from identifying the — Z?:_11|fzi|2 with the residue of the
right-hand side of at oo, and calculating the residue from the right-hand side of . Thus
Lemma [I] is proved. O

Proof of Theorem |1] (GUE with external source). To prove that the random variables AL am)
constitute the Markov chain with transition density given in ([10), it suffices to show the identity
of limiting conditional probability density of A(™ that

lim PO [AD € 1 (uM), ... 20D € 1m0y = Py M), (52)

€E—00

where P, -1 (A(M) is defined in and

B9y ={(x1,...,2;) eR |y < --- < zj and |z; — ugj)] < e} (53)
Without loss of generality, here we assume that forall j =1,...,n—1, ,u(lj ), e ng ) are distinct
real numbers in increasing order. Under the condition A e Ig(u(j)), j=1,...,n—1, we

assume the conditional distribution of S,,_1, the n — 1 minor of the matrix Zy + A, is given by
fe(Hp—1)dHy—1. The distribution function f.(H,_1) satisfies a property that f.(H,—1) = 0 if

13



the eigenvalues of H,,_1, ordered increasingly, is not in 17"~ (/,L(”_l) ). This is a direct consequence
of X(»=1) ¢ [n=1(pn=1)),
Then using the general formula for conditional probability density functions

fX(:z:]YeA):/fX(xYeAandZ:z)fZ(z|YeA)dz, (54)
we have
PO XD e (uV)), j=1,....n—1) = /P(A(n) | Sn—1 = Hp-1)fe(Hn—1)dHp—1. (55)

Here P(A(™ | S,_; = H,,_1) denotes the conditional probability density function of A(™) that
are the eigenvalues of S, (in increasing order), the n-minor of Zj + A where the condition is
that S, _1 is equal to H,_1. The value of the density function P( | Sp—1 = Hp—1) depends
only on the values of the eigenvalues of H,,_1, as a consequence of Lemma |]] ! From (| ., we
know that P(A\(™ | S, 1 = H,_;) depends on the eigenvalues of H,_; in a continuous way,
given that the eigenvalues are distinct. Then we know that for any A and & > 0, there is an
e such that if the eigenvalues of H,,_; is given by pu € I"*(u~1), then

PO | Sy = Hyo1) = Py A™)] < 6. (56)

Then and imply that if € is small enough for to hold, then

[PAM™ XD e T (D), j=1,...,n-1) = P,y (A\™)] < 6. (57)

Taking the limit € — 0, we obtain . Thus we prove Theorem [l in the GUE with external
source case. O

2.2 Correlation kernel of the Markov chain \(™

For the ease of derivation in this subsection, we re-express the formula , the joint probability
density of A(™):

™2 n-14n

POD, . ANy = o N/2 (H det(gn (A, ALY ))gj:l1> det(WN_;(ANN_), (58)

where the function an()\Sn), )\gn+1)) (i # n+ 1) has explicit formula
On(,y) = el o, (59)
and
N -2 fana eI 2 g !
Uit (z) = e 2 T NPy an1say i) (T) = \/277T'/C+HRT e? 1;[ 5 —aN—_gt1)d (60)
and Plgy.an_1....an_is1) (@) 18 the i-th degree (monic) multiple Hermite polynomial of type II

(see Appendix .
In the proof of Theorem [3{(a)l, we first express the correlation kernel in terms of multiple
Hermitian polynomials, and then write it in the form of double contour integral.
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2.2.1 The correlation kernel and multiple Hermite polynomials

The expression of the correlation kernel in terms of multiple Hermite polynomials, and even the
fact that the Markov chain A is determinantal such that its properties are captured by the
correlation kernel, is based on the following general lemma of Borodin, Ferrari, Préahofer and
Sasamoto [10].

Below we state the lemma. First we fix I as a subset of R (in our paper, I is taken as
(—00,00), [0,00) or [0,1]). Suppose the functions a(z,y),b(z,y), c(x) are defined on I x I or I.
Then the associative operator * used in the lemma is defined as

axb(z,y) ::/Ia(:x,z)b(z,y)dz, axc(x) := /a(a:, 2)e(z)dz, cxa(x) = /c(z)a(z,x)dz. (61)

I 1

Lemma 2 ([I0, Lemma 3.4]). Suppose we have a signed measure on I x 12 x --- x IV given in
the form

N-1

1 n n n N n n n

7 [T det(@a A )i det (R 05 ), oA e (62)
n=1

where gbn()\gn), )\gnﬂ)) stands for the value of the two-variable function ¢ (z,y) at x = )\("), y =

)\g-nﬂ) if i < n and otherwise the value of the one-variable function gbn()\fﬁzl,a:), and Zn 1s a

normalization constant. If Zn # 0, then the correlation functions are determinantal.
To write down the kernel we let

d)(m,m)(x’ y) = {‘bm * Pryt1 %k Py (T,y) M1 < g, (63)
0 ny > na,
and for 1 <n < N,
Ur_(z) =N« UN_(2), j=1,2,...,N. (64)
Set QSO()\gO), x) := 1. Suppose the functions defined on I
60+ 0O 2), L (Gna keI 1), 601 (MY, ), (65)

are well defined, then they are linearly independent and generate an n-dimensional space V.
Define a set of functions ®7(x) (j =0,...,n—1) spanning V,, by the orthogonality relations

/@?(m)\lfgl(x) =0i5, for0<i,j<n-—1. (66)
1
Under Assumption A:

(bn()\gﬂl,a;) :cnfb(()nﬂ)(x), n=1,...,N—1 (67)

for some ¢, # 0, the kernel takes the simple form
na
K(ny,x5mg,y) = —¢" ) (z,y) + Y UM (2)822_(y). (68)
k=1

Remark 6. Our version of the lemma is slightly different from that in [I0, Lemma 3.4}, in the
sense that they consider discrete random variables but we consider continuous ones supported
on I. The proof in their paper can be used to prove Lemma [2| with little change.
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We first compute the correlation kernel under the assumption that a; > ag > -+ > ay by
the application of Lemma 2| with I = (—o00,00). We need the following identity that if ¢, (x,y)

is given by , <Z5n()\7(;217$) =1 and \I/%ﬂ-(a:) is given by , then

(n1.m2) e0n1 T—anyY (y—a:)z p
L2 (g y) = P P | 69
¢ ( 7y) 27 T, H] n1+1( aj) z<y+tni<ng, ( )
where I', is a large enough contour enclosing all poles ap,+1, ..., Gn,, andlﬂ
ea"$ s2 J
- ez " 5 —Qp_p41)ds =
V2mi /C'Jri]RT kl_Il "
U () = _a? . 70
/ ( ) e 2 +anmp(an,an71,...,an_j+1)(x)a J=01,....,n—1, ( )
e’ 2 e ds _
— ez — , j=—-1,-2,...,n— N,
| V27l JotiRt [T.2,(s — anir)

where C' is a large enough real number such that C' + iR 1 lies to the right all possible poles of
the integrand, and
= 1
9j * MO, 2y = el 01,2 (71)
k42 aj+1 — Ak

Note that from and , the vector space Vj, is spanned by e(@1 )7 glaz—an)z  c(an—an)z
and 7 (x) are vectors in V,, defined by the orthonormality (66). Since for 0 < j <n-—1, 7 (z)
are defined by multiple Hermite polynomials of type II, @?(w) are hence defined by multiple
Hermite polynomials of type I. Using Proposition 2] in Appendix [A] we have

e—anx %‘ 7%+xt dt
—_ e . ,
V2m2wi Jr, 1ot — an_p)

where Q(a,,a,_1,....an_;)(¥) is the multiple Hermite polynomial of type I

22
7 (z) = €7 " Qaanguan ) (@) = (72)

It is clear that the Assumption A is satisfied, as both functions qﬁn( " +1, x) and <I>(()n+1)(x) in
are constants. Therefore the correlatlon kernel is given by (68]) with ¢ (n1,n2) (z,y) expressed
in (69), Wrt_ () expressed in and ©?_, (y) expressed in (72).

Note that the correlation kernel K(ny,x;ng,y) is analytic in ai, ..., ay, by . By analytic
continuation we can remove the restriction a1 > a9 > --- > ap.

Proof of , and . We prove by induction. If ny = ng — 1, it is clear that
holds. If it holds for ny = no — k, k > 1, then for ny = no — k — 1,

3In the evaluation of \IJE)")(a:) in and below, we take the notational convention that H?:l(') =1.

16



¢ (2, y) =y x 9T (2, )

00 ean1+1w_an2y e(y—w)z
= / e(anl _anlJrl)w . N2 dZ]].x<w<yd’lU
o 2mi T [Lnay2(z —aj)
edng T—anyy eYZ—an; +17% /y (
= Gnq+1—2)W
= e\ dwdz1
y n2 <y
2mi T, [[20, 422 — a;)
en T—0nyY ely—x)z _ e(yfx)an1+1
= dz1
; n2 <y
271 1 Hn1+1(z - CL]')
€1 T angY ely—m)z 1
= dz — e(y—:c)an1+1 —dz 1
) 2 na <y
2mi T, [n 1 (2 — aj) o2 (2 —ay)
6an1 T—0nqyY e(y—w)z
- 271 dZ]l:c<y]1n1<n27
m Fa Hn1+l( )
(73)
where in the last step we use the vanishing of the contour integral fﬁr T 1(Z - )dz, which can
ny+1 J

be seen by deforming I';, to a contour about oo, and using ns — ny > 2.

The proof of is based on the contour integral formula (241)) of multiple Hermite poly-
nomials of type II in Appendix From , , , we have, where C' + iR 1 is to the right
of I',, that

2
0 LanT—any e(y—x)z e—%—i—aNy (s=)2 N
vy j(z) = / : dz : ¢ : (s = a)dsdy
n=J - 211 I H;cvszrl(Z - ak) \/%Z C+iR? 11;_[1
N
o0n® e~ TZ 52 o
- ° ds ¢ dz ez (s — al)/ eF=Wdy
—@2m)32 Jorire Jr. Tl (2 — ax) l:qu &
N
R / 2 1
= dsez ¢ (s — al)% dz
—(27m)3/2 Joyimy Z_JIL o (5= 2) [Tty (2 — ax)

et / dse £ _se Hl—j+1( —a)
— - se )
21t Joriry Hk=n+1( — ag)
(74)

and from and ([241)), is easy to obtain.

The proof of (]:D is straightforward, at least if a1,...,a, are in strictly descending order.
Using ¢n( n+1’ z) =1 and (69)), we conclude that

. T oQj+1Y—anT elz—y)z
O; * ¢(]+1,n )\(J) , — / : dzdy
’ ( At %) 2mi I Hk—]+2( — ay)

e~ anT x ( )
— eldji+1—2 ydy
27y }{ Hk ]+2 —a )/—oo

e(a]+1 an)T p (75)
- : z
27 T, Hk:j+1(z — ag)

n

1

- =] elaiti—an)z

hejio Gl T Ok

17



In the above derivation we assumed that the contour I'; encloses aji2,a;43,...,a, but lies to
the left of a;1, which enables us to do the y integration and finally deform I, to a large contour
about oo, picking up the residue just at z = aj41. The argument above relies on the assumption
that a;11 > aji2 > -+ > ay, but it is clear that holds when the assumption is removed,
by analytic continuation. O

2.2.2 Double contour integral formula of the correlation kernel

From and (72),
na
DU (@) (y) =
j=1
n2

N
an T—AanyY X —
T / ds j{ dtez*%*mytn’“ el - ak)E H’“Tl(s %) ()
27” C+iR?T a Hl:n1+1( —ar) j=1 Hl:j(t_al)

Using the identity that for any j < N

Hk: ]-1—1( — ak) —(s— )Hk g+1( — a) . >Hk ]+1( — ax)
1L (¢ —a) [T (¢ — an) ITL; (¢ — a)

(s =1)

N s ay - ay ()
- H(t—ak> _ngl(t—ak)
and the telescoping trick, we find
in{jjﬂ(s—ak) _ 1 ﬁ <s—ak> 1 ﬂ <S—ak) 78)
=1 [T, (t —an) STl Nt~k St oy NPT AR/

Substituting into , we obtain, letting the contour C' 4+ 4R 1 of s be to the right of Iy,

n2

e0n1 T—anyY 9 ni . 1
S w el = S [ aef at i dhatea e @)
= " @2 Jorm ot —ar) s—t

Hence we prove Theorem [J(a)| from (69), and in Lemma [2] and the fact that we may
conjugate any Fredholm determinant without changing its value.

3 Joint distribution of eigenvalues of minors in multiple LUE

3.1 Transition probability of the Markov chain A\

Analogous to Lemmal(I]in Section[2] we need the following technical lemma in this subsection. In
the statement of the lemma and later in this section, we let I, 2, ... be nondecreasing integers
such that l,, > n, and denote the nonnegative integers o, = l,, — n.

Lemma 3. Suppose X' is an l,—1 X (n—1) fized rectangular matriz with distinct singular values

= (/I -+ s/Tn—1) where g = (p1, ..., fn—1) s assumed to be 0 < pg < -+ < pp—1. Let X
be the I, X n rectangular random matrixz defined by

e The upper-left l,—1 x (n — 1) block of X is equal to X'.
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e Denote the l, dimensional column vector X := (x1p,... ,xlmn)L, the last column of X.
Then components of x are independent complexr random variables in standard normal
distribution, i.e., p(Rxin) = N(0,1/2) and p(Sxi,n) = N(0,1/2).

o All entries in the lower-left (I, — l,—1) x (n — 1) block of X are 0.

Denote the singular values of X by VA1,..., vV A where X = (A1,...,\,) is assumed to be
0< A <--- < \,. Then the joint distribution of A is

n n—1
(A =C71A,(N) (H )\ia"e—’\i> 1,<x, where C = ap!A,_1(p) H u?iﬂe_’”. (80)
=1 =1

Proof. For the convenience of the proof, we denote S = X*X and S’ = (X')*X’, and note that
the eigenvalues of S and S’ are A\y,..., A, and pq, ..., i,_1 respectively.

Performing the singular value decomposition, we find the unitary matrices U € U(l,—1) and
V € U(n — 1) such that

/Nl 0 0
0 \/ M2 0

X'=U| o - - Jum|V~ (81)
0 0
0 0

Let U=U® L, 101 )% (tn—tn_1) € U(ln) and V =V @I, € U(n), we then have
X =UXV*, (82)

where

/i1 0 - 0 jl’n
0 V2 0 :

X = 0 e e HUn—1 i'n—l,n ) (83)

(%)

and in the last column of X all components are in i.i.d. standard complex normal distribution.
Below we use the fact that the eigenvalue distribution of S is the same of that of

M1 E 0 VH1T10
S=X*X = : : P . (84)
0 cee Hn—1 VHn—1Tn—-1n
\/Nlil,n te \/,U/n—ljn—l,n Z;gn:n|jk,n‘2
Now we consider the relation between the characteristic polynomials pgs(z) of S (that is the
same as pg(z) of S) and pg/(2) of S, analogous to and (41). By direct calculation, we find

19



that

-1
ps(2) SEE:
=z — — ) 85
pS/(Z) fn ZZ; 5 — MZ g’b ( )
ps(z) 1
=2~ (01(N) = 01(n) = —(01(N)o1 (1) + o2(1) — o2(A) — f () + Ol ) (86)
ps(2) <
where o1, 09 are defined as in , and in (85))
Zinl? i=1,....,n—1,
T A (57)
Zl:n‘xl,n’ t=n.
Noticing that the limiting behavior of pg(z)/ps(z) analogous to yields the strict inter-
lacing condition g < A when &1, ...,&,-1 are all positive, i.e.,
0<)\1<,u,1</\2<"‘</11n—1<An. (88)

On the other hand, given \ satisfying , there is a unique array of &1,...,&,—1 € R, &, € R.
To see that, by the calculations of residues like in and , we have

o opsm) oz =M) B
& = 7/11']?/3/(/%‘) Jes TG ) i=1,...,n—1, (89)
I N | R T) = iy (= = M)
& =01(\) — o1 (p Z@ = Jes - T ) + Z; Tes TG ) (90)
Hk 1(Z — k) Hi:l Ai

= —res =

1 .
=0 2 [[;Z 1(Z—Mk) |

Then we can express p(A) analogous to (46])

8 DRI RN 1
p(A) =p(&, ..., &) (518()\)5) - (91)
Like ,
6§j o fj . . agn 1 = ag]
Vi v—— forj=1,...,n—1, and o, =1 2 o (92)
and like (43)),
(51,..., -1 An(N)
B —— f det ) — ) (93)
a(>\1, . , H / Anfl(:u) Hj:ll Hj

where the n x n matrix C is defined in , and in the last identity of we use the formula

(89)-
On the other hand, by the definition of &1,...,&,, they are independent, 2&, is X%(an—‘rl)

in distribution and 2&;, ..., 2£,-1 are all X% in distribution, and so by expressions and ,
(note o, =1, — )

n Qn " )\ o n— n
p(&r, .. &) =€ POy figLe— €n _ 1 (ll__[[J 1 M ) e(Zk:f BE—2 201 A]’). (94)
k= 1 k

!
Substituting and in to , we prove Lemma ]
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Proof of Theorem (multiple Laguerre case). Recall in the proof in the GUE with external
source case, the Markov property of the process relies on the fact that the distribution of the
eigenvalues of H in Lemma [1| depends on only the eigenvalues of H’, but not its eigenvectors.
In Lemma [3] we also have that the distribution of the eigenvalue of S = X*X depends only on
the eigenvalues of S" = (X’)*X’, but not its eigenvectors.

Like in the proof in the GUE with external source case, suppose for all 7, ,ugj ), . ,,ugj ) are

distinct real numbers in increasing order, and define I (7)) as in . Then analogous to ,
PO [N e (W), j=1,....n—1) = / PO | 81 = Hyo1) fe(Hn-1)dH, -1, (95)

where the distribution function fe(H,_1) is defined in the same way as that in the proof in the
GUE with external source case. Then after the same argument, we derive the limiting identity
analogous to (52))

PO |20 =4, =1, n = 1) = By (A™), (96)

and we prove Theorem |1 in the multiple Laguerre case. O

3.2 Correlation kernel of the Markov chain \(™

We give the proof of Theorem when a1, ...,apy are distinct. Note that the kernel depends
on «; in an analytical way, so when some «; are identical, we obtain the kernel by analytic
continuation.

Analogous to , we write the joint probability density formula of the positive random

variables Agn) as

N-1
1 n) y(n
POD, W) = (H det(gn (X", A2 ) det(WR (NN (97)

J t,j=1
Hn:l O[n!

where the function qbn()\gn), )\;nJrl)) (i # n+ 1) has the explicit formula

n=1

¢n(1‘) y) = xanian+171]lx<y7 (98)
and
v ] 25 [T+ DIy — avois)
\Ilj ('CC) = xO‘Ne xP(OlN,aN_l,...,OlN_j+1)(‘CC) = 271_2 \é :le_l’_l dZ. (99)
Here Pq,, y(2) is the j-th degree (monic) multiple Laguerre polynomial of the first

QAN 1,y EN—j
kind, type I]{ (1$ee in Appendix . Note that in this section, the functions ¢, VU7 and
later <I>§L are all defined on positive variables.

We apply Lemma [2in Section with I = [0, 00). Analogous to , we have by a similar
argument that if ny < ng

( ) —1 1 7zyzfocn2
ni,n e _
(b - (.%', y) T ¢n1 *¢n1+1*' : '*¢n2_1(.7}, y) - Tm T, ]._[Zzznl—"—l(z — ak)d31x<y]ln1<n27 (100)
where I'y, is a large enough contour enclosing all poles ay, 41, . . ., ap,, and similar to ([70))
o j{ N'(z+1) izl(z — Q1)
21t Js, x#tl
\IJ?<$) = - wane_xp(an,...,an,jJrl)($)7 J=0,1,...,n—1, (101)
an r 1
T % —(]Z+ ) dZ, j:_17_27"'7n_N7
27TZ » x2'+1 Hk:l (2 _ an+k)



where the contour ¥ is the deformed Hankel contour from —oo to —oo that encloses all possible
poles of the integrand, z = —1,—-2,... and z = anp41,-..,an counterclockwise. The proof of
will be given in the end of this subsection.

Also similar to , we have

, 1
¢ % GO ) = — | aMrTen i =0,1,...,n—2. (102)
kejp2 WL T
Note that the vector space V,, is spanned by :Ual An 330‘2 An .o, x% 7% Hence by the orthog-

onality (66) ., we have similar to ( . (using and .

T —Qn xZ
PF(z) = 27 e” (@) = : d 103
() =2 Qom0 o) () = 5 f{ L(z+ D lj—o(z — an-r) - 1o

where Qa,,an_1,...an_;) () is the multiple Laguerre polynomial of the first kind, type I (see
Appendix , and the contour I', encloses the poles oy, ..., o, ;.
It is clear again that the Assumption A is satisfied, and the correlation kernel is given by

with ¢(™"2) () expressed in (100)), U () in (101)) and @, (y) in (103).

Next we express the kernel in the double contour integral form. From the formulas (101]),
(103), we compute, analogous to (|76

Z‘I’nl k ‘I’Z; k() =

O‘nly An % dzf wF Z + ) H;vnz-‘rl(w — Oél) i H;V:kJrl(z _ O‘j)7 (104)

1 N
(2i)? Yo I'(w+1) Hg 1z =) i [hizp(w — ay)

where I'y, encloses the poles aq, ..., an,, and X, the deformed Hankel contour, encloses all the
poles —1,—2,... and I',. Using the telescope trick and , we have

Z‘I’m g ( ‘I’Zi k() =

xOmy Ty x* 1 “’F(z—l— 1) H?ll( — ) B ij:n2+1(z_aj)
ani? 7{ dz 7{& dw )D(w+1) ( l:l( - o) H;\;n1+1(2 ~ o) ) . (105)

Note that

}{ dw® =l (2 4+ 1) H] ot 1(Z = )
o (EF-wl(w+1) Hz:n1+1( z—ay)

0 (z4+1)-0=0.

. Hj‘vzng-s-l(z - aj) .1 yv dw
TN, Gyt T }4 Nw+ 1) (z — w) (106)
(2 — )
~w)

N
Hj=n2+1
I
Thus (105) can be simplified as

ng et —an T 1 w —

n n nly F(Z + 1) H (Z 04])
E g P2 jzg .
k=1 k) Png V) = (2mi)? e Ta e (z — )F(w—l— D ILZ (w — o)

n1+1(z Qq

(107)
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Hence the formulas (I07) for Y732, W' (z)®"2_ (y) and (L00) for ¢("1"2) (2, y) and yield

the double contour representatlon of the correlation kernel

K(nla Z; TLQ,y) =

% -1 :L,—w—lyw
[ dw]lx>y]ln2 >nq

Y 2mi To H?:2m+1(w — )

e R AR
(27i)2 fdz%a W(w+1) 12, (w—ag) |’ (108)

and yield Theorem [3(c) after conjugating out x*"1 /y®*m2, upon proving (101]).

Proof of (101). From , 1100) and , we have

/ 60N (2, YUN_ () dy

gon = ly T(w+ 1) [T (w — )
dz -1 dwdy.
27” Lo Hl n+1( ) / Y

Here the contour I', is defined as in , and the contour X' is a deformed Hankel contour,
such that they satisfy that for all 2 € Ty, and w € ¥/, Rw < Rz. This property will be used
in to make [ y*~“~'dy well defined. Then using the decomposition [~ = [;°— [}, we
express U7 (z) = 2" (Part I — Part II), such that

o9 —z=lyz Nw+1 N,n_» w—«
ST R S g ) S
o (2m)* Jr, [TL,1(z — ) ' (ke

21 00
al) 0

(109)

) i (110)

2mi Jr, [T 0 (2

where the second identity is the consequence of , and

N
Part IT = / o i dZ]{ ot Dl gt Oék)dwdy
o (2mi)? Jr, Hf\in+1(2 ap) D, ywtt

Hl]fvfn— '+1(w - ak) *
% dZ}I{ dwz™* T(w + 1) — / y v ldy (111)
27” o ! Hl n+1( - al) 0

201 (w + 1) [Tie jr1(w —ax)
— dz ¢ dw” :
(2m) 75& s Zow [T (= — )

Note that because Ploy an_1,....on_j+1) (y) is a monic polynomial of degree N —n+j, the integral
with respect to y in is'(z+1) times a monic polynomial in z of degree N —n+j; because of
the orthogonal property of P,
Hence we find that

an—1rmom_;41)(Y), the integral vanishes at z = an, ..., an_jt1.

N
— - ZzZ—
Part T— — L(z + 1) M=y k)

2mi Jr, o L0 (@)

dz. (112)
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In Part II, if we integrate z first, by calculation of residues we have

N N
1 1
Part IT= — ¢ 27 'T(w+1) (w— ag) res
2mi Jus 1 2 By [T (2 — )

k=n—j+1 l=n+1

1 al 1
=5 : 70 (w + 1) H (w — ay) <— res )

° N
k=n—j+1 = (2 —w) Hl:nJrl(z — )

w,

_ -t 7{ D(w+ 1) [Ty (0 — o)
2w Jsy

zwt Hl]\in—l—l(w —ay)
(113)

where we use the identity (res,—,, + ZfLH_I res;—q,)(z — w) ™! Hl]\;nﬂ(z — )"t = 0. Since as
integration contours, I'y, + X' = ¥ where X is the contour in (101]), we have

1 f T(w + 1) Ty (w — ) dw, (114)
x

Part I — Part II = —
; 1 N
m zt Hl=n+1(w — )

and we prove (101)). O

4 Joint distribution of eigenvalues of minor quotients in multi-
ple JUE

4.1 Transition probability of the Markov chain A"

Analogous to Lemma [I] in Section 2] and Lemma [3]in Section [3, we need the following technical
lemma. Like in Lemma (3} /1, [2,... are nondecreasing integers with ,, > n, and a,, = [, — n.

Lemma 4. Let X' be an l,—1 x (n—1) fized rectangular matriz and Y’ be an M’ x (n—1) fized
rectangular matriz with M' > n such that R’ = ((X')*X’ + (Y)*Y")"Y(X")* X’ has eigenvalues
i=(fi1,...,n-1) in increasing order. Let X and Y be l,, x n and M’ x n rectangular random
matrices such that

e The upper-left l,—1 x (n—1) block of X and the left M' x (n—1) block of Y are fixed and
are equal to X' and Y.

e Denote the 1, dimensional column vector x := (x1p,. .. ,iL'lmn)J‘, the last column of X,
and the M' dimensional column vector'y = (y1n, - - - ,yM/m)L, the last column of Y. The
components of x and y are independent complexr random variables in standard normal
distribution, i.e., p(Rxin) = p(Ryin) = N(0,1/2) and p(Sz;pn) = p(Syin) = N(0,1/2).

o All entries in the lower-left (I, — l,—1) x (n — 1) block of X are 0.

Denote the eigenvalues of R = (X*X +Y*Y)71X*X by A=(A,seosdn) where 0 < Ay < -+ <
A < 1. Then the joint distribution of X is

o (M an)! AT A (=AM
Pa(A) = VS N T—1 ~an+1 S NM'—nt1 SN
ap! (M’ —n)! An—1(0) T2y A (1 — ) i

(115)

Proof. Instead of R, R, fi and )\, we consider 7/ = ((Y’)*Y")~1(X’)*X’ that has distinct
eigenvalues p = (pi1,...,fn_1), where 0 < pg < --- < pp_1, and T = (Y*Y)"1X*X that
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has eigenvalues A = (A1,...,\,) where 0 < A\; < --- < \,. Below we prove that the joint
distribution of \ is

(M + i)' AW Ty AP (1 Ag) =Mt
an! (M’ —n)' A, (1) H?;ll ,uf‘”“(l + p1)~ (M +om) p=Xs

pu(A) = (116)

and then is a direct consequence of substituting A; = A\;/(1 — \;) and p; = fis/(1 — fiz)
into the probability measure defined by .

From the assumptions of the lemma, (X')*X’, (Y')*Y” and (X')* X'+ (Y')*Y” are invertible,
and from the randomness of x and y, X*X, Y*Y and X*X +Y™*Y are almost surely invertible.

Below we assume the invertibility of them.
By the QR decomposition of X', we have Uy € U(l,,—1) such that

X' =0 < ¢ ) , (117)
0@ty _1—n+1)x(n—-1)

where C'is an (n — 1) x (n — 1) upper-triangular matrix. Let Us = Uy & I;,—;, , € U(l), we

have -
X = U, ( ¢ ’fl) , (118)
O, —nt1)x(n-1) X2
where Xy = (Z1,...,%n_1)" and Xy = (&, ...,&;, )" are vectors of dimensions n—1 and I, —n+1
respectively, such that if we concatenate them into a I, dimensional vector X = (Z1, ... ,i“ln)J-,
then Usx = x. We choose a Us € U(l,, — l,,—1) such that
Us'% = (£,0,...,0)F, where ¢ = 2, (119)
and denote Uy = Us(I,—1 ® Us); then we have
X:U4< X ) where X:( ¢ Xl). (120)
0@t —n)xn O1x(n-1) &
On the other hand, by the QR decomposition of the M’ x (n—1) matrix Y’ we have Us € U(M’)
such that
, B
Y = Us : (121)
OM/—nt1)x(n-1)
where B is an (n — 1) X (n — 1) upper-triangular matrix. Then we have
Y = Us ( B 3{’1) : (122)
O/ —nt1)x(n-1) ¥2

where analogous to %; and %y in (I18), ¥1 = (J1,...,Jn1)" and Yo = (Jn,..., )" are
vectors of dimensions n — 1 and M’ — n + 1 respectively, and if we concatenate them into
¥y = (f1,...,9m)", then y = U5_1y. We choose an Ug € U(M’ — n + 1) such that

M/
Us 'y2=(n,0,...,0), where 5= |> |jknl* (123)
k=n
Analogous to Uy in ((120)), let U; = Us(I,—1 @ Us), we have
Y:U7< Y > where f/:( B Y1>. (124)
017 —n)xn O1x(n-1) M
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From (T17), (120), (121)), (124), we have

(X' X' =C*C, (Y')*Y' = B*B, T' = (B*B)~'C*C, (125)
X*X = X*X, Y*Y = Y'Y, T=Y"Y)'X*X. (126)

From the invertibility of (Y/)*Y” and Y*Y, we find that B and Y are invertible, and then 7"
and T are similar to

T = (B~ Y (CB™Y), T=Xy H"Xy (127)

respectively, which implies the relation between characteristic polynomials, pr/(2) = p7 (2) and

pr(z) = pp(2).
We have

xy-io (OB n(-CBTy) (128)
O1x(n—1) &nt '

Since T and hence T/ = (CB~1)*(CB~"') has eigenvalues pi1,.. ., ftn_1, we have the singular
value decomposition

CB™' = UsDVy*, where D = diag(\/ii1,. ..,/ In_1), (129)
for Us, V1 € U(n —1). Let Ug = Ug @ I; € U(n) and Vo = Vi & I; € U(n), we then have

D nlw

vl—u ( A
’ 01><(n—1) &n !

) Vs, where w=Ug'% — DV'yy. (130)

We consider the relationship between the characteristic polynomials of 7" and 7" (remem-
bering pr(z) = pj(2)), in the same way as (83)—(87), and find

n—1
pr(z) _ -3 ZM-Q’ (131)

pr(2 1
Y ) o) - ;(010\)01(#) Foaln) —o2(N) — 02) + O(),  (132)
where 01,09 in (132) are defined the same as in ) and ., and (; in are defined
similarly to &; in (85))
2/t i=1,...,n—1
G = lwil®/n? i=1,...,n—1, (133)
2 /n? i=n.

From (131]) we find that the eigenvalues of T" and T" interlace, that is, u < \. Like f in
Section there is a homeomorphism between A that satisfies the strict interlacing condition

and (1,...,(, € Ry, given by
pr(pi) [Teei (2 — M)

Ci:_iz—res n:— , i:l,...,n—l, (134)
i (i) =t 2 [[n=1 (2 — )
n Z—)\ 7-1_ )\i
Cn = Ul - Ul ZQ = Hk 1( k) = Hl_l . (135)

=0 2. 1(2' — Hk) H?gll 2%
Hence like , we have

8((17 s Cn) — (_1)71,—1 AH(A) )
I M) A T 1

(136)

26



We note that the random variables (i,...,(, are not independent. However, from the
definition, components of x and y, and 7 and { are independent, such that z;, and y;, are
in standard complex normal distribution. Thus w; are independent normal distribution such
that Rw; and Sw; are independent random variables in NV (0, (1 + p;)) distribution, v/27 is in

X2(M'—n+1) distribution and V2¢ is in X2(an+1) distribution. Hence lwy |2, ..., |wn_1]?, 02, € are
independent, and their distribution functions are
1 =z
Dl |2 (T) = Tt Yup o for k=1,...,n—1, (137)
M
1 M —n — 1 _
p772(a?> = ml’ ne :E’ p§2(x) = ain!l'a e x. (138)

By the relation (133) between ¢; and |wi|?,.. ., |w,_1|%,7%, &2, we compute the Jacobian
a(Ch s 7<n7 772)

a(’w1’27 ey |wn—l’27 527 772)

We have that, using ((137)—(139),
p(Ch--'aCn): /0 p(Cl,...,Cn7772:r)dr

- /0 r p77 (H Plw;)2 TC’L )p&Q(TCn)dT‘
(M + an)! gn (140)
oM =TS 0+ (1 4yt 6 g )0

(M + a)! TT0y MO (1 + M)~ bantD)

Here we use in the last step identity (135]) and the following identity which is a consequence of

(134) and (135):
1+Z

= ()" (139)

—1_ res [Tizi(z = An) _ res [Tizi (= — M)
=2z D2 (2 — ) =02z + DIz — )
— res Hk 1( k) (141)
=1 2(z + ) [I}Z (2 — )
_ ILs (4 %)
TS (U + )

Analogous to (91)), we prove - ) from and . ]

Proof of Theorem (1| (Jacobi-Pirieiro case). Like in the proofs in the GUE with external source
and the multiple Laguerre cases, the Markov property of the process relies on that the dis-

tribution of the eigenvalues of R in Lemma {4| depends on the eigenvalues of R’, but not its
eigenvectors. By the result of Lemma [4] we have like and that

pAM XD =p0 =1 n—1)=p,en(A"), (142)

where the dlstrlbutlon functlon Ppum-1 In is defined in (115)). Thus we prove the Markov
property, while (115]) yields ((10) in the Jacobl-Piﬁeiro case, and hence we finish the proof. [
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4.2 Correlation kernel of the Markov chain \("
Like in Section we prove Theorem [3|(d)| for distinct a, ..., an, and obtain the general case

by analytic continuation.

Analogous to and , we write the joint probability density formula of the random
variables ;" whose range is [0, 1] as follows:

POW AWMy =

N
—N+n+an_p, (n n n
H + o)t <Hda%, »'“m¢0¢ﬂw (NN, (143)

'I'L'

where the function qﬁn()\gn), )\gn+1)> (i # n+ 1) has explicit formula

On(z,y) = 2% O Moy (144)
and

‘I]<'::1(M N+]+1+OZN k+1)
(M"— N + j)!

_xO‘N% 2Pz + 1) k l(z—aN k1)
- 2mi Jy [(z+j+2+ M —N)

/_
aN(l - [E)M NP(QNyaN_l,...,OlN—jJ,-l;M/_N) (x)

\I/N(J:) =

dz.

(145)

Here Play an_1,..an_j ;M —N)(2) is the j-th degree (monic) Jacobi-Pifieiro polynomial of type
II, and we use the contour integral representation in Appendix |A| where the contour X
encloses the poles z = —1,-2,...,—(j + 1+ M’ — N). Note that in this section, the functions
¢n, U7 and later @7 are all deﬁned on variables in (0,1).

We apply Lemma [2]in Section [2.2) with I = [0,1]. Since our ¢, (z,y) defined in is very
similar to the ¢, (z,y) defined in , with only the domain different, we have smnlar to ([100))

that
ZL‘_l 2o —zyz—an2

2mi Jr, TTi2n, 41(2 — a

where the contour I'y, is the same as the 'y, in (100]). Then similar to and ((101]),

$73) (0, ) = NET— (146)

£ A DI )
z
27t Jx, Mz4+j+24+ M —n)

i;:l(] + 1 +M/ —n+Oén_k+1)

U (z) = (M’ —n+j)! (147)
X xa”(l — x)M 7nP(an,‘..,an,j+1;M’7n)(m)7 ] = 07 17 cee, N — 17
o ]{ e Chy dz, j=-1,-2,...n—N
2mi Jo D(z+j+24+ M —n)[[2,(2 — angr) oY ’

where the contours X encloses all the poles of the integrand. The proof of (147) will be given
in the end of this subsection.

Like (102)), we have

¢j % ¢(j+1,n) ()\(J)

V), z) = = | aMmTen j=0,1,...,n—2. (148)



Then the vector space V,, is also spanned by x®1 =% g@2=% % ~%_  Hence like and
(103), by the orthogonality and (254)), (255) and (257)), we have

(M —n + j)! B o
CDU(I'): - €T Oén(l_x)n Q T T (x)
’ T G+1+M —n+oanis1) (Qn st M)
w“"y{ 2" (z+j+1+ M —n)
r

2 (z + D) Theo(z — an-s)

(149)

=G+1+M —n+a,) dz,
where Q(a,,an_1,....an_;;M'—n)(Z) is the Jacobi-Pifieiro polynomial of type I (see Appendix ,
and the contour I'y, is the same as the I'y in (103)).

It is clear that the Assumption A is satisfied, and the correlation kernel is given by

with ¢(™72) (2 y) expressed in (146]), v (z) in and @, (y)in (149). To express the
kernel in the double contour integral form, we write hke and - ) that

N
an —Qn wF 1 .
Z‘Ilm k CI’ZE k(y): Y j{dzf -~ z+1) [1= n2+1(w 1)
(27i)2 N :U Fw—i—l)l‘[in +1( —a;)
XZ k+1+a )HJ k1(Z — ;) D(w / )
[ (w—a) Tzt M —k+2)

_atmyTon dz y'T(z+ 1w+ M'+1) HiNnQH(w —a)
o (2m)? . xZ“F (w+ DTz + M +1) 1Y

j=n1 11z —aj)

2 N k—1 /
i zZ—qj (M -5+ 1
XZ(M/—]?—Fl-FOék)H]?Vk—H( J) Hifl( J )’
[hiw(w—a) [Ty (w+ M =1'+1)
(150)
where the contour X enclose the poles —1,—2, ..., —M' and the contour T'y,. (Compare it with

the X in ((105]).) By the telescoping trick as in and (78), and writing (z—w)(M'—k+1+ay) =
(z—ap)(w+M —k+1) — (w—ag)(z+ M —k+1), we have that

(Z_U’)i(M/—k—i—1+ak)H§yNk+1(z_aj)Hz’_ll(z+M/—j/+1) _
k=1 [Ii(w—oaq) Tl y(w+ M —1+1)
ﬁz—aj_ ﬂ z—ajﬁz+M’—l+1 (151)
LW weag g wt M=

and then

et —a i 1 w M’ ni — v
n iy w+kHj:1(Z ;)

E o ()2 d d | |
ni— k ng— k(y) 27” % Z%a w i Py Hlnjl(w — Odl>

=21 yv —n2 k (o
o i 2tk T2z — o)

Like (106)), by integrating over I',, we have

—z—1,w M'—n2 n —
LT, (2 — o
fdz dw”—2— ] w+ngl( = 7)=f0-dz:0. (153)
by Ta z w k=1 Z+ Hj:]_(z Oé]) ¥
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Hence the formulas ([52) for Y32, Unt_ (2)®"*_, (y) and (I53) and (T46) for ¢("1m2)(z,y)

yield the double contour representatlon of the correlation kernel

K(n1, @02, y) =

1 -1 xfwfl w
[ y d'UJ]lx<y]ln1 <nsg

Yo | 2mi I H?jn1+1(w — )

xF W /w+kHT'Li1(Z_O‘j)
d d = 154

which yields Theorem |3(d)| after conjugating out z%"1 /y“rz.
Proof of (147). This proof is parallel to that of (101]). From (145), (146]) and (64), we have

/ "N (@, )N, (y)dy

o 155
ZOnTE= 1yz y T (w + 1) HkN:n—jH(w — ) (155)
dz - S dwdy.
2m ro [T, (2 — o) , D(w+j+24+ M —n)
Here the contour T, is defined as in ((146]), and the contour ¥’ encloses the poles —1,...,—(j +

1+ M’ — n) such that Rw < Rz for all w € ¥’ and z € I',. Then using the decomposition
fxl = fol — J» we express ¥%(z) = " (Part I — Part IT), such that

1 —2—1 —w—1 N _
1 z z I'(w + 1 I w (6

Part I = / 5 Na: y dsz{ Y ( )kan jlﬂ( k)dwdy

0 (27TZ) o Hl:n+1(z al) ’ P(w+] +2+M —n)

N (M =+ 541+ ay_g)

(M" —n + j)!
1 —z—1 1 MN
. /O U= NPl o ) (W)dydz,

(156)

X —
2mi Fa H{in—&-l(z

where the second identity is the consequence of ((145]), and

xT 1 —z—1_ .z 71,U711" w + 1 N_ iy w— o
Part 1T — / _ Nﬂj‘ Y dzf Yy ( : ) Hk—n ]/Jrl( k)dwdy
o (2mi)? Jp, I, 1(z— ) / Nw+j+2+ M —n)

_ 1 j{ dzj(lg dw T (w 1) Hg:n—ﬁrl(w o) /:v y w1y
(2mi)? Jp, o T(w+j+2+ M —n) Hﬁnﬂ(z—az) 0

1 7{ dZ?{ dw 70 (w + 1) H/i;vzn—j-s-l(w—ak) 1
(2mi)? Jr, o T(w+j+2+ M —n) Hi\;nJrl(Z_al) z—w

(157)

Note that because Play an_1,....an_j11:M'—N) (y) is a monic polynomial of degree N —n + j, and
by the beta function, we find that

p()I'(z+1)
(z+j+2+M —n)

1
/0 yz(l - y)M _NP(aN,aN_l,...,an,j+1;M’—N) (y)dy = T (158)

where p(z) is a polynomial of degree N —n + j, and the residue of p(2)I'(z + 1)/T'(z + M’ —
n+j+2)at —(j+ 14+ M’ —n)is 1. On the other hand, because of the orthogonal property of
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Play.an_1,momji1:M'—N) (), the integral vanishes at z = an, ..., an—j+1. Hence we find that
similar to (112])

N
1 —Z—l]_—\ 1 o ORI
Part I = — z - (Z+ /) Hk‘—]\’:}/ ]-‘rl( k’)dz
2mi Jr, D45 +24 M =) T[Y, .\ (=~ )

(159)

In Part II, if we integrate by z first, then by a calculation of residues we have as in ((113|) that

1 —w=1P(y + 1 N al 1
PartII:.jl{ S (w+,) I1 (w—cm)(Z res N >
2mi Jo T(w 45 + 24+ M’ —n) k=n—j+1 1ot =0 (2 = w) [Tz (2 — u)
1 2=~ (w + 1) ﬁ 1
= : (w—ag) | — res ~
27t Jsy (w4 j+ 2+ M —n) i =0 (7 —w) [N, (2 — )
B ;1 o7V (w + 1) Hfgvzn—j+1(w - ak)dw
27'['i S F(w+]+2+M’—n) Hi\in—kl(w_al) ’
(160)
Since as integration contours, I'y, + X' = 3 where X is the contour in (147)), we have
1 —w-lp 1 (W —a
Part I — Part I = — 2" D(w+ ,) H’“—; il k)dw, (161)
21 Js T(w+j+24+ M —n) [1Y i (w — ay)
and we prove ([147)). O

5 Asymptotic Pearcey process

5.1 Proof of Theorem [

For the multiple Laguerre minor process defined by parameters a; specified in , the corre-
lation kernel for the distribution of the eigenvalues of S, Sp,, the minor of X* X is given by
(suppose ny,ng > n)

—w—1,,w

—1 T Y
K(nla x;nz, y) = ﬁ ﬁ[naj " (w _ {an )ng—nl dw]lz<y]1n1<n2

i (2mi)? 7{&,“ ! jgtmij a (z—w)'(w+1) (w — LnaJ) (w— |nb|)r2—n’

where I'|,4], |05 18 @ contour enclosing the poles [na] and [nb], and Yoyt is a deformed Hankel
contour as the X in that encloses I'|,,4) 1 nb) -

For the saddle point analysis later in this section, we need to deform the contour I'|;,4) 1)
into the sum of two disjoint contour I',, and I',,5| that enclose |na] and |[nb] respectively.
Then we use the contour X,,;q instead of X, where X4 is, a deformed Hankel contour similar
to Yoyt enclosing I'|,,,) but not T'j ).

A simple calculation of residue yields

L 2 2T (4 1) (2= [naf \" (2 = |nb))m "
(2ri)? i’izd ?iwwd (= = w)T(w + 1) (w—LnaJ> (w— [nb])r=—"

1 x—w—lyw
= dw. (1
Ii %FM (w — |nb])m2—m w. (163)

(162)
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From (|162)) and (163]), we have that
K(ny,z;m2,y) = KW (ny,25n9,y) + K& (n1,2;n9,9), (164)

where

-1 % x—w—lyw
— dwl =0 ifz<y,
27TZ FLnaJ (w - Lan )nz_nl s

1 —w—1, w

£ Y
27 Jr,,, (w — |nb])r2z—n

KW (n1, w59, y) = (165)

1 dwlly, <n, if x>y,

@) ni.T:n — ; . wx_z—lwa(z + 1) z — LnaJ n (Z _ Lan)m—n
K (n1, 75n2,y) (2mi)2 fimidd jitmjurtnbj d G wiwtl) (w — Lan) (0[] i
(166)

Although generically na and nb are not both integers, below we use na and nb in place of |na|
and |nb| as though they are integers. Readers can verify that it does not affect the asymptotic
result.

For the limiting Pearcey kernel to appear, we consider the scaling that n; and ny are
2n + O(n'/?), and = and y are nc + O(n'/4) where c is defined in ([34). After the change of
scaling , we write the kernel of the minor eigenvalue process as

l_ cln%(s—t)
K(nn,zsma, gy = — BT (e st ) + KO (s, w51, 0))dv,  (167)

(1+ an*%u)c—cln_? (s—t)

where by (164]) (noting that we change variables z — nz, w — nw)
1 1—cm o) )
—an 4v w cin?2 (s—t)
— L b— w)] dwl
2mi Jr, (1 — C3n_iu) &l w) et

e —ein 3 _3 —ein3 3
if c; " P51 4 can”1u) < ey " TN+ egn” 1w),

1 1 AN ,
— — 4 L
— [ —EE ) (@ 0—w) D dwl .,
21 Jr, \ 1 — c3n~ iu

KW (s, ut,0) = (168)

e —ein 3 _3 —ein 3 _3
if c; " P51 4 can”1u) > ey " N1+ egn” 1w),

3\ nw
1-— 0371*111) [Cg(b o Z)]cln%s an(z) 1

1 (
K® s,ut, v :,j{dzy{ dw - .
( ) (2mi)? Jx UT (1 _ C3n—§u)n [ (b — w)]cm%t efn(w) (w — z)
(169)

Here I', and I'y are contours enclosing a and b respectively, ¥ is a deformed Hankel contour
that encloses I', but not I'y, and

F,(z) = —log(cn)nz +logI'(nz + 1) + nlog(z — a) + nlog(b — z). (170)

Now we apply the saddle point method to the double contour integral K (2 (s,u;t,v) in (169).
Note that by Stirling’s formula, for any complex number z satisfying |z| > € and |arg z| < ™ —,

F.(z) =nF(2) + élog(ﬂnz) +0O(n™h), (171)
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where (taking the principal branch of logarithm)
F(z) = z(log z —logc — 1) 4+ log(z — a) + log(z — b). (172)

By the definition formulas (32)) and , we see that the derivatives

1 1
Fl(2) = logz—logc—I—m—I—z_b, (173)
1 1 1
Fl'(z)==- - 174
O =1- - (174)
1 2 2
F"(2) = — — + (175)

22 (2—a)? + (z—b)3

vanish simultaneously at z = 9. Thus around zy, F(z) = F(xg) + 2—14F(4) (0)(z — z0)* +
O((z — 0)®). We also have that F*)(z9) < 0. To see this, we denote ug = xo(zo — b)~" and
vo = 2o(xo — a)~!. Then the fact that x¢ is the zero of both (174) and (175] implies that

ud +vg = xo = 2(ud +v3). (176)
Let
r = ug/vo. (177)
Then (176) yields
r(1+7r?) 1+ 72 (147r%)3
— S = 7 178
TRy T o)y T a4 (178)
and further
ro (1+7%)? ro  (1+7?)?
To—a=—= 5, mo—bzfzizg’
vo  2(1+73) up  2r(1+13) (179)
(1+72)% 5 3 (1472)? 3
=T 2o 1), b= (r— P —2).
“ 4(1 4 r3)2 (r " ) 4r(1 4 r3)2 (r—r )

By the relation a < xg < b, we have ugp < 0 and vyp > 0, and then r = up/vg < 0; from the
relation xyp > 0 and its expression in r in , we find that » > —1; and further from the
property a > 0 and the expression of a in , we find that r € (—1,r9 &~ —0.657). Now we
can express F4) () as

2 6 6 1601+

3 4 (g—a)t T (1+72)9

F®(an) = zy (w0 —a)

(r® —3r* +8r% —3r2 +1) <0, (180)

where the inequality holds for r € (—1,—-0.4) D (—1,rg) by numerical computation.

From the formula , we see that if any one of the three points a,xq,b is fixed, then
r is determined and so are the other two points. As r — rg, a — 0, zg — 1+ 7”(2) and
b— (1—ry")(1+r2). When r decreases, a,g,b all increase. If r is close to —1 such that
r=—1+¢, then

+0(™), zo—a= ge_l +0(), b—xy= %e_l +O(1). (181)

To apply the steepest-descent method to (169)), we need the contours 'y, I'y, 3 to satisfy the
following conditions
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Conditions satisfied by contours I';, 1%, %
1. The contours are of the shapes largely depicted in Figure [6]

2. The point z is the maximum of RF'(z) for z € ¥ and the minimum for z € T', and z € T,
As z moves to oo along any direction of ¥, RF(z) — —oo.

3. Denoting the contours 3, I'y and 'y, near zg by X% It and I'S™® respectively, such that
b a
(see Figure [7)

X®={zeX||lz—z| < cgln*%}, where X stands for ¥, I', or I'y, (182)
we require that the shape of X is depicted as in Figure [7]}

Below we are going to construct contours as described above.

(S
Fa

Zess €ess

Figure 6: The schematic shape of ¥ and Figure 7: The central part of I'S™, ¥°° and

Pop=TqUTY. ['}% around xg that are the left, the middle
and the right respectively. The contours
extend to the ends having distance c3 In=s
to xp.

The explicit construction of the contours turns out to be tricky. We relegate the construction
to Appendix [B] and assume the properties above for the contours in the remaining part of this
section.

Below we do the steepest-descent analysis of around xg. First we specify the values
of the constants c1, co, c3 appearing in as

1
cp=¢€b""0, 3= G_iF(‘l)(ﬂso)i, c1 = (b—x0)3ck. (183)

For the asymptotic analysis, we write

K@ (s, ust,v) = K@ (s, us t,0) + K (s,u;t,v), (184)

ess remainder

where Késs) (s,u;t,v) is expressed by the integral formula on the right-hand side of ((169) with
the contours I'y, I', and X replaced by I'g™®, I'7® and X respectively, and K ) (s,u;t,v)

remainder
is expressed by the same integral formula with (z,w) € (3 x (g UT})) \ (£ x (I'g® UTP)).
Taking the substitution

11 1 1
W xo + 3T Tw, 2 w4 czinT iz, (185)
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such that the contours X** and I'g®, I'}* are scaled into ¥ and Ty, 'y respectively (see Figure
, we write

3\ NTo
1-— 1 1 -
E&)(s,ust,v) = ¢;ln"1 <03n§v> [¢5°(b — wo)| " TV KE) (s, ust,0)),  (186)
1—c3n 1u

where

1 (1-c¢ n_%v)crv_l"%w
K2 (s,uit,v) = ) ?{ dz?{dw 5 . —3
i) Js P “lnd

> (1 —cgn~2u)s "'~

c 1n_711z 1 1 cns
3 _ 1 — -7 1
|:02 (1 b—zo notz :| an(xo-‘rcgln_Iz) 1

T 7 (187)
cin2t an(onrcgln*Zw) w—z
c3n Iw -1
[02 ( n"iw ]
For |w| < n2, we have
3 cgln%w o _%
(1—6371_11;) = ¢ vweln 20w) (188)
and
1
1 -1 1 cinz2t 1 L cin2t
cgn”Aw 1— -1 : _ 1_7—1—52 0—23
[CQ ( b—xoc?’ n- w)] [ 51 W Rwt (n”1w?) (189)

2 1
_w a3
e T te(’)(n w )

Usmg approximations and - forw € T and z € ¥, and noting that F,(zo +
c3'n” 4w) is approximated by nF(mo +czln 4w) as in (171) and by (183)), note

F(zo —i—cgln*iw) = F(z0) + 5 F( )( )(cgln*iz) —i—O((cS n 4,2)5)

14 5 (190)
= F(zo) + m Y10 12°)
while
7(2) 6é 1 eO(n*%w) eo(n*z{(zs) e(’)(n*%{z‘%)
ety (i) dz dw B2 B2 =W 0 H2) (Om Tw) Om 1)
T2 e 4 n z n~ 4w n
wf s ¢ ¢ ¢ (191)
i ¢ d TT_Wl(lo—)
5
OOZ oow—% 22t w— 2 +0(n73))

Similar to ((186)), we make the change of variable (185 and write

3 nxo
1— —1 1 -
E® o (souit,v) = cni (3”) [0 (b—zo)] o CTIKE (s uit,v), (192)

remainder _3 remainder
1—c3n 1u

where Kfeglalnder(s,u; t,v)) is defined by a double contour integral formula like the one in

Késs)(s,u,t,v)) in (187), with the same integrand, but the integral is taken on the contour
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(z,w) € (c;;n%(E — x0) X 63ni(Fa,b —10)) \ (X x T'). Recall that RF(z) attains its unique mini-
mum on ¥ at xg and attains its unique maximum on I'y j at zg. It is not difficult to check that for
1 1 1

(s,u;t,v), the factor efn(@otes'n 4z)/an(m0+c3 1) qomi-

nates the other terms of the integrand and makes the double contour integral K Ifr)nain der
vanish as n — oo.

At last we consider K1 (s, u;t,v) in , the other part of the kernel K (s, u;t,v) in (167)).

Note that if s > t, then K(l)(s,u;t,v) vanishes, and if s < ¢, since ¢; > 0 and c3 > 1 in (183
1

(z,w) on the contour of Kgilamder

(s,u;t,v)

)

1 _1
we have c; ™ **(1 + c:;n‘gu) > ey 1+ 03n_%v) for all u,v € R and n large enough.
Below we assume the condition s < t and n is large enough so that

3 nw
—_ —_ 2 1
KW (s,ust,v) = 17{ <W> [e5 (b —w)] " " dw. (193)
F*

. 3
2mi 1—ec3n 1u

Here the contour I';, like I', in , encloses the pole b. We use a different notation, because
we want to deform the contour into a square whose left side is through xg, as in Figure [8] so
that it is of a different shape from the T’y for the asymptotic analysis of K (s, u;t,v). Note
that Yess is part of I';. It straightforward to check by explicit calculation that the absolute
value of the integrand attains its unique maximum on the contour I'; at xo. Then we write

similar to (T8), (I86) and (T92)

-
A

y

Figure 8: The square contour I'; around b whose left side is through .

KW (s, uit,v) = KU (s, us t,v) + KW (s,u;t,v)

ess remainder

3\ nTo
4 _1{1—ecan"av z 1 (s—
=c3in1 <3 5 ) (€50 (b — o)1 () (194)

1—c3n 1u
remainder

< (BQ(s.w:8,0) + Ko, 03, 0))

where (taking the change of variable w — xg + cglnfiw as in ((185))

4 3 L
_3 \ & ntw L eyn 3D
- -1 1—ec3n" 10 “lp—1 1 1
Ke(sls)(sau;tav) =5 7{ 373 [CSS S <1 - C3 n 4w>} dw,
27TZ ess 1 — C3n71u b - .1’0

(195)
and Kr(elr)nainder(s, u;t,v) is a contour integral with the same integrand as f{éiﬁ(s, u;t,v) with the

integral contour changed into I'; \ X%,
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Using the approximations (188) and (189), we have (if s < ¢ and n is large enough)

K& (s, ust,0) = L w5 (- 0 B w) O Tu?) g,

1 100 w2
=5 | E w1+ O H)) (196)
1 _w—w)? 1
=————%¢ 209 (14+0(n 12)).

V2m(t —s)

(s,u;t,v)) is similar to -f(r(«?r)nainder

The estimate of K (1)

remainder
vanishes exponentially as n — oo.

Collecting the results in (167)), (184), (186)), (191)), (194)), (196)) and the vanishing properties

- (2) . (1)
of Kremainder(s’ u; t’ U)7 Kremainder

s,u,t,v are fixed and n — oo,

(s,u;t,v)), and we can show that it

(s,u;t,v) and f(e(ss)(S,u;t,v) when s > t, we prove that as

nli_}ngo(l + 63n_iu)c_cm_%(5_t)MK(nl, z3n9,y)dy = K (s,u;t,v)dv. (197)
with the conjugation function
Fals,0) = (14 cxn™ 3 u)" (20 (g — byn] "2, (198)
Since we have
lim (1 + 03n_%u)c_cm_%(s_t) =1 asn — oo and u is fixed, (199)

n—oo

and by using the inverse of the change of variables we find
fu(s,u) = 2" ((zg — b)n)* ™™, (200)
thus concluding the proof of Theorem [4
5.2 Proof of Theorem [l
From Theorem |2 the sequences
v W) with (™) = (ufn), e 1/(")) (201)

have the same joint distribution as the spectra of the consecutive minors of a GUE(N) matrix
with external source, namely

(M+ A)n, with My =GUE(N) and Ay =diag(ki,...,K1,k2,...,K2). (202)

1 N—rg

The sequence forms an inhomogeneous Markov chain in discrete time given by ,
with correlation kernel given by . In [3], we studied n non-intersecting Brownian paths
(x1(t),...,zn(t)) leaving from the origin at time ¢ = 0, with n — |pn| particles forced to the
point by/n and |pn] particles forced to ay/n at time ¢t = 1. In Theorem 1.1 of [3], it was shown
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that a bifurcation (cusp) appears at the point (zg\/n,tg), when n — oo, and that a Pearcey
process arises in the scale copm_l/ 4 with

1
q specified by the equation p = qu,
2 —1
q¢“—q+1
to=(1+2(a—b>——-— ,
’ ( (@=9 (q+1)2> 503
(2a —b)g+ (2b —a) (203)
xron =
0 q+ 1 0
1
to(1 — to) <q2 —q+ 1> i
Cop = .
2 q
Referring to the notation of Corrollary [2| we set
bvn =k1 = —/n, avn= ks =+n, (l—p)n:n:g, pn:n—ﬁ:g, (204)
thatis,a=-b=1,p= %, q =1, yielding g = 0, g = %, copb = % For these values, one checks
that
lim p(bvmavn) (all zi(to) € zoy/n + L E) =PP(P(0)NE = 0), (205)

where P(t) is the Pearcey process[]

6 Interpretation in percolation model and Schur process

In this section we prove Theorem [2| for the three minor processes that we study. We also give
the proof for the Wishart minor process, for completeness as well as a preparation of the GUE
with external source case.

Recall the RSK correspondence that gives a bijection between m X n nonnegative integer
matrices X = [z;;] and a pair of semi-standard tableaux. The shape of the pair of Young
tableaux, which is a Young diagram, has a bijective relation to the maximal length of [ non-
intersecting up-right paths L% (m,n) defined in @ with the weight on each site (7, j) equal to
the entry xz;; of X. A Young diagram can be represented by a sequence of integers in descending
order, and only the nonzero terms are meaningful. To be concrete, suppose the shape of the

Young diagram is ("™ = (ngm’n), /igm’n), ...), then
1
Z K,Emm) = LY (m,n). (206)
i=1

Note that since the Young diagram (™™ comes from the m x n matrix X by RSK correspon-

dence, mgm’n) = 0 for all 4 > min(m, n).

Below we fix m and assume 1 < n < m. By definition,
but since the components ngm’n) — 0 for k > n, we abuse the notation and consider x(™™ as an

n-variate vector, as a discrete counterpart of the p(™™ defined in . From the relation (206)

(m.n) hag infinitely many component,

“The value to = + also derives from the correspondence (see Box 1 in [3]) of the Brownian mo-
tion problem with the GUE-matrix with external source M + A, where the diagonal matrix A; =

diag(k1, ..., K1, K2, ..., K2)\/2t/(1 — t). One notices /2t/(1 —t) =1 only when ¢ = 3.
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to the last-passage paths, we have the interlacing property £("="=1 < x(mn) that is, (note that
(m,n) (m,n)

as 1 Increases, our K; are decreasing but p;

are increasing)

0 < kM) < gmn=l) < () o mn=l) o) o <lmn) < glmn=h) < plman) o)
(207)
In other words, {Hl&m,n) |1 <k <n< N} form a Gelfand-Tsetlin pattern.

Let s1,...,8m;t1,...,t, be positive parameters such that s;t; < 1foralli=1,...,m,j =
1,...,n and let w(i,j) be an independent random variable in geometric distribution with pa-
rameter s;t;, so that

P(w(i, j) = k) = (1 — sit;)(sit;)". (208)

If the entries z;; of the m x n matrix X are random variables w(i, j) defined in (208)), the shape
of the corresponding pair of the Young tableaux, which is a random Young diagram, follows the
Schur measure [30], i.e., the probability that the shape is & is

P(r) =[] TT( = siti)su(s1,- - sm)sults, .. tn). (209)
i=1j=1

Equivalently, if the distribution of the weight w(i, j) at each (i,7) site of the m x n square
lattice is defined by (208), the maximal length of I non-intersecting up-right paths L") (m,n)
becomes a random variable and is determined by (209) via (206[). Note that the maximal length

LO(m,n) is well defined if the weight x;; are real numbers instead of integers. Then we can
define ™" conversely by (206). In that case k(™™ = (Hgm,n),ﬁgm,n), ...) is a sequence of

i
real numbers in descending order, but may not be interpreted as a Young diagram (cf. u(m’”)
defined in and Remark [7])

If we fix m and let n vary between 1 and N, we have the joint probability distribution of

m,1) m,2)

k(M) e(m2) g (Nm) g follows.

Proposition 1 ([13]). In the m x N rectangular lattice {(i,j) | i =1,...,m, j=1,...,N}
where N < m, let the weight at each site be independent random variables given by . If
n runs from 1 to N, and is regarded as the discrete time, the random Young diagram (™™
evolves as an inhomogeneous Markov chain with transition probability

Pn—l,n(’{(m’n_l), I{(m,n)) _

m

S 81y...,8 n  (mn) -1 (mn—1)
H(l _ Sztn) m(m,n)( 1 9 m) tn i=1F i=1 1 ]lﬂ(m,n—l)_<ﬁ(m,n)’ (210)
i=1 Sﬂ(m,n—l) (81, ey Sm) =

and the initial state Kk = (0).

In the special case that ¢; = 1 for all j, Proposition [1| is proved in [2§]. See also [16].
Choosing special values of p;,g; and taking limit, Proposition [l yields the four cases of
Theorem [2] Below we show the detail of taking limits case by case.

Wishart Let the m = M in Proposition [1} Set

pi=1, ¢ =1+a;/L, fori=1,...,M,j=1,...,N, where a; <0, (211)
we have )
ow(i,g)



where u(4, j) are independent random variables in exponential distribution with parameter —a;,
as in the continuous percolation model in the Wishart case of Theorem

Note that in this special case can be simplified by the evaluation of Schur polynomials
[20, Section 6.1, Exercise 6]

AM(l—H}l,Q—RQ,...,M—H}M)

1,...,1) = 213
84;,;) An(1,2,..., M) ’ (213)
M
if Kppy1 = Ko = -0 = 0 If we take the limit L — oo in (210)) and consider /QEM’N) =
LLxEM’n)J for fixed values of xiM’n), we find that the transition probability (210)) in Proposition

[ satisfies (| Lot = ([Laf™™), 1M )))

lim L"Py_1 (| La®n= | [ L) ) =

L—oo
(can)™  An@, @) I )M e
e i1,
(M _ n)! Anfl(ﬂﬁgMiﬂ_l) ng’n_l)) Hn_ll (x(M7n—1))M_n_i_leaanM,nA) ]lm(JVI,n—l)jz(IW,n)
_ Yoo o (x;
(214)
and : (M,1) M —1(, (M)\M—-1 a2
lim LP([Lzy 7)) = (—a)" (M = 1)) (zy ) et (M,1) e (215)
L—o0 Zy 20
Now if we consider random variables ,u(L]g’n) defined by REM’R) as
/iZ(M’n) = Lug\f’n), for1<i<n<N, (216)

then as L — oo, u(L]‘?n) converges in distribution to ,uEM’n) that is defined in the continuous per-

colation model by (8)) where (i, j) are independent random variables in exponential distribution

with parameter —a;. Then M) constitute an inhomogeneous Markov chain as n runs from 1 to

N, and the transition probability Pn,lm(u(M’"_l) M) i limy, o L"Py_1.5( LL,u(M”‘_l)J , LLM(M’")J)
given in (214)), and the distribution of ugM’l) is limy 00 LP(L/L&M’I)J) given in (215). We see

that the transition probability of ™ coincide with the transitional probability in the
Wishart case, and the probability distribution of ugM’l) is the same as the p; (,ugM’l)) in Table

Thus we prove the Wishart case of Theorem

Remark 7. The quantity ,uz(»M’n) that come from the limit RSK correspondence can also be

associated to the continuous RSK correspondence. See [26], [27] and [18, Appendix A] for more
details.

GUE with external source The classical transition between the Laguerre and Gaussian
weights gives that if n is finite and x = M + v M¢,

Mfa\/MMfMJrnef(lfa/\/M)xl,an

2
lim e = T, (217)

M—o0
Suppose in the M x N rectangular lattice {(i,7) |i=1,...,M,j =1,...,N} (N < M), the
weight at each site is an independent random variable u(7, j) in exponential distribution with
parameter 1 — a;/v M. Let pBMD - (MIN) he defined by and for 1 <i<n <N, we

define the random variables (M) = (V%M’"), e V,(LM’n)) by
pM — g MM (218)
5Where AM(JH, P ,CCM) = Hi\il Hfii+1(1’j — CIZ’l)
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such that 22:1 I/i(M’n) = M~Y2(LO(M,n) — IM). From the property of ;™" we have that
M,n) — (V(Mvn) 1/7(1M7n))
(M;n)

as n runs from 1 to N, the sequences v/ evolves as an inhomogeneous
Markov chain. Moreover, as M — oo, v have a joint limit distribution. To compute the
limit, consider the transition probability Py, _1,(u®m=1 y(M:n)) in the Wishart case of
the last-passage percolation model with parameters specified by p; = 0,¢; = 1 — a;/ VM, we
have, substituting ™ into v(M-") by and assuming v = p(") for all M,

gy

Lim Mn/QPn—l,n(M(M’n_l)aM(Mm))

M—o00
a% (Uz(n))g (n)
A ) Tlge ot (219)
= — — (n—1) (n=1)<p(n)
VT A5 ) e S e
1=
and 2 1,1 2
lim \/MP(,ugM’l)) = (2m) V2723 ma)” (220)

M—o0
A simple scaling argument yields that as M — oo, the limiting transition probability from
yMn=1) ¢ ,(Mn) hag the density function limps_ec M"/QPn,l,n(,u(M’”_l),M(M’”)), and the
limiting distribution of 1/§M’1) is limpz_yo0 VM P(ugM’l)). We see that the limiting transition
probability of (M) coincide with the transitional probability in the GUE with external

)

source minor process and the limiting distribution of V§ is the same as the pj(z) given in
Table [1} and so we prove the GUE with external source case of Theorem

Jacobi-Pineiro Let the m = M’ in Proposition |1 Set

pi=t"t ¢ =t%T fori=1,....M,j=1,...,N, (221)
where ¢t € (0,1) and a; > 0. By the Jacobi-Trudi formula of Schur polynomials, for any Young
diagram x = (K1, Ka,...), if Kypry1 = kprao = -+ = 0, then [20, Section 6.1, Exercise 5]

i—1)(r;+M'—5)\ M’ _ - ,

(1,2t 1) = et (1 A e ' M=y Dpp (e tML gt M=2 g (222)

o ' det (t0-DM=i))M | Ay (P =1 M =2 1)
Thus with our special choice of p;, g; (221)), the transition probability (210)) becomes
M’ (M'\n) | (M'n) | g (M',n)
, ’ L App(tEr ML ey TEAMI=2 Ry

Pn—l,n(”(M el M ’n)) = H(l — ) > <(M/ n_1) 7 (M n—1) — (M,nzl)

i=1 App(tr 7 TAMISL ey M =2 )

/ !
P D)0, g g1 (M=)
X t(a + )(Zz:l /437, Zz:l '17, )]]-K(M/,nfl)jn(lﬂl,n)7 (223)

where we assume /ﬁl(M/’n) = Hng’n_l) =0fori>n,j >n—1. Note that H,EM,’H)—l-M/—i =M-1
(resp. /{§.M/’n71) +M —j=M —j)ifi>n (resp. j >n—1).

Now we assume
t=e VL (224)

Similar to (214]), if we take the limit L — oo in (210) and consider mEM/’") = LLa:,EM,’n)j, using
the identity

(M n) . (M) .
lim ¢ tMI—i o for1<i<n<N, (225)

)
L—oo
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we find that the transition probability (210]) in Proposition [1| ((223]) in our special case) satisfies

M
! ! 1
. n (M’ n—1) (M'n) — .
Mm Loy (| La Iy [Lat™™]) ar =) Z'||1(0zn +14)

An(eimng,n)v T eiz%M/,n)) H?:l(l — G_IEMIYH))M/_ne_(a"—"l)xl(M/’n)
X ~ (M'n—1) (M) 1 IOy - = (226)
Ap_i(e™™ oy Tt T (1—e YM/—n+1g=(an+1)a;
Also we have
! M (M',1) (M',1)
lim LP([2{"V ) = (' = 1)) J(er + i) (1 —em )M Lt DaT L (997)
—00
i=1
On the other hand, since t depends on L by ([224)) similar to (212)),
. ow(e, g o
Jim V0D g g, (228)

by (221)) is a random variable in exponential distribution with parameter o; + ¢. Then like in

the proof of the Wishart case of Theorem we consider random variables M(L]\f/’n) defined by

,{(M’,n)

i as

fil(.M/’n) = L,LL%A/;II’H), for1<i<n<N. (229)

As L — oo, M(L]Vf/’n) converges in distribution to NEM ™ that is defined in the continuous perco-

lation model b§7/ where u(i, j) are independent random variables in exponential distribution
with parameter a;+7. Then pM'7) constitute an inhomogeneous Markov chain as n runs from 1
to N, and the transition probability P, 1, (™" =D, uM') islimy, o, L™ P,y (| L@ 7= || LM )
given in (226), and the distribution of ,ugM,’l) is limy, o0 LP( L,ugM,’l)J) given in (227). To prove
the Jacobi-Pifieiro case of Theorem [2] we need one more step of change of variables, such that

M’ n) (M'n)

I/Z»( e Hi , for1<i:<n<N. (230)

Noting that v’ constitute an inhomogeneous Markov chain and

()

Pn_l’n(V(M’,n—l)’ V(M’,n)) _ Pn_Ln(lu(M’,n—l)’M(M’,m)) H V(M’,n)j (231)
=1

Py = p(uM )M (232)

we check that the transition probability of v(M" ™) coincides with the transition probability

in the Jacobi-Pifieiro case, and the probability distribution of ugM/’l) is the same as the

D1 (MgM/’l)) in Table |1, thus finishing the proof in that case.

Multiple Laguerre limit The classical transition between the Jacobi and Laguerre weights
gives that if ¢ is finite and x = /M’

lim (M2 (1 — )M = g% €. (233)

M'—o00

Then similar to the derivation of the GUE with external source case from the Wishart case, we
find the proof of the multiple Laguerre case of Theorem [2| from that of the Jacobi-Pineiro case.
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Suppose in the M’ x N rectangular lattice {(i,j) |i=1,...,M',j=1,....,N} (N < M),
the weight at each site is an independent random variable w(i,7) in exponential distribution
with parameter a; +i. Let ,u(M/ 1 ...,,u(M/’N) be defined by and for 1 <i<n <N, we
M'sn) — (ﬂ%M,’n) . ﬁ,(le7n)) and v(M'n) — (V£M17n) . V(M/’n))

LA ycr N

define the random variables i7(
by

M’,TL) (M’ ,n) (M n) M/e “ENI ,n) (234)

M'n)
— e Hi -

7 - M'5}
Min) 0 (M',n) + llog M’. From the property of u™' ™) we have

SO ) = (M M) ang O =

such that Zi 1 log y(
that as n runs from 1 to N, the sequences
7(1M/ n) V(M’m))

R 7AY evolves as an inhomogeneous Markov chain. Moreover, as M’ — oo,
p(M'n)

have a joint limit distribution. To compute the joint limit distribution of I/(M/’"), we
note that from the result obtained above in the Jacobi-Pifieiro limit, the distribution function
of 7(M"n) ig given by in the Jacobi-Pifieiro case, with p(M'n=1) 1, (M'n) gubstituted through

234). Similar to [@219)), if we fix v = () for all M’ and take M’ — oo, then

lim (M)~ n_lm(ﬁ(M’?n—l),g(M’,n)):

M'—00
LA n et
Y] (7(/1_17) i ()_1) HZ:l(Vll ) ‘ (n—1) ]ly(n—1)<y(n) (235)
Qp: An_l(l/ln S ,)\nn_l ) H?;ll(yi(ni ))(Oén+1)efl’i -

and similar to (220))

’ (1)
lim (M)~ P ) = () ) e (236)

M'—0oc0

Compare the limiting transition probability (235) with the transition probability in the

multiple Laguerre minor process and lim s (M') "1 P(7 (M 1)) with p;(z) given in Table
we prove the multiple Laguerre case of Theorem

Proof of Corollary The statement is based on adapting the arguments of [2I], which
uses Donsker’s invariance principle and induction and on the following central limit lemma for
exponentlally distributed variables:

Lemma 5. Let the i.i.d. exponentially distributed random variables X; have mean and standard
deviation p = o = (1 — k/v/M)~L. Then, we have the following convergence in distribution to
a standard Brownian motion B(t):

| Mt]

Jim f Z x" = B(t) + xt. (237)

A Contour Integral Representations of multiple Laguerre poly-
nomials of the first kind, and Jacobi-Pineiro Polynomials

The multiple orthogonal polynomials are multiple weight generalizations of orthogonal polyno-
mials, such that the single weight that defines the orthogonality is replaced by a sequence of
weights. Among the orthogonal polynomials, the Hermite, Laguerre and Jacobi polynomials
are the most well known, and are called very classical polynomials. The three kinds of very
classical orthogonal polynomials have various multiple weight generalizations. With our scope
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being restricted to the so called AT systems, there are four corresponding very classical multi-
ple orthogonal polynomials. To be concrete, the Hermite polynomials give rise to the multiple
Hermite polynomials, the Laguerre polynomials have two generalizations, namely the multiple
Laguerre polynomials of the first and second kinds, and the multiple weight generalization of
the Jacobi polynomials are called Jacobi-Pifieiro polynomials. The algebraic properties of these
four kinds of multiple orthogonal polynomials are summarized in [31], and the relation among
them is illustrated in the diagram in the beginning of Section 3 of [31].

The multiple Hermite polynomials and the multiple Laguerre polynomials of the first kind
(simply called the multiple Laguerre polynomials in some random matrix theory literature) are
closely related to the random matrix models called GUE with external source and LUE with ex-
ternal source (better known as complex Wishart ensemble) respectively [7]. The random matrix
models corresponding to the other two kinds of very classical multiple orthogonal polynomials,
as far as we know, are first studied in this paper. For the sake of asymptotic analysis, it is
desired to have contour integral formulas for these multiple orthogonal polynomials. By our
limited knowledge, these contour integral formulas have not been written down explicitly in
literature. We state and prove the formulas in this appendix.

For comparison and reference, we first state the contour integral formulas of multiple Her-
mite polynomials and multiple Laguerre polynomials of the second kind, both obtained in [7].
Unlike orthogonal polynomials with respect to a single weight, there are type I and type II
multiple orthogonal polynomials with respect to a sequence of multiple weights. First we con-
sider multiple Hermite polynomials. Let aq,...,a, be a sequence or distinct real constants.
The n-th multiple Hermite polynomial of type II, denoted as P, . 4,)(2), is an n-th degree
monic polynomial satisfying the orthogonality conditions with respect to the multiple weights

T T
Tptar Ty TanT,

e , €

o0 z2
/ P(ah,”’an)(x)e*?Jrakxda; =0, k=1,...,n. (238)

— 00

The (n — 1)-th multiple Hermite polynomial of type I, denoted as Q(al,_._ﬂn)(av), is not a poly-
2

nomial (see Remark |8 below) but the linear combination of the weights e~ 2 t®1% eféﬂl"x
satisfying the orthogonality conditions:
o
/ Q(ah._’an)(af;)xkd:p =0, k=0,...,n—2, (239)
oo
| Quorecan @) Pl @ = 1. (240)
—0oQ

There are contour integral formulas for the multiple Hermite polynomials of both types I and
II.

Proposition 2 ([7] Theorems 2.1 and 2.3).

1
P(a17.~~7an)($) - % /C’+iRT ’

where the contour C + iR 1 is the upward vertical line {z = C + iy |y € R}, and

n

(=* T] (s — ax)ds, (241)

k=1

D=

n

Qor.a (@) ! }{e—éu—z)?H LI (242)

Y, ] t—a
2m2mi Jr, P k
where 'y, encloses all poles a1, ..., a, running counterclockwise.
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Remark 8. Our definition of the multiple orthogonal polynomials of type I is an abuse of lan-
guage, but it is essentially equivalent to the standard definition. (Our Q(ah._’an)(az) corresponds
to the Qz(x) in Formula (1.6) in [7].) This remark also applies to other multiple orthogonal
polynomials of type I defined below.

Remark 9. Our Proposition [2|is only the generic case of the theorems in [7] in the sense that our
Play,...an) a0d Q(q, . 4, are the Py and Qg with 7 = (1,...,1) in [7]. to recover the degenerate
cases, it suffices to take the limit that some a; become identical.

The multiple Laguerre polynomials are defined similarly. Let p > —1 be a real constant and
ai,...,an < 0 be a sequence of distinct negative real constants. The n-th multiple Laguerre
polynomial of the second kind, type Il with respect to the multiple weights xPe®®, ... zPen®,
denoted as Py, ... 4,:p)(T), is an n-th degree monic polynomial satisfying the orthogonality con-
ditions with respect to the multiple weights:

[ee]
/ Play,.anp)(@)2Pe™ dr =0, k=1,...,n. (243)
0

The (n—1)-th multiple Laguerre polynomial of the second kind, type I, denoted as Q(ay,....an:p) (z),

is the linear combination of aPe®™? ... xPe®® satisfying the orthogonality conditions:
o
/ Q(ar,....an:p) (:L‘)xkdac =0, k=0,...,n—2, (244)
0 o
/0 Q(al,...,an;p) (1’)P(a17_._7an71;p) (l‘)d$ =1 (245)

There are contour integral formulas for the multiple Laguerre polynomials of the second kind,
both types I and II.

Proposition 3 ([7] Theorems 3.1 and 3.2). Suppose p is a nonnegative integer. For x € (0,00),

I‘(n—l—p—l—l)xp?{ e e T
Poyanp) (@) = (1) —=———"F-— P e s "7P s —ay)ds, 246
(@) = (-1 PN E GRS (210)

where X is a contour enclosing 0 running counterclockwise, and

Q (z) = (_1)171_[1?1%”3]0% potgntp—1 ﬁ S (247)
(G17-..7Qn7p) F(TL +p) 27 r, Pt t— ag )
where Iy is a contour enclosing poles a1, ..., a, counterclockwise.

Note that our contour integral formulas and are different from [7, Formulas (3.5)
and (3.10)] by change of variables. An analogue of Remark |§| applies to Proposition
Remark 10. Although the multiple Laguerre polynomials are well defined for all real p > —1,
the statement and the proof given in [7] of the proposition are only valid for integer p. When p
is not an integer, the expression is valid if we let ¥ be the deformed Hankel contour, but
there is no simple way to generalize the contour integral formula in for noninteger p.

Now we state the result for multiple Laguerre polynomials of the first kind. Let a, ..., a, >
—1 be a sequence of distinct real constants. The n-th multiple Laguerre polynomial of the
first kind, type II, denoted as P, ,)(7), is an n-th degree monic polynomial satisfying
orthogonality conditions:

/ Pia,,...apy @)z e dr =0, k=1,...,n. (248)
0
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The (n — 1)-th multiple Laguerre polynomial of the first kind of type I is the linear combination

of x™e % ... x% e~ " satisfying the orthogonality conditions:
/ Qon....am)(@)2Pdz =0, k=0,...,n—2, (249)
0
| Qs @ Pl @) = 1. (250)

There are contour integral formulas for the multiple Laguerre polynomials of the first kind,
both types I and II.

Theorem 6. For z € (0,00),

e [T+ DI (- a)
Plon,an @) = e 742 L= iz, (251)
where the contour ¥ is the deformed Hankel contour, and
e " x?
= — d 252
Qorrol® = 5 b TG o™ (252)
where the contour 'y, encloses the poles o, ..., a, running counterclockwise.

At last we state the contour integral formula for Jacobi-Pifieiro polynomials. Let § > —1
be a real constant, and ai,as,...,a, > —1 be distinct real constants. The n-th Jacobi-
Pifieiro polynomial of type IT Py, . q,;3)(7) is an n-th degree monic polynomial satisfying the
orthogonality conditions:

1
/0 P(al,”_ﬂn;ﬂ)(x)mak(l — :U)ﬂdx =0, k=1,...,n. (253)
The (n — 1)-th Jacobi-Pifieiro polynomial of type I, denoted as Q(ar,....an:B) (x), is the linear
combination of z® (1 — z)%, k = 1,...,n, that satisfies the orthogonal conditions:
1
Qan...anp)(T)z"dz =0, k=0,...,n—2, (254)
0
1
| @t @ P i@ = 1. (255)

There are contour integral formulas for the Jacobi-Pineiro polynomials of both types I and
II.

Theorem 7. For x € (0,1),

P (x) = Fn+1+B) (1—-a)” f{ e (2 4+ D [They (2 — o)
(o T (- 1+ B+ ar) 2m I(z+n+2+p)

dz, (256)

where the contour X is the deformed Hankel contour, and

CIlrei(n 4B+ ag) (1—x)f 2T (2 +n+ B)
Qe onit) (2) = 1F(n + ) 27 7{3 D(z+1) [Tz (2 — o)

where the contour Iy, encloses the poles ay, ..., a, running counterclockwise, but does not en-
close other poles, if there are any.

dz, (257)
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We note that if 8 € Z, the contour ¥ can be a closed contour since the integrand has only
finitely many poles, and I', can be any contour enclosing aq, ..., a, since the integrand has no
other poles.

In the case n = 1 and 8+ a1 = —1, on the right-hand side of the constant factor
vanishes while the contour integral blows up. Howewver, still holds via I’Hépital’s rule as
o] — ﬁ —1.

Before the proof of Theorems [6] and [7, we recall the following results about the gamma
function.

Lemma 6. Let C' and € be positive constants, and suppose Rz < 0, |Sz| < C.
(a) If |z 4+ k| > € for all k =0,1,2,..., we have
I(z) =2 2e°0(1), (258)
and the O(1) factor is bounded uniformly in z.
(b) Ifa,beR and |z+a+k|>¢€, |z+b+ k| >€ forallk=0,1,2,..., we have

I'(z+a)

Lt etoq), (259)

and the O(1) factor is bounded uniformly in z.

Proof. Applying the Euler reflection formula (see [5, Theorem 1.2.1])

s

Pz = sin(mz)I'(1 — 2)’

(260)

we can derive the desired asymptotics of I'(z) (resp. I'(2+a) and I'(2 +b)) from those of I'(1 —2)
(resp. I'(1 — z — a) and T'(1 — z — b)). Note that Rz < 0 implies R(1 — z) > 1. Applying the
asymptotic formula ([5, Corollary 1.4.3])

I'(w) ~ \/27rww_%e_w, for |argw| < 7 — ¢, where § € (0, ). (261)
we obtain the asymptotics of I'(1 — z), and hence prove (258]). The proof of (259) is similar. [

In the proof of the theorems, we use the contour 3, ; to realize the deformed Hankel contour
3, defined as
Z}Lbz{z:t—ai | —oo <t < b},
Sap=Sap,US2,USS,, where X2, ={z=b+it|—a<t<a}, (262)
Eg7b:{z:ai7t|fa§t<oo}.

Proof of Theorem |§| First we prove (252)). A simple residue calculation shows that

:L.Z

res - dz 263
TG+ DI — an) (263)

is a constant multiple of z*. Thus the right-hand side of (252) is a linear combination of
e ™ k=1,...,n.
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On the other hand, for any m € Z,

/000 (Z:; 7{ [(z+1) 1‘?2 (- aj)dz> x"dx

1 e 1
- Ztme—z g d
2mi Jr, (/o v ) T+ DIz —ay)

(264)
1 (z4+m+1) &
T2 Jr, T(2+1) [T=i(z —aj)
1 ™ (24
= — Fo(2)dz, where F,(z)= M
2mi Jr, Hj:l(z — )
For m = 0,1,...,n —2, F,(2) = O(z™ ™) = O(z7%) as 2 — oo. Deforming T, into a large

enough circle cntered at the origin, we see that ﬁ fl‘a F,,(z)dz vanishes, and prove that the
right-hand side of satisfies (249). If m = n — 1, we have Fy,(z) = 27! + O(z72). With
I'y deformed into a large circle centered at the origin, we see that 2%” fFa F,.(z)dz = 1. This
result, together with the vanishing result obtained above for m = 0,...,n — 2, yields that the
right-hand side of (]Z satisfies .

Next we prove @ To show that the contour integral over X in is well deﬁned we
apply Lemma and find that for z # 0, the integrand of the contour mtegral in (251)) decays
rapidly as z moves along the deformed Hankel contour and Rz — —oo. Thus @ ahm’an)(l‘) is
pointwise defined for x # 0.

Since I'(x) has poles z = 0,—1,—2,..., the poles of the integrand in are z =

—1,—2,.... At the pole z = —j, we denote the residue
r DI — DT (G .
rj = Tes (+ )Hzlfll(z %) = (1) Hk_zl(], +ak)(—x)]_l. (265)
zZ=—) xT (j 1)

Thus we can formally apply the residue theorem, and express the contour integral over ¥ in
(251) as Z;’;l rj, a power series in . To make the argument rigorous, we write

R N G ) ) Y O B PG4 DTz € dz+Zr], (266)

271 J» xHl 2w Jy xz+l
1,—k—%

where ¥, _, 1 is defined in (262). If = € (0,00), by Lemma E@ we have that as k — oo,
) 2
266

the contour integral over 3, _, 1 vanishes for any x # 0. From (266]), we find that Z;; Tj
) 2

converges for any x € C. Thus the contour integral over ¥ in (251]) is a power series in x for all
€ (0, 00).
To show that the right-hand side of (251)) is a polynomial in x of degree n — 1, we apply the

identity that for k € Z,

To prove (267), we note that the contour integral in (267) is similar in form to that in (251).

By arguments as given above, we express the contour integral in (267]) as a power series and
have

1 [T(z+k+1) > Tz4+k+1) = (=1)dzitk
el A AP DL A Pl
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From the recurrence formula of the gamma function, we find that there are coefficients
co, - - ., Cp such that

k:
iz + 1221111 — Ok Z Ck Z+ + ), where ¢, = 1. (269)

e (24 1) [T (= — )
v Fz+ DI (2 — ax n
xz]+1 dz = Z cpat (270)

2 Js
is a monic polynomial of degree n.

We need to show that the right-hand side of (251) satisfies the orthogonality relations (248)).
Given any M > 0, we have forany m=1,...,n

/oM <21m j{z et 1) l;lzlill(z — ) g, > o dx

1 /M am—z—1 > a
= — g * e | T(z + 1 z— ap)dz
b (] I (G

_ Q2 (271)
=5 }1{ M I'(z+1) H (z — ag)dz
k=1,...n
k#m
n—1
c
= Z L M T (z + j)dz,
21 Js
=1
where the constants ¢}, ..., ¢,_; are similar to the constants ci, ..., ¢, in (269)) such that —I'(z+
D [ Te=1,. n(z—ag) = Z;‘ 11 ;F 2+ 7). By -, we have
k#m
1 .
— ¢ M* T MomTie=M, 272
5 (= + ) = M*¥e (272)
Substituting (272) into (271)), we verify the orthogonality condition by
M n
r 1 -
lim y{ (24 DIz Oék)dz xmdz = 0. (273)
M—o0 0 » $Z+1

Proof of Theorem First we prove (257). Without loss of generality, we assume 5+ a; # 1
if n = 1. A simple residue calculation shows that

x*T
res (z4n+p) (274)
=ax D(z + 1) [Timy (@ — )
is a constant multiple of x*. Thus the right-hand side of (257 is the linear combination of
r%(1—z) k=1,...,n
To prove the orthogonality conditions (254]), we note that for any m =0,1,...,n — 2,

(S 4 e ) e
b 3 </01xz+m(1 —x)ﬂdx> e Petnth) 4,

21 + 1) [T (z —ag) (275)
F(6+1)}{ IF'(z4+m+1DI'(z+n+pB) dz

o2m Jr, Tz+m+2+B8)T(z+1) [Ti (2 — o)

_T(B+1) Nz where . _H;.”:l(z—i—j) I= m+2(z+l+5)

T om ), Cm(2)dz, here Gin(z) = [Tt (z — o) ‘

49



Similar to (264)), for m = 0,1,...,n—2, Gpu(2) = O(z™ ") = O(272) as z — co. By deforming
T', into a large circle, we have that ﬁ fra G (z)dz vanishes, and thus prove that the right-hand

side of ([257) satisfies (254]).
To verify the orthogonality condition (255]), we have, similar to (275)), that

[ i)

) - IT= (= + )
=TE+1) ¢ Gra(2)dz, whete Guo(e) = o Zamm o s

(276)

If we replace the contour Ty, by a large circle T, by the estimate G,,_1(z) = O(2~2) we have

1
— @ Gp_1(2)dz =0, (277)
2mi Jp
Note that the contour I' encloses one more pole z = —(n + 3) than the contour I'y, and so we
have by (277 that
12 (z+4) IS +8)

omi f Cnade == X G+t AN G —an)  fam+fra) 2

By (276 - . and the vamshmg of 5 fr Gm(z)dz for m =0,1,...,n—1, we verify that the
right-hand side of @ satisfies

Next we prove @ To show that the contour integral over E in is well defined, we
apply Lemma |6 and find that for x # 0, the integrand in decays rapidly as z moves
along the deformed Hankel contour and Rz — —oo. Thus @ al,...,an,ﬁ)( x) is pointwise defined
for z # 0.

Since I'(z) has no zero and has poles at z = 0,—1,—2,..., the poles of the integrand in
are z = —1, — . At the pole z = —j, we denote the res&due
PO S YCES1) | RS
z=—j I'z+n+2+p)

~ e I (z+ 5+ 1) e (z—ax)
= T(z+n+2+0)[[ (z—i—l) (279)
(=" Tlp 1(]‘1’0%) Li(n—142+0)

" T(n+2+B) (3—1)

Thus we can formally apply the residue theorem, and express the contour integral over ¥ in
(1256) as Zj’;l Rj, a power series in . To make the argument rigorous, we mimick the argument
for the contour integral in (251]) and write

i. 7+ D I (2 — o) z = L v+ DI dz+z R;,
27 Jx, IF(z4+n+2+7) 2w Je F(z—l—n+2+5
Sl
(280)
where 2177,67% is the same as in (266). If = € [0, 1], by Lemma e have that as k — oo,
266

the contour integral over ¥, _, 1 vanishes for any = # 0, and from (266)), we find that Z;’il R
) 2

converges for any x € C. Thus the contour integral over ¥ in (251]) is a power series in x for all
z € (0,1).
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To show that the right-hand side of (256) is a polynomial in x of degree n — 1, we apply the
identity that for 0 < x <1 and k € Z,
1 (2 + k+ 1) 1 A
— dz = "1 — z)P. 281
2mi Jy, T(z+k+24P) I'(1+p3) ( ) (281)
The proof of (281)) is similar to that of (267)), Noting the similarity between the contour integral
in (281) and that in (256)) by arguments like those given above we have

1 x*Z*lr(z+k+1)dz_i e (245 +k+2)
2mi Jy T(z+k+2+p) = Oz——a - 1I‘(z+k‘+2+ﬁ)HJ+1(z+k‘+Z)
1) itk
—Z HM) (282)
_ Z H ) 1)jxj+k_
1 + 6 ]‘
Comparing (282)) with the expansion
o] 7—1 .y o
Fl-z)f =) Ui (520 ("8 )(—1)fo+k, (283)
= 7

we prove (281]).

Similar to (269)), there are coefficients cg, c1, ..., ¢, such that

[Lioy(n+1+ 8+ ag)

I(z4+ 1)1y (z — o) _ ick I'z+k+1)
[Tizi(k+58)

D(z+n+2+75) Iz+k+2+78)

where ¢, =

(284)
In (284), the value of ¢, is obtained, when 8 ¢ Z, by substituting z = —(n + 1 + (), so that

(284)) becomes

n

H —n—1-8—o) =cT(-B), (285)
and further by I’Hopital’s rule when 8 € Z. Summarizing the results obtained, we have
(1 — :C.)_B 7{ xizilr(z + 1) HZ:l(Z — ak)dz — Zn: Ck xk) (286)
271 5 F(z+n+2+4p) = (1+p)

and hence we prove that the right-hand side of (256]) is a monic polynomial of degree n.
We need to show that the orthogonal relation (253]) holds. For m =1,...,n,

[ (frree b,

1 e 0z + DT (z — o)
= 1li b=l dz | 2®md
50 <7§Z T(z+n+2+5) Z>x o

1—
_ ‘ T 1 2Om Z—I—l Hk 1( ak)
_f{E(/ d) z+n+2+6) dz

L(z+ 1) [Ir=1,..n(z — Oék
k;ém

5 F(z+n+2+p5)

(287)
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From the formula , we see that if we can show the last contour integral in vanishes,
then the proof is done. To see that, we take a = b = C, a large positive number, in the definition
of the contour ¥ in . By Lemma the integrand in the last contour integral in is
O(|z|~2*M). Thus the contour integral itself should be O(C~1+A)). Letting C' — oo, we prove
that the contour integral vanishes.

B Construction of contours

First we construct X of Figure @ Let ¥ be of the shape (see Figure E[)

Y1i=x0+ (1 —i)o+t, t<—o,
YX:=3X1UXoUX;3, where Yo = xg + it —0c<t<o
Ys:=x0+(14+i)o—t, t>o.

(288)

Note that for a large enough o, we have the following

Conditions for o
1. For z € ¥ U X3, RF(2) decreases as z moves to the left.
2. For t € (0,00) U (—00,—0), RF(it) < RF(xo).

We assume the parameter o in satisfy the two conditions above.

To show that RF'(z) attains its maximum on ¥ at zg, it then suffices to show that RF(z)
decreases as z moves along ¥y upward (resp. downward) from zg to o +i0. We need only to
consider the case z € X9 N C4 due to the symmetry of RF(z) about the real axis. To this end,
since F'(zo) = F"(x) = 0, it suffices to show that for all ¢ > 0,

O?(RF (xg + it)) " , 1 1 1
= —RF = — — _
12 RE (w0 +it) Zo+it  (zo—atit)2  xo—b+it)?
xo (vg —a)? — 12 (o —b)% — 2 (289)

22422 ((wo—a)2+12)2 T ((wo — b)2 +12)2
<0.

Using the expressions of g, x9 —a and xo — b in (178]) and (179) and taking the substitution

t= &Hi%is, we have
, 4(1 + r3)2
F’ = 2
RE" (zo + it) 152 G(s), (290)
where o3 ) )
G(s) = (1+r7) _ lms e lors (291)

(1+7r2)2+4(1+73)2s2  (1+s2)2  (1+72s2)2°
We need to show G(s) > 0 when s > 0. Since G(0) = 0, it suffices to show G'(s) > 0 for s > 0.
Writing

82

[(1+72)24+4(1 4+ r3)2s2](1 + s2)2
X [(B(14+7%)? —4(1 +7%)%) + (L +r°)* +4(1 +r%))s*] . (292)

G'(s) =
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We check that the coefficient
31+ AL+ = (<2 VAR VB (VB ) H 214 %)  (299)

is positive for r € (—1,79), hence G'(s) > 0 for s > 0 given that r € (—1,79). Therefore our
construction of ¥ is valid.

Next we want to construct I'y, and I', of Figure |§| such that RF(z) attains its minimum on
Iy (resp. I'y) near xg. Since F(Z) = F(z), we consider only the parts of I';, and I';, on the upper
half plane, and let the lower parts of I', and I', be obtained by reflection. We construct first
Fbprehm (resp. Fgrehm) as an approximation of I';y N Cy (resp. I'; NC4), and then deform Fgrehm
(resp. T2 Jocally around z to obtain T, N C, (resp. Ty N C4).

In our construction of the contours, we need a technical result that F’(z) has no zeros in
the first quadrant (except for zp on the boundary). To see it, we consider the contour integral
— §qulad F"(z)/F'(z)dz, where Cquaq is a quarter-circle contour in the first quadrant, centered
at 0 and locally deformed at a, b and z to exclude the singularities, see Figure [I0] The value
of this contour integral is the number of zeros of F'(z) enclosed by Cquaq. By direct calculation,
we see that the contour integral vanishes as the radius of Cquaq approaches oo, which implies

that F'(z) has no zero in the first quadrant.
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Figure 9: The actual shape of X. Figure 10: The contour Cgqyagd-

First we construct Ffrehm. By the local property of F(z) around zg, we have that the
direction 7 is a steepest-ascent direction of RF(z) at xg. we construct the gradient flow line
of the vector field VRF(z) on the complex plane, (with the complex plane identified with R?,)
starting from zo with initial direction 7. The value of #F(z) increases as z moves along the

flow line. Consider the region
B={ze€Cy|0<S82z< N, 0<Rz < Ny and z is to the right of .} (294)

Here we choose N7 and Ny such that they satisfy the following

Conditions for N; and N,
1. As z moves along the horizontal line R 4+ ¢N; to the right, F'(2) is increasing.
2. For z in the vertical line between No and Ny + iN1, RE(z) > RF (o).

It is not difficult to check that if N7 is large enough, then Condition (1] is satisfied, and for any
fixed Ny, if Ny is large enough, then Condition [2] is satisfied. So the region B is well defined.
We denote by I'p the part of the gradient flow line in B and connected to zg. Since along the
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gradient flow line RF'(z) is eventually unbounded, I'p has to hit the boundary of B. The value
of RF(z) on ¥ is less than RF(xp), so I'p cannot hit ¥. For the same reason it cannot hit
the line segment between xg and b, or the imaginary axis. Then there are only two cases to
consider:

1. T'p hits the ray (b, +00): We define Fi’relim as I'g, as shown in Figure

2. I'p hits the top or the right side of B: We define I' bprelim as the combination of I'p and
the right side (and possibly also the top) of B between its intersection with I'p and its
intersection with the real axis, as shown in Figure

2 Y
| |
ol e & e __ ol e e
0ary 0aro
Figure 11: One possible construction of Figure 12: Another possible construction
Fgrehm when I'g hits the bottom of B. of Fgrehm when I'p hits the right side of

B, and then Fgrehm is the union of I'g and
the part of the right side of B (in boldface)
between I'p and the real axis.

It is clear that in either case, RF(z) has o as the unique minimum on T?""™,

The construction of ITE™"™ is done in a similar way. Denote
A={z€C,|zis to the left of ¥ and 0 < Sz < o}, (295)

and construct the gradient flow line of VRF(z) starting from x with initial steepest ascent

direction 3}%. We denote the part of the flow line in A and connected to xg by I 4. By the same

argument as for I'p, we have the following two possible cases:
1. T4 hits (0,a): we define I5™"™ as 'y, as shown in Figure

2. T4 hits the left side of 4, i.e., the vertical line between 0 and io: we define TR "™ as the
union of I'4 and the vertical line between 0 and the intersection of 0A and I'4, as shown

in Figure

Note that in case |1} RF(z) has 2o as the unique minimum on rereim que to the property of
the flow line I'4, but in case [2 this is not always true. If a is big enough, or equivalently the
parameter r € (—1,7p) defined in is away from rp, we have that for z =it (¢ > 0) on the
positive imaginary axis

A(RE(it))
ot

= —QF'(it) = + <0, (296)

1 T
a 2

1
+

S
o

1
+

RS
Q|+
(S

and then RF'(z) is decreasing as z = it moves from 0 upward along the imaginary axis. Hence
the definition of TE™"™ is valid if (296) holds for all ¢ > 0. Numerical result shows that (296)
holds if @ > 0.3436, or equivalently r < —0.7150.
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Figure 13: Ome possible construction of Figure 14: Another possible construction
rEei™ when Ty hits (0, a). of TE™™ when T'4 hits the left side of B,

and then TP™™ is the union of T'g and the
vertical line (in boldface) between I'4 and
the real axis.

Remark 11. Although a more sophisticated construction of Fgrehm allows a smaller a, there is
an essential difficulty if we let a — 0. Since we require I'y (and so TE™™) not to intersect with
(—00,0), there is 29 € TE™ 1 (0,a). We need RF(z) > RF(x0). However, it is not difficult
to show that if a is very close to 0, or equivalently, r is very close to rg,

RE(x) < RF(xg), forall xz € (0,a). (297)

and then the construction of I'E™"™ is impossible. Numerical result shows that holds if
a < 0.1184, or equivalently r > —0.6827. To consider the case that a is very close to 0, we need
to allow I', to cross (—o0,0), and radically change the contour integral formula. We do not
pursue it in this paper.

The contours TE*"™ and I‘i’rehm with their reflections in the lower half plane are still not
satisfactory contours, because (1) they intersect with ¥ at xq, (2) they are not described by
explicit formulas around zg, the point around which we do steepest-descent analysis. To solve

these defects, we first choose a small enough € > 0 and deform the part of TE*"™ (resp. Fi’relim)
that is within distance € to xg into the straight line segment between xg to zg + e Te (resp.
between zg to xo—l—e% €) such that RF(z) still increases as z moves along the contours away from
xg. Then we deform the line segment between xy and xg + T Cq Ip=1 (resp. the line segment
between xg and xg + e%cglnfi) into the vertical line segment between xg — %c_lnfi and

1 . . 1 1 m _q _1
Ip—1 (resp. the vertical line segment between xg + ic3 In=1 and 29+ €1 c3 In—1,

o + et C3 7z
Then we obtain I'y; N C4 (resp. I', N C4) and the final contour T', (resp. I'p is obtained by

reflection about the real axis.
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