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Abstract

This is the second part of a study of the limiting distributions of the top eigenvalues of a
Hermitian matrix model with spiked external source under a general external potential. The
case when the external source is of rank one was analyzed in an earlier paper. In the present
paper we extend the analysis to the higher rank case. If all the eigenvalues of the external
source are less than a critical value, the largest eigenvalue converges to the right end-point of
the support of the equilibrium measure as in the case when there is no external source. On the
other hand, if an external source eigenvalue is larger than the critical value, then an eigenvalue
is pulled off from the support of the equilibrium measure. This transition is continuous, and is
universal, including the fluctuation laws, for convex potentials. For non-convex potentials, two
types of discontinuous transitions are possible to occur generically. We evaluate the limiting
distributions in each case for general potentials including those whose equilibrium measure have
multiple intervals for their support.

1 Introduction

1%
\/L%%—i—ooaskﬂ—hl:oo. Let A, beann xn

Hermitian matrix and consider the probability density function (p.d.f.) on the set H, of n x n

Let V : R — R be an analytic function such that

Hermitian matrices defined by

1
pn(M) — ?e—nTr(V(M)—AnM), M E Hn (1)

n
Here Z,, is the normalization constant so that an pn(M)dM =1 where dM denotes the Lebesgue
measure. The sequence of probability spaces (Hn,pn), n = 1,2,---, is called a Hermitian matrix

model with external source matrices A,, n = 1,2,---, and potential V. Note that due to the

unitary invariance of dM and the presence of the trace in the exponent of , the density p, (M)
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depends only on the eigenvalues of A,,. Hence we may assume without loss of generality that A,
is a diagonal matrix.
The main focus of this paper is the special case when

An:diag(alv"' 7am707"' 70) (2)
~——
n—m
for all n > m with ﬁxedﬂ non-zero aj, - - - ,am. In this case, (H,,p,) is called a Hermitian matriz

model with spiked external source (spiked model for short) of rank m. The main interest of this
paper is to study how the limiting location and the fluctuation of the top eigenvalue(s) of M as
n — oo depend on the ‘external source eigenvalues’ a;.

The case when m = 1 (rank one case) was studied in [7] to which we refer the readers for the
background and motivations of the spiked models. See also [4], [23], [6], [I8], [20], [27], [14], [1],
[22], [10], [9], [210, [28], [13], [25], [11], and [12].

The spiked model of an arbitrary fixed rank was studied in great detail for Gaussian potential
in [23] and also for the so-called complex Wishart spiked models in [4]. Let us review the Gaussian
case here. Let e denote the right end-point of the support of the equilibrium measure associated
to the potential V. For the Gaussian potential V(z) = 12?, e = 2. Let &nax(n) denote the largest
eigenvalue of the random matrix of size n. Then there is a constant 5 > 0 such that

Fo(T), if max{ai, -, am} < £V'(e),

Fm(T), ifal:"‘:am:%vl(e), (3)

Pn((&max(n) - 6)677,2/3 <T;ay,--- ,am) — {

On the other hand, if aj = -+ = am > £V’(e), there is a constant 2g(a;) > e and v(a;) > 0 such

that
Pr((§max(n) — wO(al))'Y(al)nlﬂ <T;ai, - ,am) = Gm(T) (4)

for each T' € R, as n — oo. Here Fin(T), m = 0,1,2,---, and G (T), m = 1,2--- are certain
cumulative distribution functions. The constant zo(a) is a continuous function in a € (5V’(e), o)
and satisfies z(a) | e as a | %V’(e). Hence for the Gaussian potential, as a;’s increase, the limiting
location {max 1= limy, o0 Emax(n) stays at the right end-point e of the support of the equilibrium
measure until a;’s reach the critical value %V’ (e). After the critical value, &pax break off from e
and moves to the right continuously.

This continuity of £max does not necessarily hold for general potentials. Indeed, for the rank
one case it was shown in [7] that {max may be a discontinuous function of the (unique) external
eigenvalue for certain potentialsﬂ If V is such a a potential, then &,,x for the potentials sV is also
discontinuous for all s close enough to 1. An example of such V' can be constructed by considering
a two-well potential with a deep well of the left and a shallow well on the right. Nevertheless there
still is universality: it was shown in the rank one case that the limiting distribution of &yax(n) at

'We also consider the case when a; depend on n. Indeed, in transitional cases we assume a; varies in n but
converges to a fixed value as n — oco.

2Tt was shown that &max 1s continuous when V(z) is convex in > e. A criterion when the discontinuity occurs
is given in [7].



the continuous points of &nax is (generically) same as that of the Gaussian potential. (It though
varies depending on whether the external eigenvalue is sub-critical, critical, and super-critical.)
Even more, at a discontinuous point, the limiting distribution is something new but it is still
(generically) independent of V. In this paper we show that similar universality holds for the higher

rank case as well.

While [7] and the current paper were being written, a work on a similar subject was announced
in the recent preprints [11] and [12] by Bertola, Buckingham, Lee, and Pierce. The major difference
of their work and ours is that we take a;’s to be all distinct and keep m fixed, while [I1 12] take a;
to be identical and let m — oo with m = o(n). Hence these two works complement each other. The
methods are different and it seems that each has an unique advantage in handling the situations
mentioned above; see Remark below. See also Section 1.1 of [7] for a further comparison.

1.1 Algebraic relation of higher rank case and rank one case

The starting point of analysis in this paper is a simple algebraic relation between the higher rank
case and the rank one case. The gap probability, for example, can be written as a finite determinant
built out of the gap probabilities of rank one cases.

In order to state this algebraic relation, we slightly generalize the setting of the spiked model.
Note that in the definition of the density (T)), the factor n in front of Tr(V (M) — A, M) equals the
dimension of the matrices M and A,. We may take the factor different from the dimension and
consider the following p.d.f. :

1
pd,n(M) — 7€—nTr(V(M)—A(,lM)7 M e Hd, (5)
Zd,n
where
Ad:diag(ab"' 7am>0>"' 70) (6)
N——
d—m
for some non-zero numbers aj,--- ,ay. Define, for a complex number s and a measurable subset
E of R,

d d
Ean(ar, -+ ,am; E;s) := E[Hﬂ - SXE(fj))] = /H H(1 — sxE(&)))pan(M)dM (7)

d j=1

where &, j =1,--- ,d denote the eigenvalues of M. It is well-known that (see e.g. [26])

[y

<.

(1) d

v

gd,n(ala"' 7am;E;$)' (8)
s=1

Il
o

i
is the probability that there are no more than j — 1 eigenvalues in £. When E = (z,00), this is
precisely the cumulative distribution function (c.d.f.) of the jth largest eigenvalue. When Az =0
we denote by €qn(E;s), and we also define

_ Enlar, - ,am; E;s)

Ean(@r, -+ am; Bys) = =50 — (9)




Let pj(z;n), 7 =0,1,---, be the orthonormal polynomials with respect to the (varying) measure
e~™V(@)dz and set Yi(x;n) = pj(ﬂf;n)eigv(x)- Define

Lj(a;n) = / e"(ava(x)/z)@bj(x; n)dzx. (10)
R
The following identity relates the higher rank case to the rank one cases.

Theorem 1.1. Let E be a subset of R and let s be a complex number such that E,—j10(E;s) #0
forallj=1,--- ,m. We have for distinct ay,--- ,am,

det [I‘n_j(ak; n)En—j+1.n(ar; E; s)] "
gn,n(ala"' aam;E;S): :

k=1
= —. (11)
det [T —j(ag; )]}

Remark 1.1. When some a; are identical, the above theorem still holds by using L’Hopital’s rule.
This follows from the smooth dependence of the quantities above in a;’s which can be proved
directly. The explicit smooth dependence of multiple orthogonal polynomials on a;’s, which is
essentially equivalent to the smooth dependence of quantities in , is shown in, e.g., [20, 11, 12]
in similar situations. However, in the rest of the paper, we only consider the case when a; are all
distinct.

From the above theorem, the study of the limiting distribution of the eigenvalue of higher rank
case may be reduced to a study of rank one case, which was done in [7]. However, for the interesting
cases when a;’s converge to the same number in the limit, the numerator and denominator both
tend to zero and thus we need to perform suitable row and column operations and extract the
common decaying factors to make the ratio finite. This requires us to extend the asymptotic result
of [7] to include the sub-leading terms of the asymptotics of &,_jt+1,.(ax; E;s). Nevertheless we
only requires the existence of the asymptotic expansion but not the exact formulas, and hence most
of the extension of the result of [7] is straightforward. The technical part is the row and column
operations and to show that the ratio becomes finite after factoring out the common terms.

1.2 Assumptions on potential VV and some preliminary notations

In this subsection, we first state the precise conditions on V. Then we fix some notations and
discuss a few important results of the rank one case.
Assume that V satisfies the following three conditions:

V(z) is real analytic in R, (12)
Vv

V@) — 400 as |z| — oo, (13)
z?2+1

V is ‘regular’. (14)

At the end of this section, we will discuss additional technical assumptions on V.
Here the regularity of V' is a condition defined in [16] which we do not state explicitly here.
We only note that this condition holds for ‘generic’ V' [19] and for such V', the density ¥(x) of the



associate equilibrium measure (the limiting empirical measure when there is no external source)
vanishes like a square-root at the edges of its support.
In the usual unitary ensembles (with no external source), the condition is typically replaced
y log‘&(fll) — 400 as |z| — oo [16]. Here is needed to ensure that the probability density
is well defined for all (spiked) A,,.

With the above assumptions, the support ¥(x) consists of finitely many intervals:

N
J:: U(bj’a-]-i—l)’ Where bo <a1 < .- <aN+17 (15)
=0

for some N > 0. Note that we allow in this paper that N can be larger than 0. We denote the
right end-point of J by
e :=ant1 (16)

as in [7]. We also set

s W (x) 2/3
b= (i S w

By the condition , [ is a non-zero positive number. It is also known that under the above
assumptions (see [16] and [15]) for the usual unitary ensemble with no external source,

T
lim P, <the largest eigenvalue < e + W’) = Fy(T), (18)

n—oo

where Fj is the Tracy-Widom distribution (see below for definition.)

We now recall a few notations and results from the analysis of rank one case [7]. Let

g(z) = /Jlog(z — 5)U(s)ds, z € C\ (—o0,e), (19)

be the so-called g-function associated to V. Let ¢ be the Robin constant which is defined by the

condition

g+(z)+g_(z)—V(z)=¢, x e J. (20)

We also define two functions
G(z;a) :=g(2) = V(2) +az, H(z;a):=—-g(z)+az+/ (21)

for a > 0. These functions play an important role in the analysis of rank one case. Observe that
G(e;a) = H(e;a) from (20). The function H(z;a) is convex in x € [e,00). Let c(a) € [e, 00) be
the point at which H(z;a) takes its minimum. It is easy to check that c(a) = e for a > 1V’(e) and
c(a) > e for a < $V'(e).

Now let a. be the critical value associated to V' defined by

a. = inf{a € (0, 00)| there exists T € (¢(a), 00), 00) such that G(z;a) > H(c(a);a)}. (22)



In general, a. € (0,4V’(e)]. If V() is convex for z > e, then a, = £V’(e). The limiting location of
the largest eigenvalue in the rank one case depends on whether a < a. or a > a.. Here we denote
it by £(a) to indicate the dependence of on a.

Super-critical case: Set

Jv = {a € [a., )| [H%a)x )G(a;; a) attains its maximum at more than one point}. (23)
x€|c(a),00

This is a discrete set. If V(z) is convex in z > e, then Jy = (. For a > a. such that a ¢ Jy,
let zg(a) denote the point in [¢(a),00) at which G(z;a) takes its maximum. For such a, it was

shown that z(a) is a continuous, strictly increasing function. Moreover, £(a), the limiting location
of the largest eigenvalue in the rank one case, equals z(a) in this case. On the other hand, if
a > a. and a € Jy, then £(a) is a discrete random variable whose values are the maximizers
of max,e(c(a),00) G(7;a) (there are at least two of them). We call a > a. such that a € Jy the
secondary critical values.

Sub-critical case: On the other hand, if a < a., then £(a) = e.

Critical case: At the critical case when a = a., {(a) depends on whether a. = 1V’(e) or
a. < 3V'(e). In both cases, let us assume that a. ¢ Jy. Then when a, = $V'(e), {(a) = e as
in the sub-critical case. But when a. < $V(e), £(a) is a discrete random variable whose value is
either e or the unique maximizer zo(a.) of max,¢(c(a)00) G(7;a) (Which equals H(c(a.);a.) from
the definition (22)).

For the rest of the paper, we assume that V is a potential such that

a. ¢ Jy (24)
and
for a € Jv \ {a.}, (n%a)x )G(az; a) is attained at two points x1(a) and z2(a). (25)
xe(cla),00

Moreover, we assume that
G'(z(a);a) # 0 for a € (a., )\ Jv, (26)
G"(z1(a);a) # 0, G"(x3(a);a) # 0 for a € Jy \ {a.}, (27)
G’ (zo(ac);a.) # 0 for a, < a,. (28)

Note that under this assumption, all of G”(x;(a);a) (i = 0,1,2) are negative. In [7], these excluded
cases are referred as “exceptional cases”. However, to be precise, even though it is reasonable to
imagine that non-exceptional cases are generic in the sense of [19], this was not established in [7].
This issue will be considered somewhere else.

The above conditions are trivially satisfied if V(z), = > e, is convex since in this case Jy = ().
We note that if V' is such that Jy not empty, then it is easy to see that Js is also non-empty for
real number s close enough to 1. Also it is easy to find an example of non-convex potential V' such
that Jy # ) by considering a double-well potential. (See Remark 1.6 of [28].)



The analysis of this paper applies to the excluded cases without much change but we do not
include them here for the sake of presentation.
We use the following notations for two intervals that appear frequently:
T
T ._
I .—[e+m,oo), (29)
T

/=G (z)n’

for T € R and for x, > e, assuming that G”(z,) < 0 in the later case.

00), (30)

JE(x) ::[:):* +

1.3 Statement of main results

We now state the main results. The asymptotic results here are stated in some cases in terms of the
distribution function IP’((Z T)Z and in other cases in terms of the expectation Eqn- This choice is
simply to make the formula compact. The analysis applies to both quantities and indeed it is easy
to deduce one result from the other from the relation and the uniformity of the asymptotics in
s near 1. We can also express all the results in terms of correlation functions but we find that the
attention to individual eigenvalue is more illustrating in the current framework.

We use the phrase that a limit holds ‘uniformly in s which is close to 1’ in several places, for
example in Theorem This means that there exists a complex neighborhood of 1 independent of
n in which the limit holds. A slightly more careful analysis would show that s uniformly converges
in a larger domain (for example, in any compact subset of C\ (1 + ¢€,00), € > 0,) but we do not
discuss this issue in this paper.

We state the results under the ‘genericity assumptions’ — , in addition to the condi-
tions — discussed in the last subsection. We group the asymptotic results into sub-critical,
super-critical and critical cases.

When d = n, we use the notation ng ) for Pg 7)1 and &, for &; 5, respectively. We also state results

only in this case. The case when d # n is similar.

1.3.1 Sub-critical case

The first result is on the sub-critical case when all external eigenvalues are smaller than the critical
value a.. In this case the external source does not change the location and the limiting distribution
of the top eigenvalues.
Let
Ai(z) Al'(y) — Ai'(z) Ai(y)
T—Y

Kpiry(z,y) := (31)

be the Airy kernel. For any T' € R and s € C, set
Fo(T s) := det(1 — sx[1,00) K Airy X[T',00) ) (32)

where x g denotes the projection on the set E. Then

[y

<.

(1) d

Fé])(T) = il dst

Fo(T5 s) (33)

s=1

~
I
o



is the Tracy-Widom j-th eigenvalue distribution. In particular,
1
Fy(T) := Fy /(1) = det(L = X{7,00) K iry X(1,00)) (34)

is the Tracy-Widom distribution.

Theorem 1.2 (sub-critical case). Letay,--- ,am be fivred numbers such that max{a;,--- ,am} < a.
Assume that a1, - -+ ,a,, are positive and distinct. Then for each T € R,
lim &,(ay, - ,am;I1;s) = Fo(T;s) (35)
n—o0

uniformly in s which is close to 1.

Remark 1.2. The assumption that aj,--- ,ay are positive in Theorem can be removed. The
proof of the above theorem uses the calculations in [7] of the gap probability Py, ;1. (a; E) which
are only detailed for a > 0. As suggested in [7, Section 2], there is a similar asymptotic result for
P, —jt1n(a; E) for a < 0 from which we can obtain the same result as the above theorem when
some of a;’s are not positive. This remark applies also to Theorem below.

Remark 1.3. The assumption that ai,---,ay are distinct in Theorem is technical and the
result should hold without this assumption. The starting formula of the proof of this theorem
is the identity . When some of a;’s are identical, the right-hand side of becomes more
complicated by using I’Hopital’s rule. This in turn requires a more detailed asymptotic results
for Pp,—j+1n(a; E). The analysis of [7] can be extended for this but we do not pursue this in this
paper for the sake of space and presentation. The same remark applies to all other theorems in
this section. It is interesting to contrast this situation to the papers [11] and [12] which analyzed
the similar model using the Riemann-Hilbert problem for multiple orthogonal polynomials. In that
approach, the case in which all a;’s are identical is the simplest to analyze.

1.3.2 Super-critical case

In this subsection we consider the super-critical case in which some of the external source eigenvalues
are strictly larger than the critical value a.. In this case large external source eigenvalues do have
an effect on the top eigenvalues. We consider three sub-cases. In the first two cases, we assume
that a; ¢ Jy for all j. The first among these is the case when a; are separated by O(1) distances.
In the second case, the external source eigenvalues are asymptotically the same. The third case is
the secondary critical case when a; are all asymptotically equal to some a € Jy \ {a.}. From the
discussion of Section the last case does not occur if V() is convex for x € [e, c0).

Let
GT) = —— / Lty (36)
o V2T J

be the c.d.f. of the standard normal distribution.



Theorem 1.3 (super-critical case 1: separated external source eigenvalues). Let aj,---,am be
fized positive and distinct numbers. Suppose that there is p € {1,--- ,m} such that

aj>a. forj=1,---,p, anda; <a, forj=p+1,--- ,m. (37)

Assume, without loss of generality, that a; > ap > --- > a,. Suppose that a; ¢ Jy and
G"(zo(aj)) #0 for each j =1,--- ,p. Then for each T € R and j =1,---,p,
lim szj) (ala ©t ) 8m; Jg(l'o(a]))) = G(T)a (38)

n—o0
where JI'(z,) is defined in . We also have, for j =1,2,---,

lim PP+ (ay, - am: IT)) = FY(T), (39)

n—0o0

where Féj)(T) is the Tracy-Widom j-th eigenvalue distribution defined in .

Theorem [1.3| demonstrates that each of the external source eigenvalues which is greater than a.
pulls exactly one eigenvalue out of the support of the equilibrium measure. The limiting location
of each pulled-off eigenvalue depends only on the corresponding external source eigenvalue. The
fluctuation of each pulled-off is Gaussian. The rest of the eigenvalues are unaffected by the external
source eigenvalues asymptotically.

We now consider the situation when the external source eigenvalues are asymptotically the
same. A non-Gaussian fluctuation appears when they converge together in a particular fashion.
Define, for distinct aq,--- , oy,

det [ffooo xi_le_x2/2+°‘j“(1 — SX(T,) (a:))da:]

Gk‘(Ta A,y O 5) = . 2 PShISh . (40)
det |:f°° ri—le—= /2+ajxdx:|
- 1<i,j<k
Observe that
Gi(Ts a1, ap;8) = Epalar, -, ap; [T, 00); 8), (41)
in terms of the notation when V(z) = 22/2 in . Hence Gi(T;aq, -+ ,ag; s) is an expectation
that arises from the k& x k GUE with external source diag(aq, - ,am). As a special case,
j—1 .
. —1) gt
a1 =S E T o, o) (42)
P il dst|

is the c.d.f. of the j-th largest eigenvalue of the k-dimensional GUE. When j = k = 1, this equals
G(T).

Theorem 1.4 (super-critical case 2: clustered external source eigenvalues). Let a be a fized number
such that a > a., a ¢ Jy and G"(xo(a)) # 0. Set

823

a, =a+ —G"(ifo(a))ﬁ,

k=1,---,m. (43)



for fixed distinct aq,--- ,am. Then for each T € R,

li_)m En(ag, - ,am;Jg(:ro(a));s) =Gm(T;01, -+ ,am;s) (44)

uniformly in s which is close to 1.

Hence in this case the m eigenvalues which are outside of the bulk converge to the same location
zo(a). And after a scaling, they fluctuate as the eigenvalues of m x m GUE matrix with external
source diag(ai, -+, m).

Remark 1.4. We can also consider the general case that for aq,as,--- > a. where q; ¢ Jy and
G (z0(aj)) # 0, p1 external source eigenvalues are close to a1, p2 external source eigenvalues are
close to as, etc. Then for each j, p; eigenvalues converge to zg(a;) and they fluctuate like the
eigenvalues of p; x p; GUE with certain external source. This can be obtained by combining the
proofs of Theorem and but it is tedious. We omit the proof.

Remark 1.5. In Theorem [1.4] we can also prove the analogue of and show that for each
j > 1, the (m + j)-th eigenvalue converges to e and its limiting distribution is the Tracy-Widom
j-th eigenvalue distribution defined in . Similar remark also applies to Theorem and to
Theorem [L.7] below.

We now consider the situation when all external source eigenvalues are near or at a secondary
critical value of V. In this case, we will state the result under the assumption that the support
of the equilibrium measure of V' consists of one interval (i.e. N =0 in (15)). This assumption is
made only for the ease of statement: see Remark below how the result is changed if N > 0.

Let a € Jy and we consider the situation when m external source eigenvalues converge to a.
Under the assumption , the top m eigenvalues converge to one of two possible locations, which
we denote by z1(a) < x2(a). How many of the eigenvalues converge to each of them? It turned out
that any number is possible and it depends on how fast the external source eigenvalues converges
to a. There are m distinct scalings. To each scaling indexed by an m € {1,--- ,m} a number
Pm € (0,1) is associated such that either one of the following two happens: with probability py,,
the top m—1 eigenvalues converge to x2(a) and the next top m—m+1 eigenvalues to z1(a), or with
probability 1 — p,,, the top m eigenvalues converge to x2(a) and the next top m — m eigenvalues
to x1(a). In order to describe p,,, we need some definitions.

zfé)1/4

z—e

Since we assume N = 0, the support J of ¥(z) is of form J = (&,e). Set v(z) := (
which is defined on C\ [€, e] and satisfies y(z) ~ 1 as z — oo. Define, for j € Z,

9 -1 _ —1\J
M = s 1) +9() (18 - §81> . 2€C\(~oc¢] (45)
for zin C\ (—o0,€]. For j =0,---,m and for distinct a,b € (e, 00), we define the matrix
Mi(a) Mi(a) - MPT V@) M) M) - MITD )
plom= 0= L ; : S
Mm(a) Mip(@) - MET V(@) Mud) My®) - MED®)
(46)

10



We show in Proposition that the determinant of (¢™=7):(%4) is non-zero and (—1)™m=1)/2
times the determinant is positive if a < b. We also define, for ¢ # 0 and distinct real numbers

a1, Om,
—j—1 i—1
1 g -+ a7’ et et ... ol et
QO.m—j),(cj) (@1, yam) = [+ : : : : , (47)
—j—1 i—1
1 aym - a$ J eCom g eOm ... Oéin eCm

where j = 0,1,--- ,m. Note that (—1)™m=1)/2 det[Q(om—j),(cj) (@1, yam)] > 0if ¢ > 0 and
Qa1 > > Om.

Theorem 1.5 (secondary critical case). Assume that the support of the equilibrium measure asso-
ciated to V' consists of one interval. Let a be a secondary critical value (i.e. a € Jy \ {ac} ) such
that G(z;a), © € (c(a),00), attains its mazimum value at two points x1(a) < x2(a). Assume that
G’ (z1(a);a) #0 and G"(x2(a);a) #0. Fixm € {1,2,--- ,m}, and set
m-—2m+1
Gm == —————F—~ 48
" nw) - mi@) )

and

o (m —m)! (—G”(xl(a)))m—m—i-l/Z e
K, = ( (m—1)! (—G”(.I'Q(a)))m—l/Q ) . (49)

Suppose that the external source eigenvalues are

log( K,
ak:a_Qm(W+C:€a kzl,"',l’l’l, (50)

for fized distinct ay > -+ > am. Then for any T € R, as n — oo we have the following.

(a) Fork=1,--- ,m—1,

PP (ar, -, am; JT (22(a) = PG (T) + (1 = pr) GE(T) + o(1). (51)

(b) For k =m,
PP (ar, -, am; JL (22(a) =pm + (1 — Pm) GE(T) + o(1), (52)
PO (ar, -, am; JL (21(a) =pmG. i1 (T) + of1). (53)

(c) Fork=m+1,--- ,m,
P (ay, -, am; J1 (21(a)) = pnGe m (1) + (1 = pr)GUZi(T) +o(1).  (54)

m—m-+1 m—m

Here py, is a number in (0,1) defined by

L det [mel] det[mel]
P et [Pon_1] det[Qm_1] + det[P,] det[Qy]
where Py = P@m=0:200 and Qp = Q(o.m-0),(wa(a)-m1(a).0(@1, " om). The function
Gg) (T') is the distribution function of the Lth largest eigenvalue of k x k GUE defined in .

(55)
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Observe that one more eigenvalue is pulled off from z;(a) to xz2(a) as m increases by 1. The
eigenvalues clustered near each of z1(a) or za(a) fluctuate like the eigenvalues of a GUE matrix of
dimension equal to the cluster size.

Note that py, is well defined even for non-distinct «; if we apply I’'Hopital’s rule to the right-
hand side of . The theorem holds without the assumption of distinctness but we do not pursue
it here. See Remark [L.3

Remark 1.6. When the support of equilibrium measure associated to the potential V' consists of
more than one interval (i.e. N > 0), the above theorem still holds after one change: the probability
P depends on n. In the formula (45, M, needs to be changed to M, in [7, Formula (311)],
which is expressible in terms of a Riemann theta function and depends on n quasi-periodically.
Nevertheless, it can be shown that p,, lies in a compact subset of (0, 1) for all large enough n from
Proposition (7.1} This is enough to extend the proof of the above theorem from N = 0 case to
N > 0 case.

1.3.3 Ciritical case

The final two theorems concern the critical case. In this case the limiting location of the top
eigenvalue(s) is about to break off from e. Recall that the critical value a. which is determined
by the potential V satisfies a. < 1V’(e). Depending on whether a. = $V’(e) or a. < 3V’(e),
the break-off is continuous or discontinuous. When V' (z) is convex in z € [e, o0), we always have

a. = 3V'(e) and the break-off is continuous.

Figure 1: The contour of the integral in

Let us define the limiting distributions that appear in the case when a, = %V’ (e). For a € R,
define the function (see [4, Formula (15)] and [7, Formula (18)])

1 1.3, dz
C = — Z§Z +1527 56
a(f) 27‘(‘/6 Oé—|—Z'Z7 ( )
where the contour is from 00e®™/6 to coe™/% and the pole z = —ia lies above the contour in the

complex plane: see Figure [l Set for T'€ R and s € C
Fi(T; ;) :== Fo(T}; s) - <1 — ${(1 = sX[7,00) K Airy X[T.00)) ™ Cavs X[T00) Ai>>7 (57)

where (f,g) denotes the real inner product over R, [; f(x)g(x)dz. For k > 1 and distinct real

12



parameters aq, - - - , o, define

d \j—1F1(Tsass)
det | (i + 77} TRy 1<i i<k
Fi(T; a1, s ap;8) == Fo(T; 8) <ij<k

(58)
H1§i<j§k(aj — ;)
When s = 1, the function Fy(T'; o; 1) was defined in [4, Definition 1.3] and Fi(T; a1, -+, ag; 1) was
introduced in [2, Theorem 1.1]. They are known to be distribution functions and can be expressed

in terms of Painlevé II equation and its Lax pair equations. It is also known that F;(7;0;1) is the
square of the GOE Tracy-Widom distribution (see [4, Formula (24)])E|

Theorem 1.6 (critical case 1: continuous transition). Suppose that V is a potential such that
a. = 1V’'(e) and a. ¢ Jyv. Suppose that

By,
ak:ac—i—m, kzl,---,m, (60)
for distinct real numbers o, -+, am. Then for each T € R,
lim &,(ar, - ,am;IL;s) = Fu(T; —a1, - , —m; 5) (61)

n—oo

uniformly in s which is close to 1.

We now consider the case with potential V' such that a. < %V’ (e). As usual, we assume
a. ¢ Jy. As in Theorem above, we also assume, for the ease of statement, that the support of
the equilibrium measure of V' consists of a single interval. An analogue of Remark applies to
the multiple interval case.

Define (cf. ), for j € Z,

- 2 () =) () — ()Y
M;(z) = le—d) o Y T4 , z€C\ (—o0,e€. (62)
Note that —iMj(x) >0 for x € (e,00). For j =0,1,--- ,m and a,b € (e,00), we define, similarly
to , the matrix
Mi(a) Mi(a) - MP T @) M) ME) - MTTV )
b,j . . . . . . . .
‘Bgaﬁl,j) = : : - : : : . : . (63)
Mum(a) Mig(a) -+ METV(@) Mu(b) Mp®) - MEV0)
3The function Fy(T; a1, --- ,ax; 1) is shown to be the limiting distribution of the largest eigenvalue in the spiked

model of rank k at the critical case for the potentials V (z) = ((1+¢)z — clog )X (0,00) (%) and V(z) = z*/2 in [4] and
[23], respectively. It is easy to check from the determinantal point process structure that

j—1

; -1)¢ d*
Fé])(T;ah...’ak)::Z! i

Fk(T;CMl,"',Oék;S) (59)
=1

is the limiting distribution of the j-th largest eigenvalue in these potentials even though this was not discussed in
[, 23].

13



Also recall the matrix Qg m—j),(cj) (@1, , @m) defined in
Recall the point azo(ac) which is well defined when a. < 3V’(e) from Section Note that
zo(ac) > c(a.) > e. The point zo(a.) is unique when a. ¢ Jy .

Theorem 1.7 (critical case 2: jump transition). Let V be a potential such that a. < 3V'(e).
Assume that a. ¢ Jy and G"(zo(ac);ac) #0. Fixm € {1,2,--- ,m} and suppose that

log (K.
ak:ac_gmog(nm—i_ak7 k:]-)"'7m7 (64)

for distinct ay > -+ > apm, where
m-—2m+1
Om = ———————~ 65
I = o(ae) — c(ay) (65)

and

(m =1} (~G”(xo(a))"72

Assume the support of the equilibrium measure of V' consists of a single interval. Then for any

K,, = <(m m)! (H (c(a, )))m—m+1/2>m—2m+1‘ "

T € R, as n — oo we have the following.

(a) Fork=1,--- ,m—1,

PE) (ay, -, am; JL (20(ac)) = PG (T) + (1 = Pn)GE(T) + o(1). (67)

(b) For k =m,
PH (ar, -, am; JL (z0(ac))) =pm + (1 = Pr)GED(T) + o(1), (68)
PR (ay, - am; I1) =pmFo(T) + o(1). (69)

Here - ~
— det[P;,—1] det[Qyn—1]
det[P,,_1] det[Qu—1] + det[P,,] det[Q,n]
where Py := (—i)™ —ngfa;c)nf)z and Qp = Q(0,m—0),(wo(ac)—c(ac),0) (X1, -+ yam).  For each ¢,

det[Py] det[Q,] > 0, and hence p,, € (0,1). The distribution functions G,(f)(T) are defined in
[(2), and Fy(T) is the Tracy-Widom distribution in (34).

Hence in this case, some eigenvalues are pulled off the edge of the equilibrium measure and

(70)

fluctuate as the eigenvalues of Gaussian unitary ensemble. The largest eigenvalue which is not
pulled off the edge of the equilibrium measure fluctuates as the Tracy-Widom distribution.

It can also be shown that the (m + j)-th eigenvalue has either the Tracy-Widom (j + 1)-th
eigenvalue distribution, or the Tracy-Widom j-th eigenvalue distribution as its limiting distribution,
with probability p,, and 1 — p,,, respectively.

The proof of this theorem is very close to the proof of Theorem and we skip it.

Remark 1.7. In this paper we only state limit theorems for individual top eigenvalues. The analysis
of this paper can be modified to obtain the limit theorems of joint distribution of top eigenvalues.
The result is what one would expect. We skip the detail.
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1.4 Comments on the proofs and organization of the paper

We prove the asymptotic results in Section based on Theorem and extensions of the asymp-
totic results for the rank one case of [7]. The latter are mostly routine and we do not give full
details. In employing the above strategy to prove Theorems and we need to prove the limit
of the determinant in the denominator of is non-zero. This is done in Section (7l The proofs
of Theorems and are more complicated since the denominator of converges to
zero and hence we need to show that the numerator and the denominator have the same vanishing
factors in their asymptotics. This requires careful linear algebraic manipulations. After factoring
out the vanishing term, the denominator converges to a certain determinant which we show again
non-zero in Section [7] The proof of Theorem also follows this general strategy but we use a
variation of Theorem and the analysis is more involved. We skip the proof of Theorem since
it is very close to that of Theorem

The rest of the paper is organized as follows. Theorems [L.2H1.6| are proved in the Sections
respectively. As mentioned in the above paragraph, in the proofs in these sections, we need to show
that a certain determinant is non-zero. This is done in Section [7]in a unifying way. The algebraic
theorem, Theorem that relates the higher rank case to the rank one case is proved in Section

B
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2 Proof of Theorem [1.2: sub-critical case
Recall that the sub-critical case is when

max{aj, - ,am} < ac. (71)

We also assume that a;’s are all positive, distinct and fixed. In order to use Theorem we need

. . & . _ En_jrin(a IT:s
the asymptotics of I';,—j(ag;n) and &,—jr1n(ag; I, ;s) = %
Asymptotics of T',,_;(a;;n)

From [7, Formula (92)] we have for all a € (0,a.)

Ty—j(a;n) = Ca)Mja(c(a))(1 +o(1)), (72)
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where

) 3 gy cMHE@)

C(a) == —i _—
(a) n H'(c(a); )

and /\;l]n(z) is a generalization to ./\;lj(z) in when the support of the equilibrium measure
is a multi-interval (i.e. N > 0). The function M;,(2) can be found in terms the solution to a

(73)

global Riemann-Hilbert problem in the analysis of orthogonal polynomials and is given explicitly
in terms of a Riemann theta function. See [7, Formula (312)]. Unless N = 0, M, ,(2) depends on
n. However it is uniformly bounded in n, together with its derivatives, in any compact subset of z.

Asymptotics of &,_ji1..(ax; I1;s)

Recall from the usual invariant ensemble theory that (see e.g., [26])

En—jr1n(E;s) = det(l — sxg Kn—j+1,nXE), (74)

for any set £ C R, where K;,_; 1, is the standard Christoffel-Darboux kernel for the weight eV

(see e.g., [7, Formula (69)]). For E = I, the asymptotic result on invariant ensemble implies that
X1 K j+1,nX T converges t0 X(r,00) K AiryX[T,00) D trace norm for each fixed j ([16], [15], see also
[7, Corollary 6.3]). Thus

det(1 — sxr Kp—jnXrr) = det(l — sX[1,00) K Airy X[T,00)) (1 + 0(1)) (75)

and by
En—jrin(Ly;s) = Fo(T;s)(1+ o(1)). (76)

For the rank one case, the analogue of is (see [7, Formula (73)]E[)

En—jrim(a; By s) = det(1 — sxpKn—jr1.nXE) (77)
where Kn_j_t,_lm =Kp_jn+ @n_j ® Yp—;. Here 1¢,_; is the orthogonal polynomial times e 2" and
~ ~ 1
Gule) = Dulaiasn) i= g (VO - e VO dy). (78)
Ly(a;n) R

This implies that, for £ C R, if 1 — sxg K, —;n,xE is invertible,
gnfjJrl,n(a; E; 5) = det(l - SXE’anj,nXE)[l - 5(@[%73‘7 XE¢nfj>
— s%((1 — sxEKn—jnXE) ' XEKn—jnXEVn—j, XEUn—j)]. (79)

For E=1I 1— sxEKn—jnXxE is invertible for all s close enough to s = 1E| When E = Il and
a € (0,a.), the asymptotics of for s = 1 was obtained in [7, Section 3.3] by analyzing each

“Only the s = 1 case is given in [7] but the same proof works for general s # 1.

"This is because XpKn—jnXE converges to X[T,00) K Airy X[T,00) in operator norm when E = I and since
X[T,00) K Airy X[T,00) has its spectrum in [0,1). This appears in several places in the subsequence sections and we
do not repeat this remark.
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term on the right-hand-side. It was shown that both inner products are O(n'/3) (see [7, Formulas
(128), (131) and (332)]). Hence from we find that

En—jirn(a; 1] s) = det(1 = sx(7,00) K iy X[T,00) ) (1 + 0(1)) = Fo(T; 8)(1+ (1)) (80)
Combining and we obtain, for a € (0, a.),

En—jrin(a; Il s) =1+ o(1), (81)

uniformly in s which is close to 1.

Inserting , and into the formula , we obtain

_ det[M;n(c(ay)) + o(1)] =y
det[ M, n(c(ag)) + o(1)]F %=1

)

Enar, - am; IL;s) Fy(T; s). (82)

Since M »(c(ay)) are bounded uniformly in n and the reciprocal of det[M,,(c(ag))] is bounded
uniformly in n by Proposition the ratio of the two determinants in is 1+ o(1). Hence
we obtain Theorem [1.2]

3 Proof of Theorem [1.3} super-critical case 1, separated external
sources eigenvalues

Recall that we assume that there exists p € {1,--- ,m} such that the positive, distinct and fixed
numbers
aj>ac.forj=1,---,p
g c ) ’ (83)
aj<acforj=p+1,--- ,m
We assume, without loss of generality, that a; > ap > --- > a,. Furthermore, we assume that

a; ¢ Jv and G"(z¢(a;)) # 0 for each j = 1,---,p, where zg(a) is defined in the paragraph
between and in Section

To use Theorem (1.1} we need the asymptotics of I'y,j(ag;n), En—j+1n(ar; E;s), and E,—j11(E; s)
for E=1I! and E = JI'(z,) with =, > e.

Asymptotics of T',,_;(a;n)
By [7, Formula (93)], we find that if a. < a < $V’(e) and a & Jv, then
Lyj(a;n) = Cla) Mjn(zo(a))(1 + o(1)), (84)

where Glen(aria)
9 nG(zo(a);a
C(a) = ST e-nt/2__° (85)

" ~G(zo(a); )
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and M, ,(z) is a generalization of M;(z) in when the support of the equilibrium measure is
multi-interval (i.e. N > 0). This again can be expressed explicitly in terms of a Riemann theta
function. See [7, Formula (311)]. Note that M, ,(z) depends on n but is uniformly bounded in n,
together with its derivatives, in any compact subset in z. For a > %V’ (e), we have the asymptotics
[7, Formula (188)] of I',_j(a;n) which is an intermediate step toward the formula (84). It is
easy to further compute the formula [7, Formula (188)] asymptotically (using the asymptotics of
¢n—j(y)) and we find that holds for a > 1V’(e) as well. The same applies to the case when
a= %V’ (e) > a. from the remark in the first paragraph of [7, Section 5]. In conclusion, the formula
is valid for all a > a. and a & Jv .

Asymptotics of &,_j 1 (ak; JL (2.);8) and &,—j11(JL (z.);s) for z, > e.

n

Since x,. > e, the Christoffel-Darboux kernel restricted on J! (z,) converges to 0 rapidly (see e.g.
[T, Formula (346)].) Hence we find from that

En—iiin(IT(@.)is) = 1+ o(1) (86)

for all z, > e, T € R and s close to 1.

We now evaluate &,—j11,n(a; J1 (2.);s) for a = a;. From the assumption (83)), there are two
cases. The first is when a > a. and a ¢ Jy and the second is when a < a.. The formula is
the starting point.

Let a > a, and satisfy a ¢ Jy. For z. = x¢(a), the asymptotics [7, Formula (137)] implies that
(thn—j, XJT (z0(a))¥n—j) €quals 1—G(T)+o(1) where G(T') is the c.d.f. of the normal distribution (36).
The estimates [7, Formulas (139) and (333)] implies that the other inner product is o(1). Therefore,
we find that

Enjrrn(a JT (0(@));5) = 1 — s(1 — G(T)) + o(1) (87)

uniformly in s close to 1. The estimates [7, Formulas (137) and (139)] can be extended straightfor-
wardly to the set J! (x,) for . not equal to zo(a) but still in (e, cc). Hence we obtain

1+0(1), zs > z0(a),

(83)
1—-s+o(1), s € (e,z0(a)),

En—jrimlas T (z4);8) = {

uniformly in s close to 1. This is what is expected from by taking T" = oo for the first case and
taking T' = —oo the second case. Recall that these asymptotics are for a > a. such that a ¢ Jy.

The asymptotics and apply to a,--- ,a,.
On the other hand, for a < a., an estimate similar to implies that (note that JI (z,) C IT
for any z. > e, (80) and Fy(T;s) - 1 as T — o0)

Enmjrrn(a; I (22);8) = 1+ o(1) (89)

for s close to 1. This asymptotics applies to ap+1,- - ,am.
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Now inserting the asymptotics , , , , and into , we obtain, for each
k = 1) LD,

(1 —5+sG(T))(1 — s)* 1 det[P + o(1)]

En(ag, - ,am;Jg(xo(ak));s) = AetFP + o] , (90)
where
Min(zo(ar)) -+ Min(zo(ay)) Min(c(apin)) -+ Min(c(am))
P = : : : : . (91)
Mmun(zo(ar)) -+ Mmun(zo(ay)) Mm,n(c(ap—l—l)) e Mm,n(c<am))

The matrix P is the m x m matrix defined in (227)) up to column changes and hence the reciprocal
of det[}3] is bounded uniformly in n by Proposition [7.1{(a). Also since the entries of 3 are bounded
uniformly in n, we find that

En(ar, -, am; Iy (zo(ar));s) = (1 — s +sG(T))(1 =)' +o(1) (92)

uniformly in s close to 1.
For each j > 0,

0 ifj#£k—1,k,
(1 -5+ sG(T)(1—s)"1 = Q(T) if j=k—1, (93)
1-G(T) ifj=k.

Sy
gl odst| .,

Since the left-hand side of is analytic in s, we obtain by taking derivatives and using .

Asymptotics of &,_ 1, (ar; IL;s) and &, j11(I1;s)

To prove , we repeat the above computation with J! (x,) replaced by IT. Let a > a. and
assume a ¢ Jy. Using asymptotics [7, Formulas (330) and (331)] of ¢, asymptotics [7, Formulas
(106) and (135)] of ¢ and asymptotics [7, Corollary 6.3] of K;_;n, by we have that for s close

to 1 (cf. with z, < zo(e))
Enjrin(a; L3 s) = det(1 = sxyr Kn—jmxur)(1 = s +0(1)) = Fo(T38)(1 = s +0(1)).  (94)

Hence by we have for s close to 1

En—jiin(a; Il s) =1 —s+o0(1). (95)

y Tn )

This asymptotics and are for a = ag,--- , a,.
For a = apy1, -+ ,am which are all less than a., we can use the asymptotics and .
Inserting them into , we obtain for s close to 1
(1 —s)Pdet[B + o(1)]

En(ay, - ,am; I;:f; s) = et + o(1)] Fo(T;s) = (1 —s)PEFy(T;s) + o(1) (96)

where ‘B is same as . We obtain by taking derivatives on both sides of .
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4 Proof of Theorem [1.4; super-critical case 2, clustered external
source eigenvalues

Let a be a fixed number such that a > a. and a ¢ Jy. Recall the definition z(a) given in the
paragraph between and (24)). As usual we assume that G”(zo(a)) # 0. Set

Qg
V'
for fixed distinct aq, -+ ,am. To prove Theorem we first evaluate the denominator of
asymptotically and then the numerator when E = J! (zo(a)).

ap =a+/—G"(zo(a)) k=1---,m, (97)

4.1 Evaluation of det [T',_;(ay; n)};lkzl

The asymptotics of I';,_j(a) were evaluated in [7, Formula (93)] when a is a constant. It is easy
to see from the proof that [7, Formula (93)] is indeed uniform for a in a compact subset of (a., c0)
which is especially applicable when a; given by @ It is clear that the leading order asymptotics
of I';,—j(ay) are same for all kK = 1,---,m. This implies that the determinant det[I',—;(ax)|%}._;
converges to zero. Therefore, we need to evaluate the sub-leading terms in the asymptotics of
I',—j(ag) in order to determine the asymptotics of det[I',—;(ay)|75—;-

The formula of T',,_;(ay) in is in terms of an integral over R. This integral can be written
as a sum of two integrals, one over a contour I'y in a complex plane and the other over the segment
(c,00) for any constant ¢ > e (see [7, Formula (85)]). For the case at hand, the integral over
the contours I'y was shown to be exponentially smaller than the integral over (¢, 00), and the
main contribution to the integral over (¢, 00) comes from a small neighborhood of the critical point
x = zo(a). Hence from [7, Formula (90)] we have, for any € > 0,

zo(a)+e
Lomglan) = [ M ()enOUdy(1 4 O (98)
zo(a)—e
for some § > 0. Here G(y;a) is the function defined in and M, ,(z) is an analytic function in
a neighborhood of z = z¢(a).
By Taylor expansion,

Min() =3 - iMoo @o(@)(z = 0(@) ™ + O(fz = ao@)™) (99)

uniformly for z in a neighborhood of zy(a), where M J(Zn_l) is the (¢ — 1)th derivative. As n — oo,
M;jn(2) = M;n(2)(1 + O(n™1)) uniformly in z in the same neighborhood for another analytic
function M, ,(z) which depends on quasi-periodically in n. (See [7, (319)]. This M, ,(z) is the
same M, (2) appearing in ) A key property for our purpose is that a certain determinant
involving M, ,, and its derivatives is non-zero, which is proved in Proposition later. This is

A~

used when we consider det[P] and det[P] below. Note that

M5 (@o(a)) = MY (@o(a)) (1 + O(n 1)) (100)

Jim Jin
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since both functions are analytic. Each of Mﬁ;l)(:po(a)) and M(fgl)(xo(a)) are O(1).

J
Inserting into , we find

aR)—n - _nG// Tola);a ~i/2 i— . _m+1 .
T, (ay) = enGlro(@an m(Zﬁ Efﬂ;” My, (wo(a)Q(i, k) +n ?Rum»
i=1 )
(101)
where
) zo(a)+e ]
Q@ﬁ%Z(ngﬁmmeﬂ/() (y — wo(a))' e Clm)~Glao@iad) gy (102)
zo(a)—e
and

xo(a)+te
R(j. k) = o<n‘“2+ : / " ly — $0(a)|men(G(y;ak)—G(zo(a);ak»dy)
zo(a)—e

zo(a)+e . . it
- / M, (y)e CWan=Glzol@a) gy . O(n ™2~ e0").  (103)

o(a)—e

From the definition of G and ,

~G(wola)i0)

G(y;ar) = G(y;a) + oy - (104)

Hence Laplace’s method yields
Qi k) = /Oo ¢lem 2 ol ge (14 o(1)). (105)

Similarly, we find
mzm=0fo/f?“w—mwwvﬂww@>=mn. (106)
zo(a)—e
Denote the m x m matrices

P = [M Nawo@)] - Q=KL R=[RGM e (107)

Note that all entries of these matrices are O(1). We also set A/ to be an m x m diagonal matrix
with entries

N = = (—nG"(xo(a);a))_i/z. (108)

From ([101]), we have

m-+1

det [I‘nfj (ak; n)]?lkzl enG(xo(a);ak)—n€/2> det [75'/\/—@ + R_TR]

B
Il
—

Il
A(\
— 8 s
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if P is invertible.
We now replace P and O by matrices with entries given by the leading terms given in ({100)
and ((105)). Define the m x m matrix

P = [Mgi;”(xo(a)) " (110)
: jii=1
The entries of this matrix are the leading term of the entries of the matrix P (see ) From the
general result Proposition and by noting that P = §3(@(@)m) in the notation of Section
we find that det[P] is non-zero. Moreover, 1/ det[P], which depends on n, is uniformly bounded.
This non-vanishing property is easy to check directly using the formula when N = 0 but is
complicated when N > 0. Now as P = P + o(1), we find that all entries of P~ are O(1). Hence
noting that the explicit dependence on n of A/, we find that all entries of n~ " PNIP-IR are
O(n=1/?).
We also define

U gile=3€ +ak§d§ : (111)
i,k=1
Then Q = Q + o(1). Therefore, we find from (T09) that
det [T (ag; n)]T_y = [ "G @) det[N](det[P] det[Q] + o(1)). (112)
k=1

It is straightforward to check that

n

detf) = [ detfes9) [ (¢ - &) [[ e #der -+ deem (13)

1<j 7j=1
and this is non-zero when all a;’s are distinct.
4.2 Evaluation of det [T',_;(ay;n)En—ji1,0(ar; J1 (z0(a)); s)};nk:l
Note that since a; > a., the asymptotics applies. Hence from the definition @D of €, we find
that
det [Ty —j(ag)En—js1n(ar; Jj ( o(a))ys)Lk .
Eujrnlan; <xo<a>>,s>] T (T (20(a); )
En—jn(Ja (x0(@))i8) ey i En—jrrn(J7 (z0(a)); ) (114)
2 (z0(a))
)i 5)

En " xo(a)); s
= det [I‘n_j(ak) g:'_l] (( ( 0(QO i )

= det [rn_j(ak)

] (1+ o(1)).
7,k=1

We focus on the new determinant. As in the previous subsection, the determinant converges to
zero and hence we need to find the leading asymptotics.
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From , and , we find

En—jrin(ag; E;s)

En_in(E;s) =1 = 5(tn—j(x;85;), Y}

- 32<(1 - SXEKn—j,nXE)_1XEKn—j,nXE1/~)n—j(x; ag; n), zﬁn—j)E7 (115)
with E = J!'(z¢(a)). Note that the interval E = J (z(a)) is associated to a and t,,_; is associated
to a. When a and aj are the same and larger than e, the second inner product was shown to be
exponentially small in [7]: precisely in [7, Formula (139)] assuming a < £V’(e) and in [7, Sections
4 and 5| when a > 3V’(e) and a = $V(e). In our case, a; and a are different, but note that the
difference is O(n~'/2) by assumption (97). This corresponds to a small change in the domain of
the inner product which does not change the exponential decay of the inner product. Thus we have

En—j+1n(@n; Ty (20(a)); 5)
En—jn(J7 (z0(a)); 5)

for some ¢ > 0 uniformly for s close to 1.

=1 = 5(Un—j (8 7), Y (231)) 47 (2 a) + O ™). (116)

Now we evaluate the remaining inner product in . We actually evaluate the inner product
multiplied by I',,_;(ay;n), which is what we need in view of . The leading order asymptotics of
this quantity was evaluated in [7, Section 3.4]. Here we need the sub-leading terms and this follows
from a simple extension of the analysis for the leading term as follows. First, for all x € JI' (z¢(a)),
we have from [7, Formulas (106) and (330)] that

I j(ag; n)z/;n_j(x; ag; n)Yn—j(x;n) = 6_"€/2Mj,n(x)e”c'(x;ak)(1 + 0(6_6”")). (117)

for some §” > 0. This is same as [7, Formula (136)] (after substituting the asymptotics of I',_;)
where the error term is only written as o(1) instead of an exponentially small term. Recalling that
G(z;a), ¢ € (e,00), takes its unique maximum at x = a by the assumption a > a. and a ¢ Jy,
and noting that G(z;ay) is close to G(z;a) (see (104))), we find that for any € > 0

Ty (g 1) (Y (23855 0), Y (230)) ST (20 (a))

— —n4/2/ M; . (y) nG(y;ax) (1+0 —d"n
e n(y)e y | (1+0(™™)
< I @o(@) (118)

= (e-’"m / Mj,n<y>e"G<y;ak>dy>> (1+0("™)
Er,e(zo(a))

for some 6" > 0 where Er((zo(a)) is the interval

T
—G"(zo(a))n

Ere(wo(a)) = (xo(a) +
We now find from ((116]), , and (118) that

En— J+1n(ak7 n(xo( ))73)
En—jn(J7 (x0(a)); s)

zo(a)+e =
e "2 / M ()" SO (1= sx 5y (g () (@) dy(1 + O(e™™)), - (120)
T

o(a)—e

, wo(a) + e) . (119)

Inj(ak)
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where § = min{4,0”}. This formula is completely analogous to in the previous subsection
except that there is the term (1 — SXg,.(z(a))(¥)) in the integrand. We can now proceed exactly
as in the previous subsection to evaluate the determinant . The new term in the integrand
only changes that Q(i, k) in contains the term (1 — sx(7,00)(§)) in the integrand. Therefore,
we obtain, similarly to ((112)),

En_i Ln(ak,J;{(:E (a);s)]™
det | T @0 =F = T aota))r o) ]

J,k=1

= [] erGlrot@an)=nt/2 det[N] (det[P] det[Qr.s] + o(1)), (121)
k=1
where Q7. is the m x m matrix with entries

Qrlisk) = / 1 EFOE (L sy ) (€))dE. (122)

—00

Combining ([112)), (114)), (121)) and Theorem we find that (recall for the definition of
Gr)

€, o JE oa))i8) = o S (14 0(1)) = Gu(Ticn,awss) +o(l). (129

Hence Theorem is proved.

5 Proof of Theorem [1.5: secondary critical case

We assume that the support of the equilibrium measure associated to V' consists of one interval.
Let a € Jy \ {ac}. Then G(z;a) attains its maximum in (c(a),c0) at more than one point. We
assume that the maximum is achieved at two points, which we denote by x1(a) < z2(a). We write
z1(a) as x1 and za(a) as zo for notational convenience if there is no confusion. Set

Gnax = G(z1;a) = G(z2; a). (124)

We assume, as usual, that G”(z1;a) # 0 and G”(z2;a) # 0.

Throughout this section, we fix m € {1,2,--- ,m}. Recall the definitions
1
— _ _ " m—mJ,»l/Q m—2m+41
- m—2m+1 ’ K, - (m —m)! (—=G"(z1(a))) . (125)
3(a) — x1(a) (m -1 (=G"(z2(a)))™"1/2
Set low( K

a i=a—qn Og(nmn)’ (126)

and we assume that
log( K.
ap—a gy 8Emn) ok ek g (127)
n

for fixed distinct a1 > -+ > am.
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5.1 Evaluation of det [I',_;(ay; n)};.nk:l

The goal here is to prove the asymptotic formula given at the end of this subsection.

Analysis in this section is similar to that of Section but with the change that the main
contribution to the integral formula of I';,_;(aj; n) comes from two intervals (near z1(a) and z2(a))
instead of one interval as in . This is because of . We have a small enough ¢ > 0 and a
corresponding § > 0 such that

e“/zrn-xak;n):( /E Mj(y)e" S dy + [E Mj,n<y>e“G<y;ak>dy)<1+0<e5"». (128)
1 2

where

Fp = (1‘1 — €1 + 6), FEy = (.Z'Q —€,T9 + 6). (129)
Since the two integrals are asymptotically of same order, the evaluation of the determinant det [I‘n,j (ag; n)] ;nk:1
is more complicated.
Using the Andréief’s formula in random matrix theory (see e.g. [26]), we have

m -1
[[erSe) ) det { / ijn(y)enc:(y;ak)dy}
E1UE>

k=1

m

j,k=1
m

_ det [ / M ()G ~Glarian) dy] (130)
E1UE, 7 7,k=1

1

— = /(E m) det[M; n(yk)] det[en(G(ykSaj)_G(fEl§ak))]dy1 - dym.
: 1UEg)™

For each variable y;, the integral in y; is over E; U Fy. Using the symmetry of the integrand in y
in the last line of (130]) is symmetric in y, (130]) equals

1 <~ /m
ol (g >Ig (131)
=0

where, for £ =0, --- ,m,

I = Lm_e dyr -+~ dym— / dym-gs1 -+ dym det[M ()] det[en( )= CliaN] - (139)
1

E2
We now evaluate the leading asymptotics of I, for each £. For t = (t1,---,t;), let A;(t) :=
[Ti<k<e<j(te — tx) denote the Vandermonde determinant. For each j, set

j J
Z-:=/ AP TT e 2tdty, = 20)2 T k. 133
) Rj|j<>|kr:[l kwg (133)

This is the partition function of the j-dimensional GUE. We have the following.

Lemma 5.1. For each £ =0,1,--- ,m, we have
wm_gwe m—1—/ wlf 241 wé: 2
= ety 1 (5) TL(5) - detlPddetQiz 1 +o1)  (13)

k=0 k=0
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where Zy is defined in (133)), Py and Qg are defined in Theorem and
w; = (—nG(z;;a)" Y23 j=1,2. (135)

Proof. Since G(y; a;) — G(z1;a;) = G(y;d') — G(21;d') + 2 (y—21) and G(z1;a) = G(w2; a), (132)
equals

m
I, :/ ) det[M;  (yx)] det[Q; (yx) H DWe) dy., (136)
EP T xES k1
where
) ye b, o
Qr(y) : (K::)(;:(_ngl—)wl) ap(y—22) y € By, (137)
and

D(y) = {G(y; o) = Glaisd), y€ By, (135)

G(y;d') — G(az;d’), y€ Eo.
Note that first ¢ of y; are in E; and the rest y; are in Eo. Using the Taylor’s expansion, we
have for k=1,--- ,m — /£,

M) = D =gy =)™ 4+ Ol — 1), (139)

and fork=m—/¢+1,--- ,m,
Myn(ye) = 3 =gy 0 = 22)'™" + Ollye = @), (140)

Let f’g be the matrix defined similar to P, = ‘,13(“"1(“)"“_5)’(“32(“)’@ in the statement of the theorem
but with M; replaced by M;, in the entries. By [7, Proposition 6.1] we have that M](?l(x) =

My) ()(1+O(n~1) and they are bounded uniformly in n for any = in a compact subset of (e, 00).
(This was also discussed in the previous section in (100).) Since (—1)™(™=1/2det[Py] > 0 and
1/ det[P] are bounded uniformly in n (by Propositio@ see ([46))), det [Py] = det[P/](1+0(1))
and the entries of P~ is O(1) . Thus implies that

det[M; p(yi)|Ther = det[PeV, + EW] = det[P] - det[V, + P, "EW](1+ (1)) (141)

where
r 1 1 0 . 0 T
(y1—x1) - (Ym—t —21) 0 0
(yl—fﬁl.)mfgfl o (ym—e—u’tgl)m*é*1 0 o 0
A2 . N . (142)
0 T 0 (ym—£+1 - 332) s (ym - 902)
e N— £—1
I 0 0 W . (5_12))1 |
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and E) is a matrix with entries satisfying, for each j = 1,--- ,m,

(1) — O(|yk_x1|m_£_1)7 k= 1a 7m_€7 (143)
BT 0~ ). k—me €41 m
Similarly, we have the Taylor expansions
~— Yk —x1)" ot
Z + Oy — za ™) (144)
fork=1,--- ,m— ¢, and
ek (z2—21) ¢ ol (yr, — x2)’ 1
fork=m—/¢+1,--- ,m. From the arguments above we find that
1 _
det[Q; (y) | Jhmr = det[Qf] - det[V + Q; 'EP)], (146)

(Kmn)qm(xz—xl)f

where Vy is same as in (142)), Qg is defined in Theorem and the error matrix E() satisfies the
same estimate (T43)) of E(M. Note that (—1)™(™=1/2det[Q,] > 0 for a; > - > .
We now evaluate the integral in I, using the Laplace’s method with the change of variables

yk:$1+s—k7 k:l,-‘-,m—ﬂ,
—nG(x1;a)
t - , (147)
m— =T+ =Lt
Ym—tik ? —nG(x2;a)

Note that under this change of variables, with the notations w; defined in (135), V; equals the

m—/{—1 —1
diagonal matrix diag(1,wy, -, h, 1,wo, -+, Z’f—l),) times the matrix
ro1 e 1 0 - 017
s c Smes 0o --- 0
Sm f 1 Sm—é—l 0 .. 0
Am_ro(s,t) = |1 m—{ : 148
m Z?E(S ) 0 0 1 e 1 ( )
0 0 t ty
L 0 o ¢! t

Also for each j =1,--- ,m, (143 implies that

EHL_{oozﬁnﬂﬂ-bﬂmf% k=1, ,m-—¢,

= 149
PRl om0, k=m-—(+1,--- ,m (149)
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Hence

mflkél

maxy, |s|™ ¢ + maxy, [t3[¢
det[Vy + P M) H Tl H —= . det |:Am_g7g(s,t) + O(
k=0

vn

). (150)

The determinant of V, + QZIE(Q) has the same asymptotics. Also note that for k=1,--- ,m — ¢,
the term e"P®x)dy, in the integral (I36) becomes, under the change of variables (T47),

rEllmn) (y - 552 HO0(|sk[* /) +O(F%2 sk )

e"PWR) gy, = M Guria)=Glzia)—gm V=) dyp = wie 2

dsi.  (151)

The term for k =m — £+ 1,--- ,m is also similar. Therefore, we find by applying the Laplace’s
method to (136]) and using (141]), (146)), (150) that

DI AN s T AN
IZ:(Kmn)qm(xQ—xl)z kl_[ <k:') kl_Io<k'> - det[P] det[Q/]
=0 .

m—/¢

< | [ AAmoe(s)? T e #%ds;| | [ |8 Pe Rt | (14 0(1) (152)
Rm—¢ R¢

w{n_gwg m—~¢—1 wlf 2 4—1 (.L)S 2
_@%m%urmegl <M)]I(M) - det[Py] det[Qe] - Zm—¢Z¢(1 + o(1)).

O]

We now evaluate the asymptotics of the sum in (131)) using the above lemma. Since /nw;,
(v/nw;) ™1, det[Qg] det[P,] and its reciprocal are all O(1), we find from Lemma that

I 3 (M0 =2mj+25%) —gm (22 —1);
_O T
n 2

) — O(plk=m+3)?=(G—m+3)?
I, o - (m2—2mk+2k;2)—qm(332—:c1)k> B O(n ’ ’ ) (153)

for all j,k € {0,---,m}, by using the definition of ¢,. Hence I,,,_1 and I, are of same order
and the other I, are of smaller orders (at least by factor n?). This implies that (131]) becomes

o

Thus, from (128) and ( ., we have
1
det [ n— J(ak, (H enG T1;aK ) E |:<mrf 1>Im_1 + <;Inl> Im:| (l + 0(1)), (155)

Therefore, using the asymptotics (134)) of I, the value of Z; in (133|), and the definition of K,
in , we obtain

. m _ = nG(z1;a)—n (mn:) det[Pm] det[Qm]
et i) fhor = (H e ”2> e [ e e )

(156)
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5.2 Evaluation of det [I',_;(ay; n)&,_ji10(ar; JT (2;); s)];’;czl, i=1,2

The analysis in this subsection is similar to Section [£.2] but as in Section [5.1] the main contribution
to involved integrals comes from neighborhoods of two points x1 and xs.
We consider the interval J! (z2) first. From (T14) in Section

det [Fn_j (ak; n)é_'n_jﬂm(ak; Jg(:ﬂg); S)];:ﬂkzl

5n—j+17n(ak;‘]g(x2);s)]m (1+o0(1)). (157)

= det [Fn—j(ak?") En—jn (I (22); 5)

Jk=1
Now ([120) is changed to, as it happened to (128)),

En—jr1(ag; Il (22); 8)
En—j(JE (22); )

[ M»,n<y>e”G<y;ak><1—stT,E(m(y))dy]<1+0<e—5">> (158)
2

6n€/21-1n_j (ak:)

- { Mjn(y)e" Sy
£y

for some € > 0 and § > 0, where E; are in (129) and E7 (z2) is the interval
Erc(z2) == (x2+T//—G"(x2)n, 22 +€) (159)

Now the analysis of Section goes through with the change that the measure dy is changed to
(1 — 8XBy.(2)(y))dy for y € Ep. Thus we find (cf. (131) and (132)))

m

M ()" S @20 (1 SXETM@))@] -
k:

1
<ﬁ enG(ﬂn;ak)) r;llin: ( )Ig T 8) (160)
k=1

det [/ Mj p(y)emCWar) dy 4
E1 E2

where o
()= [ detlag ()] detlQs(u)] T P diton) (161)
EP~xES P
with
dyk7 k‘:l,"',l’l’l—g,
() = { (162)
(1_8XET’5(12)(yk))dyku k:m_£+17 , 1M

The analysis that yields Lemma applies with trivial modifications and we obtain (cf. (134))

wm—t L m-l-l , k\2L71 kN2
I,(T;s) = ( (Kmnﬁqu—wn)e ;Eo </§) k];[g(ﬁ) - det[Py] det[Qe]Zm—_¢ - Z¢(T; s)(1 + o(1))
(163)

where

Z;(T;s) = () He 25 (1 = sx (1,00 (1) ). (164)
7=1
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Therefore, we obtain, as in ([156]),

gn—j,n(Jg(a:Q); S)

M)

m!

. . T . m m
det Fn—j(ak; n) 571—]-&-1,71(3167 Ip (22); S)] _ H enG(z1;ak)—nl/2
Jk=1" k=1
Zp1 Zp(T;s)  det[P,] det[Q,y]
(T; s) det[Pp,—1] det[Qpm—1]

Ln_1(T; 5) [1 + (1+0(1)). (165)

For the interval JI (x1), (158) is changed to

En—ji1(ag; JL(z1);8)
En—j(JL(x1);8)

"’y (ay) N { M @)V (L — sxp, () (y))dy+
1

/| Mj,n<y>e”G<y%ak><1—s)dy]<1+0<e—5”>>. (166)

Corresponding to (131 and (160)), we have

m

det [ M ()" @) (1 = sxp, @n@)dy + | Mjn(y)e"GWa) (1 — S)dy] B
by ' Es k=1

<H enG@cuak)) % 3 @‘) ,(T;s) (167)
k=1 £=0

where ig(T; s) are defined analogously to I, in (136)) and (161)), and it is straightforward to obtain

_ w{n_gwg m—1-—¢ W]f 2¢—1 Wé: 2
L(T:5) = (g ymGaan)e 11 (Id) H(kl) - det[Py] det[Q/]

k=0 k=0
X Zin_o(T5 s) - (1 — 8) Zy(1 4+ 0(1)). (168)

The difference from (163)) for I,(T;s) is that we now have Zy,_¢(T;s) and(1 — s)Z, in place of
Zm—¢ and Zy (T} s), respectively. Therefore, we obtain (cf. (165]))

En— i+1 n(ak;JT(ml);s) " o G(zy;a)—nl/2
det | Ty j(ay; n) ——2— - = [[ercleanny
’ En—jm(Jy (21); ) Gk=1 kl;[l
m
(m—l)

m!

Z—m+1 Zm—m(T;s)  det[P,,]det[Qy]
Zon—mn Zpn—m+1(T; s) det[Py,—1] det[Qy—1]
x (14 0(1)). (169)

X

L. 1(T;s) [1 +(1—y9)

Combining (165 and (156]), we obtain

det[Pp,—1] det[Qu—1] 2T 4 det[P,,] det[Qy,] 2y T

det[P,_1] det[Qp,—1] + det[P,,] det[Q,,]

Sn(al,---am;Jg(mg);s) = +o(1) (170)
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and from (169)) and (156]) we obtain

Enl@r, + am; I (z1);8) =
det[Py, 1] det[Qu 1] 2t T (1 — ym=t 4 det [P, det Q] 2ot T2) (1 — )

det [mel] det[mel] + det {Pm] det[Qm]

+o(1), (171)

where we use the convention that = 1. It is easy to check that the convergences in (({170)

Zo(T;s)
Zy
and (L71) are all uniform for s which is close to 1. Since %7;5) = G(T;0,---,0;s) (see (40))),

Theorem follows from .

6 Proof of Theorem [1.6: critical case 1, continuous transition

We assume that the critical value a, = 3V’ (e) and suppose that a. ¢ Jv. Let

Bayg

1 /
ak:§V(e)+m,

k=1,--,m, (172)

for fixed, distinct real numbers a1, - -+, ay,. Here § is a positive constant defined in . The proof
of this critical case is more involved than other cases. We first need to perform some algebraic
manipulations of the determinant in Theorem to make it asymptotically easy to evaluate.

We start with a formula that is equivalent to but slightly different from Theorem From
Lemma [8.1] which is an intermediate step toward the proof of Theorem

Enlar, - ,am; E;s) 1 : TN b
= ——det | (Yn_j, VI—=sxp(1-sxeKnnXE) W) (173)
En(E; s) det[Iy—; (ak)hk:l ’ j=1

where (, ) is the real inner product on R and Ky, (z,y) = (po(x)po(y)+- - pe_1(x)pe_1(y))e” 2V @+VW®)
is the usual Crhistroffel-Darboux kernel. Here p;(x) = py(x;n) is the orthonormal polynomial with
respect to the (varying) measure eV @ dz on R, and ¢y(z) := py(x)e” 2" ®. The column vector
v(z) := (v1(z), - ,vm(x))! is defined by

vp(z) = M@ =V(@)/2) (174)
and the column vector w(z) := (w1 (z),- - ,wm(z)) is given by
wi(z) = (1 — Kppn)ve)(2). (175)

Note that the kernel K, , in is independent of j. This is the difference from the for-
mula (11)): in terms of ¥y and Ky 5, the formula becomes in which the Christoffel-Darboux
kernel appears as K,,_ji1, depending on the row index j. This change makes the following com-
putation easier.

We use the three-term recurrence relation of orthonormal polynomials (see e.g., [24]) repeatedly
V(z)

below. In terms of y(x) = py(x)e” 2
xe(x) = bpwpyr(x) + aghe(x) + be—110e—1 (), t>1 (176)
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for some constants ay and for positive constants
by = 14 (177)
Ye+1
where 7y, is the leading coefficient of py(x).

m

6.1 Evaluation of det [I',,_; (ak)}jkzl

Using the notations above, we have (see (10))

det [I‘n_j(ak)};lkzl = det [(@bn_j,vtﬂl.n

g (178)

By taking a linear combination of the last three rows and using the three term recurrence rela-
tion ((176]), we can replace the last row in the above matrix by the vector

1

{(z — e)yp-mi1(z),v'(2)). (179)

bnfm

We then can replace the (m — 1)-th row similarly by using the two rows above. By repeating this
process up to the third row, we obtain

<wn—17 Vt>
n—3 <wn—27 Vt>
( 11 bg> det [Tj(ay)] 7, _, = det | ((z —e)vn_2(2),v) | (180)
{=n—m :
_<($ - e)wnferl('T)’ Vt>_

Now we can change the last row of this new matrix to

1

bnferl

<(:C - e)2¢n7m+2(x)avt> (181)

without changing the determinant, by using a linear combination of the last three rows and the
three-term recurrence relation again. We repeat this process up to the fifth row and obtain

I <¢n71a Vt> 1
anz, Vt>
n—4 n—3 ((x — e)thn—a(z),v")
< 11 be) ( 11 bg) det [T j(ar)] T, = det | {(z— e)Yn_3(z),v') |. (182)
l=n—m+1 Y4

Cnem ((z — e)*Pns(x),v")

(@ — €)% (), V1)

We repeat the process and obtain, for even m,

[m/2]—1 Ry
( H (bn_g_gbn_m_l_;,_g)Z) det [I‘n_]’(ak)];ﬂkzl = det . (183)
/=1 R
[m/2]
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where each Ry is a 2 X m matrix defined by
<(.T - e)z_l’(vbn—Z(x)) Vt>
. 184
(2~ &) Mg (), V) (s

The determinant in (183]) is unchanged if we add the second row of R, by a constant multiple of
the first row. Hence we can change the matrices Ry in (183) to

(2 — ) (@), v!)
(@ — &) (tnr1(2) — T2y, (), V)

where Bj,(e) is the value of B;,(z) at z = e, and the function B; (%) is a function defined in [7,

Ry =

Ry = (185)

Proposition 6.1(b)] which appears in the asymptotic of orthonormal polynomial near the edge e of
the support of the equilibrium measure. From the asymptotics of B;,(z) [7, Formulas (323) and
(313)], it was shown that Bj,(z) and its reciprocal are uniformly bounded in a neighborhood of
z=e.

When m is odd, we need to add an extra row ((x — e)[m/z]wn_[m/g}_l(a@), vt) to the matrix to

the right-hand side of (183]) and the extra term bnni/[i]l /21 needs to be multiplied on the left hand
side. In the remaining part of this section, we only consider even m since the odd m case can be
solved by the same method.

We now evaluate the asymptotics of Ry for each ¢ = 0,1,---. First consider the top row of

Ry11. We consider a slightly more general quantity
((z = &) thp—j(w), e eV /) (186)

for a later use. Observe that v, is changed to 1,,—;. Note from with a = ag, T'—j(ay) =
(1hy—j(x), eM@s2=V(2)/2)) " The asymptotics of this inner product at the critical case was obtained
in [7, Section 5.1] and the asymptotics of (186 is very similar. Namely setting

on—j(z) = wn_j(x)efgv(x), (187)
we see that (186 equals

[ o= eferazt | " on ()2 — @) e (188)
DINNE) e

where (Cpy—;)(2) is the Cauchy transform of ¢, _;(x) and ¥ and ¥X_ are certain contours from e
to oo lying in C4 and C_, respectively (see [7, Figure 9]). When ¢ = 0, it was shown in [7, Section
5.1] that, under the criticality assumption the main contribution to the above integrals comes from
a neighborhood of the point z = e and an appropriate change of variable is £ = (z — e) Bn2/3. The
presence of the term (z — e)’ above does not change the analysis except for an inclusion of an extra

term (ﬁ)e in [7, Formula (222)] and we obtairﬁ
(@~ &)y (z), "=V @)
Qn(ak)

= A 2/3\¢ in(e et P(E) (€ 1 ewang | gw ot o ‘
5\/ﬁ(ﬁn2/3)é (Bjm( )/0 & AI(6)( + + )d€ + (1)) (189)

5The result of [7] involves B;,(e) in place of Bj,(e). But as Bjn.(z) = Bjn(2)(1 + O(n™")) from [7, Formula
(323)] and 1/B;,»(e) is uniformly bounded, the above statement follows.
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where (see [7, Formula (206)])

Qn(ay) = en(-3V(@+are) — cn(Hlea)=6/2) _ n(Glesar)=¢/2) (190)

Now observe that (see [7, Formula (223)])

/ AJ(€) (€28 + € 4 ) = /3, (191)
0
By taking the derivatives of this identity with respect to «, we find that
> 4 12 20 2 d ¢ 3
/ €8 AL(E) (whe™t + we Wt 4 o) de = (da) e /3. (192)
0
Hence we obtain
n(apz— Qﬂ(ak) d ‘ ol
(o = &)y (o), "V D) = 2o i Bin(e) | ggp ) € o). (199)

Now we consider the second row of Ry;1. Again we consider a slightly more general quantity

B; j+1 n( ) n(agz—V (x
(2= &) (nega () = S (), oV 02, (194)
This can be written as the sum of the integrals (188) with the terms (Cy,—;)(2) and ¢,—;j(2)
replaced by ¢n—j—1(2) — BJJ;“(’())gon j(2) and ¢,_j_1(z) — B”l?())gon j(2), respectively. Then

again the main contribution to the integrals come near z = e. The precise behaviors of the
integrands near z are well-known (see [7, Formula (322)]). First,

Bjiin(e)

Bi(e) ¥ = (2 Ai(@(2))er (=) + 070 AT (B(=))ea(2)) e 2V (195)

pn—j-1(2) =
for z near e. Second,

Bji1n(e)

(Con—j-1)(2) — Bynle)

(Coon—j)(2) =
% (nl/G Ai(W?®(2))er (2) + n~ /0w AT (WD (2 ))CZ(z)) e 3V (196)
for z near e with z € C,. Finally,

Bjti,n(e)

(Cong)(:) = 0

(Cpn-s)(z) =
— e (050 A(wd(2)er(2) + VO AT (wB(2))ea(2)) €3V (197)

for z near e with z € C_. Here ®(z) is a function that satisfies ®(z) = fn?/3(z —e)(1+ O(|]z —€]))
as z — e and is defined by [7, Formula (309)]). The functions ¢;(z) and c2(z) are given by

Bji1n(e) Bji1n(e)

() 1= Bran(z) = 0 Bin(2), ale) = Dian(s) = TF I D). (198)
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As By, (2) is analytic at z = e and its reciprocal is uniformly away from zero in a neighborhood of
e, we have

c1(z) =0(z —e)
Bjt1,n(2)Djn(2) is shown to be independent of z (see [7, Formula (329)])

for z near e. (199)

Also Bjn(2)Djt1,n(2) =

and equal to 77" =L - where 7, is the leading coefficient of p,(z). Hence
c(e) = ————, Kjp 1= —————. 200
=50 T e 200

We note that from the explicit asymptotics [7, Formula (303), (304)] of vy,—;, K, and its reciprocal
are bounded uniformly in n.

From this we can find the asymptotics of in a similar form as . The resulting formula
contains two integrals, one involving Ai and the other Ai’, since each of , , and
contains such two terms. Now notice that due to and the change of variables £ = (z—e) Bn?/3,
the integral involving Ai is smaller than the integral involving Ai’ by the factor O(n~/3). Thus we

find that

(& — ) (thn_j 1 () — D2F ?())wn J(@). e

_ Qn (ak ’L{‘:j n v
=BS5S (Bn2/3) B, 5 AT'(€
The integral above can be sunphﬁed by the identity

(akx—V(I)/2)>

(67 4 wiwle k4 e E) dg + 0(1)) . (201)

/O h €8 AT (€) (wwe™ + wwet’E 4+ e de = <;L>e(—aea3/3). (202)
This identity is obtained by taking derivatives with respect to « of the identity
/Ooo AT (&) (w?e™t + wePE 4 %) de = —aeo‘3/3, (203)
which follows from after integrating by parts. Hence we obtain
(2= ) (g2 () = RN (), rtene Vi)

Qn( ) j,n d ¢ a3
- 5n5/6(5n2];3;]]3j’n(e) (dak> (cpe®/3) + 0(1).  (204)

Inserting (193) and (204) (with £ — ¢ —1 and j = ¢) into (185]), we obtain that (183) equals,

when m is even,

[ 60‘:15/3 eai’n/?’ ]
ale 1/3 O[meai’)n/3
m/2 ddal /33f ddoil e¥m/3
H 2[/7; - HQn ak det E(OZ16041[/3) da (a e m/3) +0(1) (205)
(Bn ESRE (7 )2eom/3
ddab o3/ ddarﬁl ol /3
(E) (cve1/?) m) (ae®m/?)
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Note that the (j,k) entry of the determinant on the right-hand side of (205)) is of the form
Pj(ak)eo‘z/?’ for some polynomial Pj(x) of degree j — 1 with leading coefficient 1, (i.e., Pj(z) =
2771 4 ...)) which are defined by the conditions

,a3/3 d /3 if 7 — 9
Pia)=4° (da)z na= (206)
e~ 3( AV (e’ /3) if j =20+ 1.

Therefore, by elementary row operations we find that the determinant is same as the determinant
of the matrix (ai_leo‘i/?’);‘k:l. The determinant of this matrix is []; <, j<m(ar — ;) [I31; /3
and this is non-zero. Therefore, when m is even,

[m/2]-1

|: H (anEbnm+g)£:| det (I‘n_j(ak));flkzl
(=1
[m/2] Ko
= H (/Bn2/7; 20 HQn ak Oék/3 H (Oék —aj)(l _|_0(1)) (207)

1<j<k<m

We have a similar result when m is odd.

6.2 Evaluation of det [(¢,_;, vV — sx;r(1 — SXI,?Kn,nXI,{)_IWtﬂ?:l

We now evaluate the numerator of (I73) when E = Il. Note that t,_; is the only term that

depends on j. Hence by using the same row operations as in Section that lead to (183 and
(1185)), we find that, when m is even,

[my/2)-1 m S1
|: H (bn2£bnm+f)€] det [<wn—j7 Vt - SXIZ:(I - SXIgKn,nXIE)1Wt>:| = det )
/=1 Jj=1 S,
[m/2]
(208)

where Sy is a 2 X m matrix given by

((z —e) (), V — sxyr (1 = sxyr Kpnxyr) 'w') (209)
(@ = @) L (Wnr1(2) = T52 50 o(@), v = sxqp (1 = sxyr Knnxpr) "W |

We can write this as

U1
Sr=R ’ 210
.~ R Vz—u] 210)
where U&j = (U&j(al), S ,U&j(am)) and V&j = (V&j(al), S ,V&j(am)) with
Uy j(ag) = ((z = e)Wnj(x), sxyr (1 = sx77 Knnxyr) " wp)
Bri1.n(e) -1 (211)

Vij(ar) = ((x — ) (Yn—j1(x) = = tn—j(@)), sxp7 (1 = sxpr Knnxpr)~ wr).

Bén( )
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The asymptotics of an(.%', ay) = 1:“'; k((zi)) were obtained [7, Lemma 5.2]. From this the asymptotics

of Uy /T, (a;) when ¢ = 0 and s = 1 were obtained in [7, Section 5.1.3]. It is straightforward to
extend this to other ¢ and s as in the previous subsection. We can follow the arguments in [7,
Sections 5.1.2 and 5.1.3] almost verbatim and find

Uy,(ax)
I‘n(ak)
1

:W@f A1), $X[T,00) (1 = 8X[T00) K Airy X[T,00)) " C—ae (€))(1 4 0(1)),

where Er. = I\ (e + ¢, 00) with a small enough constant ¢ and

= (& — €)"Pn—j(2), sXBy, (1 = Xgr KnnXyr) ™ nj(@;a)) (1 + o(1))
(212)

1 ) .
C_a(§) = /ezéz?’*"fzdz . (213)

2m —a+1z
is defined in (56)). Using the asymptotics |7, Formula (197)] of I',, (ak)ﬂ this implies that
Sy

Similarly, as in the argument for the asymptotics (201)), we find that

Uyj(ag) = kI3 (EL AL(E), 5X(T00) (1 — 8X([700) K Airy X[7100))~-Cae) (1 +0(1)). (214)

_ Qn(ar)Kjn AN —1
Veilan) = g Gy (E A€ = X0 KaieyXiro0) ™! Coar) (14 (1),
(215)
Recall the polynomials Pj(c) defined in (206]). We claim that
§AI(g) = P2v:(—d*€)A1(§), T AT(E) = P2¢+1(—d*§) Ai(§). (216)
To see this, note that successive integrations by parts of the integral representation of the Airy
function Ai(¢ —e 7:53 e~65+35° s imply that, for any 1,
mi/3 7 7i/3
1 coe 1 d 1, coe 1 1.3
Ai(¢) = —e | =) e3¥ |ds = e Py(s)esds. (217
1(6) 2V =1 Joce—mis3 516 |:<d5> :| ’ 27TV coe~mi/3 él ? ( ) i ( )
Hence
1 emi/3
A Poi(s)e$%e3%d
€100 - %r/m o Pl ek
coe™t/3 (218)
d d
e d —Pz )
ot [ P |ebds = Pt i)
which proves the first identity of (216} m Similarly, for any i,
7i/3 7I"L/3 i
. . 1 ooe 1.3 d 1.3
gAY — ¢t —&s+3s ds = el 38 d
farg =gyt [ seerita s [T () ey
1 N v ) (219)
= & p, 35 ds = Pyip1(——=) Ai
270/ =1 Jaoe—miss ¢ 2i1(s)es” ds b1 d§) i),

Tt was given in terms of B;,(e) but we can change it to Bj . (e). See Footnote @
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which proves the second identity
We insert into and - This glves the asympto‘mcs of the second matrix in the
definition of Sg. For R,, we use the asymptotics | and (| and insert (| . We obtain Then

we obtain, when m is even,

[m/2]

m/2 Ken e 3
1/ H Bn2/32eHQ"ak o

x det [Pj—l(ak) — (Pj_1(— )Ai(f)a SX[T,00) (1 = SX[T,OO)KAiryX[T,oo))710—0%> + 0(1)]

dé

Gok=1
(220)
Simple row operations then imply that the last determinant, without o(1) term, equals
. d . . _ m
det [ai t- <(—d*§)J P A(€), $X([T,00) (1 = $X[T,00) K Airy X[T,00)) ICa,J} L (221)
‘77 =
6.3 Proof of Theorem [1.6]
From (173)), (207)), and (221]), we find that
gn s " m; IT det Dm
(B amidyis) tm(=)] ) (222)
Fo(x) H1§j<k§m(ak - aj)
where
. d . . . _ m
Dm(s) == | (o) " — <(I§)] PAI(E), sX(7,00) (1 = $X[T00) K AiryX[T00)) C—a) . (223)
Gok=1

When s = 1, Diy(s) is precisely the matrix M defined in [2 Formula (3.36)] with wy, = —ay
(see [2, Formula (3.9)] for the definition of E,, and [2, Formulas (3.4) and (1.10)] for the definition
of T1). A different formula of det(M) was then obtained [2, Formula (3.46)] in terms of function

f(z;w). Comparing with the case of k = 1 of [2, Formula (1.16)], this function f(x,w) = %@5’)
and this implies that
d _ Fl(T —Oék'l)
Dy, (1)] = i 224
det{D (1) = det [ (e + Ty DT (22

When s # 1, the only difference of D,,(s ) from M is that the function E,, (defined in [2
Formula (3.9)] is changed to E$(u) = s(;—r v Co )(u). The proof of [2, Formula (3.46)] goes
through without any changes and we obtain

(225)

d 1 F1(T;ap;8)
dT

det[Dy,(s)] = det [( a4+ —) Fo(T: 5)

From the definition of Fy, (58), we obtain (61)).
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7 Non-vanishing property of some determinants

As discussed in Section [I.4] in each of the Sections we need the fact that the determinant
of a certain matrix is non-zero and is uniformly bounded away from zero. Specifically, we need
this property for the following four matrices [/\;lj7n(c(ak))];f‘k:1 in of Section |2, B in of
Section P = [M%;l)(acg(a))];n’i:l in of Section and Py = plam=i).(tJ) in (see also
the discussion after in Section .

In this section, we prove that the determinants of these matrices are uniformly away from zero
in a unifying way. This was obtained by considering a more general matrix which includes the
above matrices as special cases. We can show the non-vanishing property from a direct algebraic
manipulation of the determinant when the support of the equilibrium measure consists of a single
interval (i.e. N = 0) since in this case the entries of the matrix do not depend on n and are
expressed in terms of a simple rational function. However, when the support consists of multiple
intervals (i.e. N > 0), the entries involve a Riemann theta function and it is not easy to check
directly that the determinant is non-zero.

Instead we proceed as follows. The entries of the desired matrix are expressed in terms of
the solution of the so-called ‘global parametrix’ Riemann-Hilbert problem (RHP) for orthogonal
polynomials. Using this, we show that the desired determinant itself can be expressed as a product
of the solutions of different Riemann-Hilbert problems, which are a Darboux-type transformation
of the above global parametrix RHP. We exploit a relationship between the original RHP and its
transformation in order to prove the non-vanishing property.

We now introduce the general matrix which we analyze. Let M ,(z) and M, ,(2) be defined in
[7, Formula (311) and (312)]. They are expressed in terms of the solution to the global parametrix
RHP: see and below for the explicit formula. We note that they are analytic, in
particular, for z € (e, 00). We also note that when N = 0, (see (45))

o 2 (@) )7 k) — )Y e
Mol = g (G0 set\eed

for z in C\ (—o0, €].

Let {c1,--- ,¢p} be a set distinct real numbers in (e, 00) and let {di,--- ,d,} be another set of
distinct real numbers in z € (e, 00) for some non-negative integers p and g. For each n, we define
the (p+ q) x (p + ¢) matrix

Ml,n(dl) to Ml,n(dq) Ml,n(cl) to Ml,n(cp)
o I R (27
Mpign(di) -+ Mpign(dg) Mpignlcr) -+ Mpign(cp)
Special cases of this matrix appeared in the proofs of Theorem [1.2]in Section [2] and of Theorem
in Section [3
We also consider a slight extension of the above matrix whose special cases appeared in the

proofs of Theorem [I.4]in Section [4 and of Theorem [I.5in Section[5} Let my,--- ,mp and ny,--- ,ng
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be positive integers, and set s := mq +---+m, and t = ny + --- + ng. For each n, define the
(s +t) x (s +t) matrix &B(cl’ml (C”’TZ’)’) by the entries, for each j =1,---,s + t,

di,n1), ,(dg,n
MED () fork=1,-- ,ni,
M;{cn_nl_l)(dQ) for k=mn _|-1’... ,n1 + na,
(e1,m CpMMip) — ~ (k—t4+ng—1
(m(dll,nll d:’nqz)J >],k — M;n )(dq) fOl“ k = t — nq _|_ 17 . ,t, (228)
M;{Cn_t_l)(dl) fOI‘k:t—|—17 t+mq,
M;{cn*sft+mPfl)(Cp) fOI" k=s =+ t — mq + 1’ o8 4 t.

Note that ‘Bcl" “» is a special case of %5211’7:11))’.:' ’(((Z’ Z‘;) when all m; = 1 and n; = 1. The main

result of this sectlon is the following proposition.

Proposition 7.1. Let p,q be non-negative integers, c1,--- ,cp, be a set of distinct real numbers in
(e,00) and dy,--- ,d, be another set of distinct real numbers in (e, c0).
a) Let Cl" 7 be defined in ([227)). Then for all positive integer n, det[Pg "] £ 0. Also both
di,dg
det[‘BCl’ i’ p] and its reciprocal are bounded uniformly in n. Moreover, if ¢y < --- < ¢, and

dy < --- < dy, then (—1)Parp(P=1)/2(_j)q det[mcl" ] >0.

(b) Let my,--- ,my and ny,--- ,ng be positive integers and let ‘43(211’7;11))""’((;:”7”?) be defined by
([228)). Then for all positive integer n, det[‘Bgzll’ZLll)) ((Z’mp ] # 0. Also both det[‘B(Cl’ml) ((x’::;’)’)}
and its reciprocal are bounded uniformly in n. Moreover, if c1 < --- < ¢, and di < --- < dg,
then (—1)st+s(s=1/2(_j)t det[‘BEle’ZT ((;5,’2’)7)] > 0, where s = my + -+ +mp and t =
ny 4+ ng.

Even though Proposition @ is a special case of Proposition @ we state these results
separately for the ease of citation.

The idea of this proof is motivated by the paper [5] which evaluates the orthogonal polynomials
and their Cauchy transforms with respect to a weight which is a multiplication of a given weight

by a rational function. This procedure bears resemblance to the Darboux tranformation in spectral
theory.

Remark 7.1. In this section, we use the abbreviation ‘f,, < O(1) uniformly in n’ to mean that for
a sequence f,, both f, and ﬁ are bounded uniformly in n.
7.1 Proof of Proposition

We first prove part @
Let J := U;V:O(bj, aj+1), bp < a1 < --- < an41, be the support of the equilibrium measure given
in (15). From [7, Formulas (311) and (312)],

Min(2) = Crn - IMiJ11(2),  Min(2) = Crp - [Mig]12(2) (229)
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for any z € C\ (by, an+1), where the constant Cy p, = An_re™/? and the 2 x 2 matrix Mg (2) ==
M IEOZ)(Z) satisfy the following properties.

First, the positive number 4, is defined in [7, Formula (304)] in terms of the Riemann theta
function 6. This particular theta function satisfies the property that (V') # 0 for all real vector
V from (the proof of) [I7, Formula (3.38)]. Hence due to the periodicity of the Riemann theta
function, (V)| is uniformly bounded below and above for real vectors V. Since all the arguments
of the Riemann theta functions in the definition of 4,,_j are real, we find that

Crn < 0(1) (230)

uniformly in n.

The matrix My(z) := M,gos)(z) is explicitly defined in [7, Formulas (300) and (301)]) in terms
of a Riemann theta function. However, we do not use this formula; instead we use the follow-
ing Riemann-Hibert characterization given in [7, Formulas (295)-(297)]. Let v(x) for z € ¥ :=
(bo,an+1) \ {b1, - ,bn,a1, -+ ,an} be the jump matrix defined by

efznﬂj 0 '
A , forze(a;,b5),j=1,---,N,
(x) o (231)
v(iz) := 231
0 1
, for x € J,
-1 0

where ;, j = 1,--- | N, are real constants defined in [I6, Formula (1.21)] (see also [7, Table 1]).
Then for k € Z, My(z) := M,gos)(z) solves the following RHP:

M (z) is analytic in C \ ¥ and is continuous up to the boundary,

[My]+(2) = [My]-(2)v(z) for 7 € X, (232)

27k 0
My (z) = [Iox2 + O(z71)] | asz— oo
0 =z
Let us denote W )
z z
M (:) = [5'52)( ) )] (233)
& (2) n(2)
so that become
Mion(2) = Cron€i(2),  Min(2) = Cran (2). (234)

Note that even though we do not explicitly indicate it, §,(€1)(z) and n,(cl)(z) depend on n.

From the hypothesis of Proposition 1, -+ ,¢p are distinct real numbers and dy,--- ,d,
is another set of distinct real numbers, all in (e,00). For integers 0 < s < pand 0 <t < g, let
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(M, )211 } 7d (z) be the 2 x 2 matrix whose entries are defined by, for each i = 1,2,

s

(M) % () 1= [ —

Cj—Z
7=1
5}; () o %ﬂs(cs) ?,%Z)S(dl) ?]E)f)s(d) (g,%?s(z)
« det fk s+1( 1) ékfsfl(CS) 77k73+1(d1) 77k73+‘1(dt) gkfsJ‘d(Z) . (235)
e () € () nfjlt(dl) e ond) g ()
and
t
[(Mk)élh dt z2
]:
gk s( ) 1(;)5(68) ?%ils(dﬁ ?}%izs(dt) 7(7]({)8(2,)
« det fk s+1( ) ’fk s+1(cs) 771<;—s+1(d1) nkz—s—i.-l(dt) M~ s+1() (236)
€0, o e i) - ) )

Now we proceed to prove Proposition [7.1{a)| as follows. We only consider the case when g > 0.
The proof is completely analogous when ¢ = 0. When ¢ > 0, from (234)) and ( ., we have

p+q

q—1
det[‘l‘ffl’,' , q HCJTL (H dﬂ - dq)) ((Merl)flh (ZZ 1)12(dq)- (237)
=1

To show that det[}, cl" 771 =< O(1), we only need to prove that [(Mpﬂ)zll’:',:’2’;_1]12(%) = 0(1)

uniformly in n due to (230). We prove this by showing that for all s € {0,1,---,p} and t €

{0,1,--- ,q},
[(My)g, "G )i (@) < O(1) (238)

uniformly in n for each i,j = 1,2, for each integer k, and for each real number z € (e, c0), using
an induction in s and ¢.

When s =t = 0, Mj(z) has an explicit formulas in terms of the Riemann theta function 0 [7,
Formulas (300) and (301)]. Note that for z € (e,00), us(x) is a real vector by the construction of
u defined in [I7, Formula (1.29)] and [16, Formula (1.29)]. Since all the arguments of the Riemann
theta functions are real vectors, we find, as in the discussion above (230), that [My];;(z) =< O(1)
for each i,j = 1,2, for each integer k, and for each real number x € (e, )

To complete the induction step, it is enough to show that if holds for s = £ and t = ¢,
then it holds for s = £+ 1,t = ¢/, and also for s = £,t = ¢’ + 1. Recall that the (j,¢)-minor of a
square matrix is the determinant of the matrix formed by removing the j-th row and ¢-th column
from the original matrix. For ¢ = 1,2, we denote the (1, s+t + 1)-minor of the matrix on the right
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hand side of (235]) by A;;. We also denote the (s+t+1,s+t+ 1)-minor of the matrix on the right
hand side of (236]) by A;2. It is easy to see from the definition that and when ¢ > 0,

Ai =[(Mg41)g 7“7d5;: Jia(d H dj —dy), (239)
j=1
t—1
A =[(My)g G lia(de) H (dj —dy), (240)
7j=1
and when t = 0,
s—1
A =[(Mg) i (o) [ [ (e5 = ), (241)
j=1
s—1
Ai2 :[(Mk_l)cl’m’cs_l]il (CS) (Cj — CS). (242)
j=1

Now let (ﬁk)zll ift (z) be the solution to the RHP (232)) where the jump matrix is changed to
v(z) which is given by v(z) = v(z) for z € ¥\ J, and
0 (Cclrx)m(r;rx)
V@) = | ey 0TI for e, (243)

B CEn P ) 0

The existence of the solution to this RHP is given in the next subsection. The uniqueness follows
from the fact that detv = 1.

Lemma 7.1. (a) For s >0, if (M) % 1)11(cs) # 0 and ((Mg_1)"%=1)a1(cs) # 0, then
(M)t (2) = diag(Ai1, Agz) (M) (2), (244)
where A1, and Ao are given in and .
(b) Fort >0, if (My41) ’"’d‘i 1)12(d,5) #0 and (M )Cl" ift_l)gg(dt) # 0, then

(M) 5 (2) = (=1)" diag (A1, Ag) (M) (2), (245)
where A1 and Age are given in (239) and (240)).
Proof. This is straightforward to check. O

C1,",C

From the RHP, we can show the non-vanishing property of the entries of (ﬁk) dd

Lemma 7.2. For any integer k, real number x € (e,00), s € {0,1,--- ,p} and t € {0,1,--- ,q},
[(M)gy g ia(z) < O(1), i, =1,2, (246)

uniformly inn and [(My)G7 % 1 (x), (MG o (), [—i(M)§ 705 hia(x) and i[(My) 3% 1o ()
are all positive.
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Proof. The proof will be given in Subsection [7.2} O

Thus Lemma and Lemma imply that if (238]) holds for s = ¢ and t = ¢’, and so does for
s=/{+1,t =/, and also for s = £,t = ¢’ + 1. The induction step of the proof is complete and we
obtain det[‘Bcl" W= 0(1).

If we take 1nduct1ve steps, in particular, as (s t) = (0,0), (1,0), ---, (p,0), (p, 1), -+, (p,g—1),
then we find an explicit formula of [(Mpﬂ)flll dq J12(dg), which implies from (237)) that

(—1)Pe (Hp+q ok ) det[&BCl’ ",Cp]
(Hl<]<k<p( Ck)) (H1§j<k§q71(dk - dj))

::]Q

P
p+1 dl’... dy 1 J12( H $) T (es). (247)

t:l s=1

From this formula and the signs of [(Mk)cl’ ¢ )ij(x) in Lemma we find that if ¢; and d; are

both in ascending orders, then (_1)pq+p(p 1)/ (—14)1 det[chl’ d’;] > 0. This complete a proof of

Proposition [7.1j(a)|

We now consider Proposition Note that the identity (247)) is analytic in ¢;’s and d;’s.
Hence if we take the limit so that some of ¢; are identical and some of d; are identical, then by

I’Hépital’s rule, we obtain Proposition [7.1{(b)]

7.2 Evaluation of (Mk)ffl e

In this subsection we prove Lemma by finding an explicit formula of (Mk)cl’ o ds (z), which is
obtained by solving a RHP in terms of a Riemann theta function

We can consider the following slightly more general RHP. Let 3 := (by, an+1)\{b1, - ,bn, a1, -
and J = Uéyzo(bj,aj+1) as in (232). Let f(x) be a positive real analytic function on J. Let the
2 x 2 matrix N(z) be the solution to the following RHP:

( N(2) is analytic in C\ ¥ and is continuous up to the boundary,

e—ian 0
N, (z) =N_(x) [ 0 einﬂj] for x € ¥\ J,
x 248
N,i(z) =N_(x) [_1/(;(%) f(() )] for z € J, (248)

0

Sk

Z—k
N(z) = [lax2 + O(z71)] [ 0 ] as z — 0o.

The matrix (ﬁk)gllift(z) is the special case of N(z) when f(x) is rational.
We now solve the the above RHP for N(z) explicitly. This is done by finding an algebraic
transformation of N so that the jump matrix on J becomes (91 (1]) while the jump matrix on

¥\ J remains similar to the original one except that each €2; changes to a different constant. The
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asymptotic condition as z — oo is unchanged. The solution to the resulting RHP is well-known
[16].

For constants ¢1,--- ,tn, let D(z) be a solution to the following scalar RHP:
D(z) is analytic in C\ ¥ and is continuous up to the boundary,
D(z) #0forall z€ C\ X,
Dy (z)D_(z) = f(z) forzeJ, (249)
Di(z) = D_(z)e's  for x € (aj,b;), j=1,---,N,

D(o0) :=lim, o, D(2) exists and is non-zero.
For most choices of t1,--- ,ty, there is no solution to this RHP. Below we construct a (unique)
array of t1,--- ,ty for which D(z) exists. Note that D(z) is unique if it exists.

Set
L(z) =log D(z), zeC\X (250)
where log is defined on the principal branch of logarithm. The RHP for D(z) implies that L(z) is
a well deﬁned analytic function in C\ X. Set ¢(z ) Hé\f o(z = bj)(z = aj41). Define the square
root 1/q(z) to be analytic in C\ J and satisfy 1/q(z) ~ 2"V as z — co. Then the function

= L(Z)
L(z) =
® q(z)

(251)

satisfies the following scalar RHP: L(z) is analytic in z € C \ %, continuous up to the boundary of
%, and L(z) = O((z — b;)""/? and L(2) = O((z — aj41)) /% for j =0,--- , N, and also

%(g;) L (z)+ bgﬁf‘(fh for x € J,
Li(z)=L_(z)+it; forz € (aj,b;),j=1,---,N, (252)
L(z) =0(z"N"1) asz— oo

The additive jump conditions imply that, from the Plemelj formula,
Y pen ds  ~~. (% d
3 / ogfls) ds S it / ) +E@) (253)
j=0"bj (v Q(S)+) T2 03 aj STF

for an entire function E(z). Now in order to satisfy the asymptotic condition L(z) = O(z~ V1) as
z — 00, we must have that F(z) = 0 and

aj41 1
Z/a ogf kds+ztj/ sfds =0 fork=0,--- N —1. (254)

We regard (254]) as a system of N linear equations for t1, - - - , 5. This system has a unique solution

since its Jacobian is

bj
det / st 1ds
aj

N

by by
:/ dsl.../ dsy det(s5 )Ny, (255)
al anN

j:ezl
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which is positive. For this particular ¢;, the RHP has a solution, and accordingly the RHP
have a solution. Note that since i(1/q(s) ) is real for s € J, the above system of equations
has real coefficients and hence the solution ¢; are real. From this and , we find that D(x) >0
for all z € (e, 0).

Set

~ oo_1 z
N(z) i [D( =0 ]N(z) !Dé) D(S)_ll’ (256)

for z € £\ J. It is easy to check using (249) that N satisfies the same analytic and asymptotic
condition as the RHP (248)) and it satisfies the jump condition

B . e~ (nY =) 0
N, (z) =N_(x) 0 i —1) forz € ¥\ J,
(257)

N, (z) = N_(z) [_01 (1)] for z € J.

This is the same RHP for My, with the changes €; — €; — 1¢;. Hence the solution N(z) is
given by the usual Riemann theta function construction. Since ¢;’s are real, we find, as in the case
of My, from the property of the theta function that for any = € (e, 00), [N];;(z) < O(1) uniformly
inn,i,j=1,2. Also from the explicit formula of N(z), we find that [N];;(x) > 0, —i[N]y2(x) > 0.
Since D(x) > 0 for x € (e, 00), we find by that [N];;(z) =< O(1) uniformly in n, i,j = 1,2,
and [N]11(z) > 0, —i[N]i2(z) > 0.

Thus, as a special case, we obtain Lemma

8 Proof of Theorem 1.1l

Theorem is an algebraic relation that reduce the higher rank case to the rank one case. We give
an elementary proof of this theorem in this section. A different, more conceptual proof based on
the integrable structure of the Hermitian matrix model with external source can be found in [§].
Since the proof is purely algebraic, we drop the dependence on n in the density function
and consider the following matrix model. Let W (x) is a non-negative function on the real line
such that log W (z) grows faster than any linear function as |x| — co. We also assume that the

orthonormal polynomials po(z),pi(x),--- with respect to the weight W (x) exist. Fix the matrix
A = diag(ay, - ,aq), and consider the following measure on the set H4 of d x d Hermitian matrix
M: 1

fa(M)dM = - det(W (M))eTAM) qpr. (258)

Here W (M) is defined in terms of the continuous functional calculus of Hermitian matrices, and Z
is the normalization constant. We emphasize that d is the dimension of both the random matrix
M and the external source matrix A.
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For a subset £ C R and s € C, define

Ei(ar, - ,aq; E;s) := /HdH 1 —sxe(Aj)) fa(M)dM (259)

where A1, -+, A\g are the eigenvalues of M. When A = diag(ay, - ,am,0,--,0) for some m < d,
N——

d—m
we suppress the zero eigenvalues of the external source matrix A denote (259) by

Cqlar, - ,am; E;s). (260)

We also set
- Gd(ala"' 7CLm;E;S)

¢ s sam; By s) = 261
d(a‘17 @ 3) @d(E;S) ( )
where €4(E;s) is (259) when A = 0. For a real number a, define (cf. (10))
ILj(a) = /pj(s)easW(s)ds. (262)
R

Theorem |[1.1| follows from the following proposition when W(z) = e~V and A = nA; =
diag(nay, - - - ,nam,O, <, 0).

Proposition 8.1. We have, assuming that a1, -+ ,am are non-zero and distinct,

i ( B:s) det [Fd_j(ak)@d_j+1(ak;E;s)];lkzl
dlat, - ,am; L£5S8) = m
det[Ta—;(ar)] iy

(263)

Proof. The density function of the unordered eigenvalues A1, -, A\g € R of M induced from (258))
is a symmetric function and is given by

det[e®i]
11d 1 d
7det[)\j ]7] 1dt[] 1Z] HW ()\17”'7)\d)€R (264)
i Z] 14=1
a; N

where Z’ is the normalization constant. Here the ratio (iitt[;l j_f]} is evaluated using I'Hopital’s
rule as am4+1 = -+ = aqg = 1. Recall that aj,--- ,am are non-zero and distinct by assump-
tion. From the usual random matrix theory, the eigenvalues form a determinantal point process
whose kernel K, obtained from the bi-orthonomal system constructed from {1, z, 22, - - ,xd_l} and

{1,z adm=1l en® ... cdm@l Then
Ey(ar, - am; E;s) = det[l — sPK4P] (265)

where P denote the projection operator on the set E.
Let K4(z,y) = Z?:_g pj(2)p; (y)W (2)/2W (y)*/? be the usual Christoffel-Darboux kernel when

A =0. Hence €4(E;s) = det[l — sPKP] and E(ay,--- ,am; E;s) = %'
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Note that the first d — m terms of the bi-orthogonal functions for K, are the orthonormal
polynomials p;(x). It was shown in [3] that K, is a rank m perturbation of Ky as follows. Define
1/2 1/27t

sy Pd-1\T W(x )

L(2)W (2) %) (266)

t(x) := (Pg—m(2)W (2)"/2,

the column vectors
. ’eame(x)l/Z)t,

¥(a) = (W (@),
and define an m x m matrix (the second equality follows from (262)))
B := /Rf:(s)f/(s)tds = [Fd—m+j—1(ak)]zlk:1- (267)
Set
W(z) = 9(2) — / Kas, 2)9(s)ds = [(1 - Ko)z¥](2) (268)
(269)

Therfl o
Ky=Kq+» w;® (B™'t);.

We now derive (263]) from (269). Let (,) be the real inner product over R. Then (269) implies

|

|

that
Eq(ar, - ,am; E;s) =det [1 —s i((l — sPK4P)"'w); ® (B™'t),P
j=1
— det []1 — s((B7%P,(1 - sPKdP)lvirt>] (270)
:detl[B] det [B — s(t, P(1 — sPKdP)_1Wt>] .
Set Yy () := pr(x)W(2)"/2. Then t; = ¢4_;. By using the definition of w, we find that
det [ (Wm0, (1= P - sPEGP) (0 - Kl (em)
4. k=1

— 1

Calar, - am; E;s) = ———
d(alu s Ay L5 S) det[B]

where Vi is the kth component of v. By arranging the columns backward and using (267)), we

obtain
Lemma 8.1. We have
Qfd((ll,"' 7am;E;5) |: -1 ~ "
= p— det [(g—j, (1 — sP(1 — sPK4P) (1 — Kq))Vg) .
det [Ty (ax) [y ’ k=1
(272)

€q(E;s)
Now the following lemma shows that the subscript d of K, in the right-hand side of (272)) can

be replaced by d — j + 1.
8The formula is equivalent to [3, Theorem 1] once one changes the monic orthogonal polynomials 7;(z) to the

orthonormal polynomials p;(z), and conjugate both sides of [3, Formula (19)] by W (x)'/? = e 2V,
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Lemma 8.2. We have

det |:<¢d—ja (1—-sP(1-— SPKdP)_l(l — Kd)){’k>:| "

k=1 (273)

m

= det [wd_j, (1 —sP(1—sPKy_j1P) 11— Kd_j+1))vk>] :
gk=1

Proof of Lemma[8.9 We first observe the following general identity: for an operator A, if B =
A+ f® f and if P is a projection, then

(1—-sPAP)"'(1-A) - (1-sPBP)"'(1 - B)
= (1-sPAP) 'f@ f+ ((1 - sPAP)"! — (1 —sPBP)™')(1 - B) (274)
= (1-sPAP) 'f® f —s(1—sPAP)"'Pf® fP(1 —sPBP)"'(1 - B)
= (1-sPAP)"'f® f(1 —sP(1 —sPBP)"'(1 — B)).

Hence for any square integrable functions g and h,
(g, (1— sPAP)"'(1 = A)h) =
{(9,(1=sPBP)"'(1 - B)h) + {g,(1 — sPAP)" ' f)(f,(1 — sP(1 — sPBP)"*(1 — B))h). (275)

Also observe that since K = ¢o®vo+- - - +1p_1 ®Yp_1, we have Kq_j11 = Kq_j+1q—j @Yq_;.

We denote the matrix on each side of the identity (273) as L and R. Consider R;;. Apply-
ing (275) to A = Kq_j11, B = Kq_j12, g = Y4—; and h = Vi, we obtain

Rj = (a—j, (1 = sP(1 = sPKq_j12P) " (1 — Ka—j42))V)

+ (a—j, (1 = sP(1 = sPK4_j 1 P) " ba—ji1) Rj—1 k-

If we apply (275)) again with A = Kgq_ji0, B = K4_j43, g = ¥q—; and h := v}, then we obtain

(276)

Rjp = (a—yj, (1 — sP(1 — sPKq_j13P) (1 — Kq_j43))Vk)
+ (ha—j, (1 = sP(1 = sPKq_j12P) " )a_j12) Rj ok (277)
+ (Ya—j, (1 = sP(1 = sPKg_j1P) " )ha—j1) Rj 1k

Repeating this procedure j times, we obtain that R;; equals L plus a linear combination of
Rj_1,--+,Ri . This implies that the determinant of R equals the determinant of L. ]

For the spiked model of dimension d — j + 1 with the single spiked eigenvalue ag, (272)) implies
that

a6 :8) = s (a1 5P = sPEa PV = Kyl (219

Comparing with the right-hand side of (273)), we obtain Proposition
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