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Abstract

We prove the edge and bulk universality of random Hermitian matrices with equi-spaced
external source. One feature of our method is that we use neither a Christoffel-Darboux type
formula, nor a double-contour formula, which are standard methods to prove universality
results for exactly solvable models. This matrix model is an example of a biorthogonal
ensemble, which is a special kind of determinantal point process whose kernel generally does
not have a Christoffel-Darboux type formula or double-contour representation. Our methods
may showcase how to handle universality problems for biorthogonal ensembles in general.

1 Introduction

The model We consider the space of n x n Hermitian matrices with a probability measure
of the form

1
Z—exp(—nTr[V(M) — AM))dM, (1.1)

where .
dM =[] dRe My;dim M;; ] dM;. (1.2)

i<j j=1

This is a random matrix model with external source A, a deterministic Hermitian matrix which
can be assumed diagonal without loss of generality. Throughout the paper, we assume the
technical condition that the external field V(z) is real analytic and strongly convex, which

means that
V' (z)>e>0 (1.3)

for some constant c. This condition implies that V' grows sufficiently fast as * — oo for the
probability measure ((1.1) to be well-defined. In this paper, we assume A is given by

A = diag(ay, ag,...,a,), (1.4)
with the eigenvalues a1, .. ., a, of A equi-spaced. Without loss of generality, we may then assume
that 1

aj=1"= j=12,.n (1.5)
n
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Random matrix models with external source were introduced in [16, 43]. In the case of
a Gaussian external field V(z) = #2/2, a random matrix M from the ensemble follows
the same probability law as a Gaussian Unitary Ensemble (GUE) matrix summed with the
deterministic matrix A. This model and its dynamical generalization called Dyson’s Brownian
motion, with deterministic and random external source A, have been important in the study of
universality for Wigner matrices, see e.g. [25, [26], 27, [34], [35].

Yet another interpretation in this case is that the eigenvalues of M follow the same joint
probability distribution as m non-intersecting Brownian motions with the eigenvalues of A as
starting points and 0 as the common endpoint [30, 31].

For general V', although the macroscopic large n behavior of the eigenvalues has been studied
in some generality [28], their microscopic behavior was only described rigorously if A has two
different eigenvalues with equal multiplicity [111, 12, [ 13| 10, 2] and if A has a sufficiently small
number of non-zero eigenvalues (aka spiked model) [3] 4, 6] [7].

Biorthogonal ensembles In this paper, we use the term biorthogonal ensemble for an n-
particle probability distribution defined on an interval I C R, which may be semi-infinite or
(—00, ), such that the joint probability density is of the form

n

7 TIOG =200 = £00) [Twtax, (1)

i<j i=1

where A\; < Ay < -+ < A\, € I are the positions of the particles, w is a non-negative integrable
weight function on I, and f(A) describes one part of the two-particle interaction in the form
of |f(Aj) — f(X\i)|, while we note that the other part of the two-particle interaction is given
by |A\; — Ail. To make the probability density well defined, we may require that the function
f(x) is increasing as = € I. This is a generalization of the n-particle distribution with the joint
probability density

n
= | (CYRPYE | PN (1.7)
i<y i=1
often referred to as an orthogonal polynomial ensemble, which corresponds to with f(z) =
x.

The biorthogonal ensembles defined by were systematically studied by Borodin in [15],
in particular for f(x) = 2% and w(z) one of the classical Hermite, Laguerre and Jacobi weights.
Before [15], the special case of with f(z) = 2% and w(z) = 2%~ was introduced by
Muttalib in [39] from a physical point of view. Hence, the special case of with f(z) = 27
is also called the Muttalib-Borodin ensemble, see [29] 36], 38| 20, [19] for example. Biorthogonal
ensembles and variations thereof are also considered in [5, 37, 14} 17, 22l 24 91 8, 30}, B31].

For the biorthogonal ensemble given by , we define the monic biorthogonal polynomials
p; and ¢; with ¢ =0,1,2,... being the degree of p; and ¢;, such that

b
/m@%m@mmmzm%. (18)

We note that by the positivity of the distribution (1.6)), p; and ¢; are all uniquely defined. Thus,
there is a well defined sum

n—1

Kn(z,y) = fipz'(iﬂ)qz'(f(y)) w(z)w(y). (1.9)

)
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Then by the general theory of determinantal point processes (see [41] for example), the n-particle
distribution is a determinantal point process, whose correlation kernel can be taken to be
g(z)Kn(x,9)g(y)~t for any nonzero function g(z) on I.

We remark that the term “biorthogonal ensemble” was, to the best of the authors’ knowledge,
first introduced by Borodin in [I5], and we use the term in a slightly more general sense than
[15]. Other authors have also used the term in more general contexts, like [23]. We stick to the
definition given in , so that the biorthogonal polynomials p;, ¢; can be defined by .

The model as a biorthogonal ensemble For general eigenvalues a,...,a,, the Harish-
Chandra-Itzykson-Zuber formula can be used to express the joint probability distribution for
the eigenvalues of the random matrices M with distribution (1.1)) in the form [16], B2 [33]

7olet S | [PYEY ﬁ —nVix ﬁ (1.10)

1<j J=1
where Z], = const - Z, - [ [, ]( — a;). For our special choice of A, this becomes
1 . . n . n
77 [Ty =) J](ed —e) e H (1.11)
<y i<j j=1 j=1

which is the biorthogonal enxemble (1.6 with f(\) = ¢* and varying weight function
w\) = e VO, (1.12)

Let pgn) and qZ(n) be monic biorthogonal polynomials for the model as defined in ([1.8]). Then,
we have the specialization of (|1.9))

n—1

— 1 n n —_n T n n n x\ ,—nV(z
K (o) = 3 ol )V (e 3EETVOD - /R py (@)g (e D,
=0
(1.13)
1

" (2, y)g(y)

and we recall that the correlation kernel of the model can be expressed as g(x) Ky,
for any nonzero function g(x).

Goal of the paper Recently, variations of the Deift-Zhou steepest-descent method applied
to vector-valued Riemann-Hilbert problems have been successfully applied to the asymptotic
analysis of biorthogonal polynomials p;, g; for some specific biorthogonal ensembles, like

(i) f(z) =e®, I = (—o0,+00), and w(z) = e V(@ with V in a rather general class [21],

(ii) f(z) = 2 with 6 € (0,00), I C (0,400) compact, and w(x) has n-independent Fisher-
Hartwig singularities [18], and

(iii) f(x) = 2 with integer 0, I = (0, 400), and w(z) = 2% "V with V in a rather general
class [42].

These developments support our belief that the method will allow to asymptotically solve more
general types of biorthogonal ensembles in the future.

For orthogonal polynomial ensembles defined by , the asymptotics of the orthogonal
polynomials almost immediately yield the asymptotics of the correlation kernel K, (z,y) =



Z?;()l h%pl(x)pz( f(y))v/w(x)w(y), and then the “universality” of the ensemble is derived. This
is essentially due to the celebrated Christoffel-Darboux formula:

|
—

S %pi(a:)pi(y) _ pn(x)pn_l(y)h— P1(2)Pn(y) (1.14)
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For many other determinantal point processes related to variations of orthogonal polynomials,
like multiple orthogonal polynomials, the computation of the limit of the correlation kernel,
which is equivalent to solving the universality of the process, is also achieved through an analogue
of the Christoffel-Darboux type formula. However, a biorthogonal ensemble does not have a
Christoffel-Darboux-like formula in general, so the asymptotics of biorthogonal polynomials do
not directly entail the universality of the biorthogonal ensemble. For some determinantal point
processes associated to classical (multiple) orthogonal polynomials, the correlation kernel has a
double-contour integral formula, like our matrix model with quadratic V' (z) and the Muttalib-
Borodin ensemble with linear V(z). Of course, most biorthogonal ensembles, including our
matrix model with non-quadratic V(x), do not have a double-contour integral kernel formula.

Among all the “universal” correlation kernels occuring in 1-dimensional determinantal point
processes, the sine kernel in the bulk and the Airy kernel at the (soft) edge are the simplest
ones, and also the most common ones. It is natural to expect that they also occur in the model
considered in our paper.

The first successful computation of the limit of the correlation kernel without Christoffel-
Darboux type formula or double-contour integral formula in a biorthogonal ensemble was done
n [42]. In [42], only the limiting kernel at the “hard” edge of the interval is computed, and it
turns out that the hard edge case is technically simpler than the soft edge and bulk cases.

The main technical result of this paper is to prove the universality of the model introduced
in 7, that is, the sine correlation kernel occurs in the bulk and the Airy correlation

(n)

kernel occurs at the edges. All of our arguments are based on the asymptotics of p; ' and

J
q](.n) obtained in [2I]. Besides confirming the expected universality results for the model, our

purpose is more on the methodology: we showcase two methods through which the asymptotics
of the correlation kernel, or equivalently, the universality of the model, can be derived from
the asymptotics of the biorthogonal polynomials. We hope to convince the reader that the
asymptotics of biorthogonal polynomials derived by the Deift-Zhou steepest-descent method
for vector-valued Riemann-Hilbert problems are essentially enough for the universality of the
biorthogonal ensembles, with the help of arguments analogous to those in our paper. We also
expect that arguments similar to ours can be applied to more complicated universal limiting
kernels for other biorthogonal ensembles.

Statement of results

Let 4 be the unique equilibrium measure which minimizes

1 1 1 1
I(p) == 1 d d = log ———d d V(z)d 1.15
) =5 [ [ 108 = rdnante) + 5 [ [0 o autudnte) + [Viip) (113
among all Borel probability measures p supported on R. If V' is strongly convex, it is shown in
[21] that p is supported on a single interval [a,b] and that it has a smooth density 1(x) there
that vanishes like a square root function at the endpoints. To be precise,

U(z) ~a(z —a)'/?, z\a,

d = d ith
,U,(I‘) ¢(l‘) xr, T€ (x’y) wit w(x) -~ ﬁ(b o x>1/27 T /‘b,

(1.16)



and «a, 8 > 0. The density ¢ and the constants «, 8 have explicit expressions which will be given
in Section |2 The measure p describes the macroscopic behavior of the eigenvalues in as
the dimension n of the random matrices tends to infinity.

Our result is the following.

Theorem 1.1. Let V' be strongly convezx and real analytic on R, and denote [a,b] for the support
of the equilibrium measure p. Fix * € (a,b). The correlation kernel K,, defined in (1.13) has
the following scaling limits:

F'(@*)(E—m)

e D ) £ . n _sin7(§ —n)
lim e K (x + py gk - own) T aE—m (1.17)
- enFwn)=F(wn)) 3 Ai (§)AL'(n) — Ai'(§)Ai(n)
im STk [ b ) = , (118
nee (npn)t " ( T (ﬂﬂn)s) €= -
n(F (@)~ F(0n)) AL (E)AL’(n) — Ai’(€)A]
A : (ran)?/3 K (a B (Wofn)§7 - (7Toz7n)§> - (772 - 771 SR, (119)

Here the density function 1, the constants o and [ are defined by (1.16)), the variables uy,, vy
and Uy, v, depend on &,n as

§

B n - 13 L n
W, v, =b+ ——r Up =06 — ———75 Up =0 — ————=7= (1.20)

n = b ) ) )
B * (mBn)2/3 (mam)?/3 (man)?/3

and the function F' is defined as

dp(y). (1.21)

Outline and heuristics of the proofs

In Section [2| we will collect general results about the equilibrium measure p and about the
biorthogonal polynomials pg-n) and q](.n). Most of those results are taken from [21], or are conse-
quences of results in that paper. In Section |3, we will prove the Airy kernel limit , and in
Section [df, we will prove the sine kernel limit .

In the Airy case, the well-known identity

Ai(€)Ai'(n) — Ai'(&)Ai (n)
£—n ’

which should be seen as a continuous analogue of the Christoffel-Darboux formula for orthogonal
polynomials, is of crucial importance. Instead of proving convergence of the correlation kernel to
the right hand side of , we directly prove that the sum in converges to the integral
on the left hand side of (|1.22). This method is similar to the one from [42] for the hard edge
case.

For the sine kernel, we will write the correlation kernel as a double sum which can be thought
of as an analogue of a Christoffel-Darboux formula. Although no exact cancellations take place
in this double sum, it will turn out that only few terms contribute to its large n limit, such
that, at least asymptotically, it is reminiscent of the right hand side of .

(1.22)

/OOO Ai(§+y)Ai(n+y)dy =



2 Equilibrium measure and asymptotics for biorthogonal poly-
nomials

2.1 Equilibrium measure

In this section, we collect some properties about the equilibrium measure u; defined as the
unique Borel probability measure on R minimizing

1 1 1 1 1
1) = 5 [ [ 1oa =dutwauta) + 5 [ [1or o dutwinte) + 1 [ Viwnto). @)

For t =1, py = p, the equilibrium measure in (1.15) and (1.16]). If V' is strongly convex, then
so is 2V (), and this means that we can use the results obtained in [2I] about the equilibrium
measure for any ¢ > 0. Those results can be summarized as follows.

Set

s—% 11
Jchco(s):cls%—co—log@, C\ ~305]> (2.2)
with ¢; > 0, ¢p € R, and the logarithm corresponding to arguments between —m and . For
any ¢1 > 0, ¢g € R, Ji, ¢,(s) has two critical points s~ (¢1) < s7(c1) on the real line, given by

(cf. [21), (1.24)]
* - 1.1
sT(c1) = %4/ 1 + o (2.3)

The inverse image of the interval [J¢, ¢, (s7(c1)),Je1,e0(sT(c1))] under J consists of two complex
conjugate curves y; = y1(c1),72 = Y2(c1). We write v = y(c1) for the counterclockwise union
of y1 and ~s.

For any ¢t > 0, there are co(t) € R and ¢;(¢) > 0 uniquely determined by (see [21I, Lemma

2)

_alt) / .
Y= it S| e (©)ds, (2.4)
1 V'Jer@).o()(9))
= ot — ds. (2.5)
V(Cl(t)) S 2

In the subsequent part of the paper, we write J(s) := J¢, (1).co(t)(8); 7 := v(c1(t)) when there is
no possible confusion, hence suppressing the dependence on ¢ in our notations.

The equilibrium measure p; is supported on a single interval [a(t), b(t)], and the endpoints
are given by

a(t) =J(sat)),  b(t)=I(sp(t)),  sa(t)=s"(a(t)),  s(t) =s"(ar(t), (2.6)

or equivalently in terms of ¢y(t), c1(t) by (cf. [21L (1.21)—(1.22)])

oft) = 0T, (2.7
s(t) =3 b(t) —a(t)
c1(t)sp(t) — log o) T ; = 5 . (2.8)
By taking derivatives on both sides of and , we obtain
a'(t) = co(t) — cr(t)se(t), V'(t) = cp(t) + i (t)su(t). (2.9)



Let us denote I (resp. I_) for the inverse of J which maps [a(t),b(t)] to v1 C CT (resp.
72 C C7). The equilibrium measure y; is supported on [a(t),b(t)] with a continous density
that is given by (see [21, Theorem 3])

R L (u) —I_(x)

P(x) = 27"2/a(t) V" (u)log Ii =1, () du. (2.10)

It follows after a straightforward calculation that
Pi(x) = a(t)(z — a()/*(1 + Oz — a(t)), z \a(t), (2.11)
i) = B(1)(b(t) — 2) (1 + O(x — b(t)), z /b(t), (2.12)

with «(t) and 5(t) given by
1 ORI 1

at) = — = DN /a(t) 1% (y)Immdy > 0, (2.13)
t) = ! " V()i —————dy > 0 2.14
0 = = o Ly VO G 21y

After the change of variables y = J(s), noting that s,(t) = —s,(t) and that

and introducing the integrals

V(I V(3
P 1/ ( cl(t),co(t)(s))d87 Qs = 1/ ( c1(t),co(t)(5))d87 (2.15)
Y Y

27 S — % 21

we can rewrite a(t), 5(t) as

1))
) ) (2.16)
:mbb (a < +qw%w>@),
s = g (57 00) v (500 @) -

. ;t(;‘f/g (pt - (1 + ‘312(’5) - cl(t)sb(t)> Qt> .

We first establish the monotonicity of the endpoints a(t), b(¢) as a function of ¢.

Lemma 2.1. For any t > 0, the equilibrium measure p; is supported on the interval [a(t), b(t)].
Moreover, a(t) and b(t) depend smoothly on t and

dt)y=—=—""--<0, b{t)=—"2— - >0. (2.18)



Proof. The fact that the support of y; consists of a single interval for strongly convex V was
u,v) = (U, V) be defined by
(2.19)

proved in [2I]. Let the mapping F : (

)= )= (g [Vt L [ VO],

1
S)

The Jacobian matrix is given by
AU, V) %mfy[V’(J v(8)) + V" (Juo(s)slds rmf uV"(Ju(s))ds (2.20)
) | LV Guale) s g VI uals) eds| -
Noting that
1 / " . L 1 " 1 1
gt | V0wl + V/@ua(osl s = 5 [ Vo ( Zy ) o
1 [d.,
=35 [y 75V Juu(s))slds =0, (2.21)
1 1 1 1
— [ V"(Jy(s ds—i—,/V” N e ds
st | V! Guaods o [ LV | % o
1/d ™V (J0(s))ds = 0, (2.22)
T2  ds ST
we have .
oU, V) _ [ ) 3(Pr+ Q1) . P - Qt] (2.23)
(u,v) weer (1), veco(?) 0 ( y — Qi) + 55 P ’
and, with the help of expressions (2.16)) and ) for «(t) and 5(t), we have
a(Ua V) 1 2
det =PQi — —— (P — Qp)° = wsp(t)a(t) 5(t) > 0. (2.24)
G(u,’u) u=cy(t), v=co(t) Cl(t)
By (2.4) and (2.5), c1(t) and c¢o(t) are defined by the relation F(c1(t), co(t)) = (¢,t), and they
are smooth functions of t as the Jacobian of F' is non-singular at (¢1(t), co(t)). Moreover, taking
derivatives with respect to ¢ in F'(c1(t), co(t)) = (t,t), by (2.19), we have
Qt 1
Q 2 c1(t) (Pt — Q1)
ca(t) = - 5 lt) = : (2.25)
PiQr — (P — Q) PQi — (B —-Q1)?*
At last, by , we have
1 1 1
(1) = Q¢ (5 sp(t) + T(t)) - mPt B 1 (2.26)
PQi — ;i (P — Q) P~ (1440 4 ey (t)s(t) Qs '
B(t) = Q¢ (% + sp(t) + Tl(t)) - Cllet B 1 (2.27)
PQ: ~ ﬁ(t)(Pt —Qu)? P— (1448 e (1)5(t))Qu
, we obtain (2.18]). O

Recalling the expressions and ( - ) for ot

8



The next lemma is about the position of the endpoints a(t),b(t) of the support of the
equilibrium measure p;. Since we assume the external field V is strongly convex, it has a
unique absolute minimum that we denote as zpin. The external field V(z) — tx has also a
unique minimum, which we denote as Zyin(t). Observe that Ty, (t) is an increasing function of
t, that ZTpin(t) > Tmin for ¢ > 0, and that lim_,¢ Zmin(t) = Zmin-

Lemma 2.2. (a) For anyt >0, Tyin < b(t), a(t) < Tmin(t).
(b) limp g a(t) = limp 0 b(t) = Tmin-

Proof. @ Assume first that b(t) < zpin. Consider the logarithmic energy defined in ({2.1))
and assume that p; is its minimizer supported on [a(t),b(t)]. We define the measure pf
by its shifted version duf(x) = dp(z — s) that is supported on [a(t) + s,b(t) + s]. If we
substitute pf into p in , then the energy I(u3) is a function of s. Since y; = p? is
the minimizer, it is necessary that d%] (,uf)’szo = 0. However, we observe that the first
term on the right side of is unchanged as s varies; the second term on the right side
of decreases as s increases, and the last term there also decreases since V'(z) < 0
for x € [a(t),b(t)). We thus have %I(ufﬂszo < 0, which is in contradiction with the fact
that x4 minimizes I(p). It follows that xmin < b(t).

If we replace V(z) by V(—z) + tz in (2.1)), it is straightforward to verify that the
minimizer p; with du(z) = ¢(z)dz supported on [a(t),b(t)] is replaced by p; with
duy (z) = Y(—=x)dx supported on [—b(t), —a(t)]. It follows from the argument above that
—a(t) is bigger then the minimum of V (—xz)+z, which is —Zyin(t), and then a(t) < Zmyin(t).

[(b)] By (2.18), we have that as t \, 0, b(t) — a(t) \,I° > 0, and then by c1(t) \(&§ > 0.
If &) > 0, then we can see that cannot hold if ¢ is small enough. Hence, as t N\, 0,
a(t) and b(t) converge to the same point. Combining this with the results in part [(a)] and
using the fact that lim; 0 Zmin(t) = @min, we obtain the result.

O

2.2 Zeros and asymptotics of biorthogonal polynomials

Detailed uniform in z € C large n asymptotics for the biorthogonal polynomials pgﬁ"_‘,:)(z) and
(n,V)

n1 (2) have been obtained in [2I] for strongly convex V. In our setting, these asymptotics
thus also apply to the external field %V. Write ¢t = j/n. In order to describe the asymptotics,

uniform in ¢, for the polynomials p(j’v/t)(z) = pg-n’v)(z) and q(j’v/t)(z) = ](n,V)

J
_ _i . .
Vi) — ¢ tv(x), we need to introduce some notations.

(z) corresponding

to the orthogonality weight e
Define (cf. [21], (1.33)])

gi(2) = [ logz )i, (2.28)
B2 = [ los(e” — e)dpuls), (2.29)

for z € C\ (—o0, b(t)], with the logarithms taking the principal value, such that

Regyi (r) = Regi_(¢), Rei(z) =Reg, (z), € (~o0,b(t)),
© [P duy(s), = € (al(t), bt
€

T,

“Imgy i (2) = Img, — (¢) = —Im§+ (2) = g, _(2) = {



Thus the function

t
Fi(z) := i(gt(z) —gi(2), z2€S={z€C||lmz| <7} (2.32)
is an analytic function on S. We note that Fj(z) for z € R agrees with F(z) in (1.21]). We have

the Euler-Lagrange variational conditions (cf. [2I], (1.19) and (1.21)])
~ 1
gr+(2) + 8ey(2) — S V(z) & =0, z € [a(t),b(1)], (2.33)
~ 1
1+ (2) + Bup(e) — V() £ <0, reR\[alt) b)), (23

where ¢; is defined such that for any y € [a(t), b(t)],

b = /log\x — y|dp(x) + /log]em —eY|du(x) — Viy) (2.35)

In terms of c¢y(t), ¢1(t) defined by (2.4)) and (2.5, we further define

Ly(g— L\ (2D yeo (1)) — L=k
Gt’k(s) - Cl(t)k (S + 2)(5 2) , Gth(S) = Z-e 2 (s 2)

1= Va® \Je—i-h

(2.36)

where the square root \/s2 — 1/4 — 1/¢;(t) has its branch cut along ;1 in Gy x(s), along 72 in
Gin(s), and \/s2 — 1/4 — 1/c1(t) ~ s as s — oo in both cases. Then we define

renk(z) = 2|Ger (L (2))], O () := arg(Gi i (L4 (7)), (2.37)
Poi(@) = 2|Gri(I-(2))], Or i (z) = arg(Grp(I-(2)))- (2.38)

Below, we summarize the asymptotic results for pg-n) (z) and qj(-n)(e"”) that are needed in this

paper. We give the reference of each result in [2I]. To simplify the notations, we denote

1y,
n _dy. _nV(z) (p n e2vi/m _nV(m) (p >
p() = e lime 2 plM (@), @V (2) = e g (e?). (2.39)

Lemma 2.3. (a) ([21, Theorem 3(e)] Asymptotics for the norming constants) As n — oo,
we have - ‘
hi" = 2mey ()27 (1 + O(n71)), (2.40)

uniformly for t = j/n in any compact K C (0, +00).

(b) ([21, Theorem 3(a)] Outer asymptotics on the real line) For any € > 0 and for any compact
K C (0,400), there exist ng € N and a compact Uc C R\ {0} such that for any n > no,
t=j/ne€ K and x € R\ [a(t) —¢,b(t) + €], we have

P @5 () e~ P@F (1)

e U,

. . e U.. 241
o2 (8t() 8t ()= 5V (w) L) o2 (8t(@) T8t (2) = FV () L) ( )

(¢) (21, Theorem 3(c) and (d)] Microscopic scaling limit at the edge) Let z = b(t)+u/(mB(t)7)%/>
and y = a(t) — v/ (ra(t)5)?/3. For any compacts K C (0,400) and U C R, we have as
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n — oo that

T - e e e, e
- 5(t1)j)1 /Ge*nFt(x)aﬁ")(fc) NN ; b(t)1/4Ai (u) + O(n"3), (2.43)
(M(f;l)j)l/6 O W) = ci(t)2 (i;(;)]g s (t)1/4 A+, (24
a0 ) = V@hnhigzib()U4Aioo-%cxn-%>, (2.45)

uniformly int=j/n € K and u,v € U.

(d) ([21, Theorem 3(c) and (d)] Upper bound at the edge) For any compact K C (0,+00),
there exist constants €,¢c > 0 such that

enptmﬁjn) (z) = O(ns e @=b)y e—nFt(x)aj(,”) (z) = O(nse " (@=b1)y  (2.46)
enFt(y)]sgn) (y) = (9(née—cn”""’(a(t)—y))7 e—nFt(y)g]ﬁ") (y) = (Q(n%e—cnws(a(t)—y))7 (2.47)

as m — oo, uniformly int = j/n € K and in x € [b(t) — €,b(t) + €],y € [a(t) — €, a(t) + €.
These are not sharp estimates, particularly not for x < b(t), y > a(t).

(e) ([21, Theorem 3(c) and (d)] Edge asymptotics upper bound, improvement for x < b(t) and
y > a(t)) For any compact K C (0,+00), there exist constants €,c¢ > 0 such that

6nFt(m)13§n)($) — O((b(t) -z + n_g)—i)’ e—nFt(m)(Aén)(:E) =O((b(t) —z + n_?s) %),
(2.48)

),
(2.49)

NH

FOB (y) = O((y — a(t) +n73)74), e WG () = O((y — alt) +n~F)

as n — oo, uniformly int = j/n € K and in x € [b(t) — €,b(t)] and y € [a(t), a(t) + €.
These are not sharp estimates.

(f) (|21, Theorem 3(b)] Bulk asymptotics) Let x = x* + u/(mwpi(x*)n). For any € > 0 and for
any compacts K C (0,400), U C C, we have uniformly in x* € (a(t) +¢€,b(t) —€), u € U,
andt = j/N € K that

b(t)
em”ﬁﬂ>ﬂmw4w{m/ WMH@mm—Q+mnﬁ, (2.50)

*

ft k( *) b(t) . . »
oS (t )k+1ek (20 1 ey) cos | nmw /* dpe(§) + O (™) —u | +O(n™ )|, (2.51)
1 2 @

as n — Q.
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(9) ([21, Theorem 3(a)] Another outer asymptotics) Let k € Z be fived. For any compact
U cCC\la(l),b(1)], we have (with c1 = c1(1), 8 = g1, Gk = G1 g, G, = G1—, L =1,
and for all quantities depending implicitly on t, it is assumed that t = 1)

(s+ -k

P (2) = Gr(Ih(2))em™E (1 + O (1) = ¢ "8()(1 4 O(nY), (2.52)

52 — i — %
Cqi%y(2) = Gp(Lu(2)e DT (1 + O(n ™)
. —k(S4co) 1k
_ 1 € 2 1( 12) e—ng(z)+n€(1 + O(n_l)), (253)
\/a 82 — 1 o
1 .c
WV, = 2re, " TRei(FHe0)ent(1 4 O(nYY), (2.54)

as n — 0o, uniformly in z € U, where we denote s =11(z), and 1, is an inverse function
of Jey(1),c0(1) @ defined in [21, (1.26)]. Here qu(-n) is the Cauchy transform of q§n)

(),
C’q§ )(z) = — / 1]_ s/z V() gs. (2.55)

2miz

Lemma 2.4. For any € > 0, there is a § > 0 such that for all n large enough, the zeros of

pgn)( ) and qj(-n)(ex) lie in the interval (Tmin — €, Tmin + €) for all j < on.

Proof. By part @ of Lemma for any € > 0, there exists 06 > 0 such that for ¢t € (0,0),
the support of p; is strictly included in (zmymin — € ﬁxmin + €/2). From the asymptotics of the

(n) (n)

biorthogonal polynomials p;.” and ¢, in Lemma 2.3} especially part m it follows that for n, k

large and k/n sufficiently close to 0, all the zeros of p,gn) (x) and of q,gn) (€%) lie in [Zymin —€, Tmin+€].
Moreover, like the zeros of orthogonal polynomials, the zeros of p,(gn) (x) interlace, as well as those
of q,(cn)(eﬁt ), which means that the zeros of pg.n) (z) and of q( )( *) lie in [Zmin — €, Tmin + € for
any j < k. The interlacing property follows from the fact that the biorthogonal polynomials
form an AT system [40), Section 4.4]. O

Next we give rough bounds for the biorthogonal polynomials with small degrees and the
norming constants, obtained by elementary estimates based on the zeros of the polynomials.

Lemma 2.5. Let € > 0, and let 6 > 0 be associated to € as in Lemma[2.4). Suppose n is large
and 0 < j < dn.

(a) (Upper bound for multiple orthogonal polynomials of lower degrees)

( (Imm - 6))Ja T 2 Tmin T+ €,

P @) < § (@nin+ 0 =2V, @ < oo — 6, (2.56)
(2¢)7, T € [Tmin — €, Tmin + €,
(e¥ — eTmin=€)J, T 2> Tyin + €,

1" ()] < Q (emminte — er), 2 < Tnin — €, (2.57)
(e¥minT€ — eTmin=€)] 7 € [Tyin — €, Tmin + €].

(b) (Lower bound for the norming constants of lower degrees)

B > eV ) +O(), (2.58)

where C(€) > 0 depends on V' but not on j,n, and C(e) — 0 as e — 0.
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Proof. Part @ is a direct consequence of Lemma To prove part @ we note that by the
orthogonality (1.13]),

(n) _ (n)( z\,—nV(z)
h;” = /Rp(:c)qj (e")e dx, (2.59)
for any monic polynomial p(x) of degree j. Assume that the zeros of q](-n
(Tmin — €, Tmin + €). We let p(z) = g:l (x — x;), such that the integrand in (2.59)) is positive.

We lhen haVe

=1 i=1

)(ex) are ri,xs,...,&; €

(2.60)

Tmin+3€ . i
> / (z — (Tmin +€))? (e® — exmi“"'e)je_”v(m)d:z,
Tmin+2€

Noting that e~V () attains its minimum on the interval [Tmin + 2€, Tmin + 3€] at Tpin + 3¢
due to the strong convexity, we obtain

h(n) > ej(emmin+2€ _ exmin“rf)je*nv(xmin‘i’gf)
g .

The desired result now follows by a standard estimate of the right-hand side in the above
equation. O

2.3 Useful corollaries

First, let F; be defined by . Since Fy(z) is analytic with respect to z on S, the derivative
%Ft(z) exists and is continuous there. On the other hand, for z € S\[a(t), b(t)], by the definition
of Fi(z) and the formula for the density of u;, we know that %Ft(z) also exists and is
continuous there. Furthermore, if w € [a(t),b(t)] or in the vinicity of this interval, we have

0 1 0 dz
) = o § LRGeS (2.61)

Z—w

where the contour integral is over a closed contour within S that encloses [a(t),b(t)]. In this
way, we have that the derivative %Ff;(z) exists and is continuous on S. Therefore, we have the
following result:

Corollary 2.6. Let K1 C S and Ko C (0,00) be two compact sets. Then there exists Co > 0
such that for all u,v € Ky and s,t € Ka, we have the estimates

|Fy(u) — Fy(v)| < Colu — v, |Fs(u) — Fi(u)] < Cols — t| (2.62)

and
|Fs(u) — Fs(v) — Fy(u) + Fi(v)| < Colu — v||s —t]. (2.63)

Next, we state a corollary of Lemmas [2.3| and We use the same notation as in these
lemmas.

Corollary 2.7. Let Cy > 0 be a large enough constant. For any M > 0, there exist constants
C4,Cs (depending on Co but not on n) such that the following inequalities hold for n sufficiently
large and 0 < k/n < M.
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(a) We have

[ R e <ot [ R s e < oo
R\[-C2,C2] R\[—C5,0]
(2.64)

(b) For any z = x + iy such that x € R and y € (—n"1Cq,n"1Cy), with F(z) = F1(2) defined
in (T21) and ([232),

ORI (z)] < s, e PO (2)] < esCn, (2.65)

(¢) We have
/ 5" (@) 2dx < eCm, / 3" (@) Pda < e%m, (2.66)
[-C2,C2] [—C2,C2)

(d) For any 6 >0, 0 < k/n < M, there exists a constant Cy > 0 depending on Cy such that

Jo P <0 [ e PP <0 2o
[—C2,C2] [—C2,C5]

Proof. The estimates in parts @ to are consequences of Lemma for on < k < Mn, and
of Lemma for 0 < k < én, with 6 > 0 sufficiently small. They are all straightforward to
prove. Estimate @ follows from the bulk asymptotics and the two upper bounds for the edge
asymptotics in Lemma [2.3 O

3 Airy kernel

In this section we prove the Airy kernel limit near the right endpoint b. The Airy kernel
limit near the left endpoint can be proved in parallel, or alternatively we can use the
symmetry of the model with respect to V(z) — V(—z)+ ”T_lx to map the left edge to the right.
We omit the details.

In the rest of the section, we will need the auxiliary quantities a(t), b(t), c1(t), co(t), a(t),
B(t) related to the equilibrium measure u; for 0 < ¢ < 1. Whenever we write a, b, ¢1, ¢, «,
without indicating the ¢-dependence, we refer to their values a(1), b(1), c1(1), co(1), a(1), 5(1)
for t = 1. This notation is consistent with the one used in the introduction to state the results.
We also remind the reader that F'(u) defined in is equal to the t = 1 case of F;(u) defined
in .

In this section we denote

£ v=>b+ 1

" G (mon)?7

(3.1)

where ¢ and 7 are in a compact subset U C R.
In order to study large n asymptotics, we split the correlation kernel K, (u,v) defined in

(1.13) in 4 parts:
Ko = K1+ K2 4+ KD+ KD, (3:2)
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where, with p; and ¢; defined in (2.39)),

ED (o)=Y 5" (w)g (), EPwv)= Y 3 wg” W), (3.3)
3=0 j=[on]+1
(1=Mn=2/%)n] 1
EPwo)= Y @i w), KOuw) = 5w (v).
J=11-0")n]+1 j=L(1=Mn=2/3)n]+1
(3.4)

Here we choose § and ¢’ to be sufficiently small positive numbers whose values will be fixed in
the proof of Lemma M can be any sufficiently large number independent of n. The proof
of ((1.18]) is based on the following technical lemmas, which we will prove later in this section.

Lemma 3.1. There exists a constant ¢ > 0 such that for n large enough
| "F(“)K(l)(u v)e —nk(v ] <e (3.5)

and
|€nF(u)K7(l2) (u’ ’U)e_nF(U)| < e ", (36)

Lemma 3.2. There exist constants ¢’,¢” > 0 independent of M,n such that for M,n large
enough,

P K B) (y, ) e F @) In?/3e=¢"M, (3.7)
Lemma 3.3. For any M > 0,
1 nF(u) 7-(4) —nF(v) (rB)PH MM .
71113;(} We K" (u,v)e = /0 Ai (€ +y)Ai(n +y)dy. (3.8)

The Airy limit (1.18) follows from the lemmas above. By the identity (1.22)), we have that
for any € > 0, if M is large enough, then

AP (&)Ai’(n) — Al(£)A (mB)2 S0 MM , ¢
(©A () - ATE)AI () _ / A€+ A +ydy| << (39)
£—n 0 3
By Lemma [3.2] if M is large enough, then for all large enough n,
@) )y, ) FO)| < € (3.10)
(mBn)2/3 3
At last by Lemmas [3.1] and [3.3] for n large enough,
1 €
= nF(w) (1) (2) —nF(v) =
e (K (u,0) + KP(u, )) e <z (3.11)

The limit identity (3.8]), the inequalities (3.9)), (3.10)), (3.11)) together with the arbitrariness of
e yield ([1.18)).

Proof of Lemma([3.1. First we prove (3.5). Assume that e > 0 is small enough such that b >
Tmin + 2€ and V(a:mm) +C(€) < V(b—e¢), where C(e) is the constant in Lemma[2.5(b)} Then we
take d to be a small enough positive constant such that a(5 ) and b((5 ) are inside (:cmm €, Tmin+e€)-
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It is straightforward to check that we can choose § < B positive and small enough such that we
have the following inequalities for all ¢ € [0,6] and x,y € [b —€,b+ €]:

e 3V(@) 35V W) t -
e*(V(xmin)+C(€)) ($ - (xmin - 6)) (ey — e¥min )
. —¢ _ Tmin—e¢ (3.12)

- ei(v(xmin)‘i’c(é)) ((b - 6) - (xmin - 6))5(€b — emin )6

!
<e_C,

t

where C’ is a positive constant. Using the estimates (2.56)), (2.57) and (2.58), we have that
(3.12)) implies that for all j < on,

55 (g™ ()] = (W) 71l (u)g{™ (e0)] < e~ (3.13)

Finally using the estimate (2.62) for the term e®(¥(W)=F () and the fact that |u—v| < C"n=2/3,
we obtain

B 0" () -FO) | < OO (3.14)

Taking the sum for j from 0 to [dn], the inequality follows with any ¢ < C” for n sufficiently
large.

Next we prove . For § < j/n <1 — ¢, there exists ¢ > 0 such that both u and v are
greater than b(j/n)+ €, if n is large enough. We can thus use the outer asymptotics in Lemma
2.3(b)l We obtain, uniformly in ¢t = j/n,

|en(Ft(u>th<v>>l~,§n>(u)@y)(v)\ :o(e%(ét(uwgt(u)f%V(th) L& (v)+8e(v) -1V (0)- ez)) (3.15)

as j,n — 0o. Using the inequality (2.34]), we conclude that for all large enough n and dn < j <
(1 —¢")n, there is C"” > 0 such that

|en(Ft(U)—Ft(U))]3§”) (u)ﬁgn) ()] < e 0" (3.16)

Finally, by (2.63)), for n large enough,

j [€—nl "
en(Fl(u)—F1(v))—n(Fj/n(u)—Fj/n(U)) <e nco(l_i)(-nﬁn)g/d < 602 n (317)

where Cj is the same as in (2.63)), and then
yenF(u) KT(L2) (’LL, U)ean(v)‘
[(1=6")n]

S Z en(Fl (u)fFl (U))fn(Fj/n(u)fFj/n(v)) ‘en(Fj/n(u)fF]/n(v))fj‘(yn) (u)én) (’U)’ (318)
j=[on]+1
e
<ne 2
Thus we prove (3.6)) for any ¢ < C"/2 if n is sufficiently large. O

Proof of Lemma[3.3 For allt = j/n € [1—4',1], we use the upper bound at the edge in Lemma

2.3(d)l Together with (2.63]), we obtain

|€nF(u)@<u)%(v)€_nF(v)’ _ en(Fl(u)—Fl( v)—F(u)+Fi (v )‘enFt )p]( )Z]v (,U)e—nFt(v)‘
1
< ' exp ((G U le - t\) =t ) gmen? a1
mTH)3
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where Cj is the constant in (2.63) and c is the constant in (2.46). By Lemma b(t) is
differentiable at ¢ = 1 with & (1) > 0, and this implies the existence of a constant C” < 0 such

that
|b(1) —b(t)] > C"(1 —t) (3.20)

for t € [1 — ¢, 1], where we assume that ¢ is small enough. Hence we have the inequality

€5 () (v)e )

1 . ", 2 j £ ;o 2 j n
C —c(C n3(1-L)+ ) —c<c n3(1-1)+ )
< C'n!/? €xXp (( On?; |€ —n|]1 - J’) e (n6) 3 e (np)3 . (3.21)
3 n

T
Taking the sum for all j from [(1 — e2)n + 1] to [(1 — Mn~=%3)n], we prove the lemma with
d,d" in (3.7) determined by ¢, Cy, C’,C” in (3.21)). O

Proof of Lemma[3.3. By Taylor expansion, for all j/n € [1 — Mn=2/3 1], n — oo,

b(j/n) =b— b (1)~ (n~3), (3.22)
B(j/n) =B +0n75), eci/fn)=c+0n73), sj/n)=s+0(n73). (3.23)
The expressions for © and v can be rewritten as
£+ "2 (1) (xB)3 ) 0+ " (1)(xB)5 ,
=b(j/n)+—"—— +0(n7s), v=0(j/n)+—""— +0(n73). (3.24)
(mBj)3 (mB7)3
By Lemma we have

enF(u)ﬁj (u)aj(v)e—nF(v)
— UFi(w)=F1(v))=n(Fjp (u)— /n@))( j/n<u)5j(u)) (e—nFj/nw)aj(U))

W=

l‘ .
(F (@)= Fr(0)=n(Fy ) ~Fyme)) (TGS
c1(2)(s6(2) — 3)sp(2)?

<ai (€4 " Tvmat + o) ai (n+ "5

1
n3

n —

%

B (1)(8)5 + O(n~ >) 1+ O ).

1
n3

By (2.63), we have e (W) =F1 () =n(Fy/n(W)=Fj/n®)) — 1 4 O(n~1/3), and this implies

(75 )% ' 2 n—7j, 2 1 (3.25)
=T g (e P ry@e)t) Al (n+ P 2H ) mB)E) 14+ O b)),
cl(sb—%) g ( ns ) ( n3 )

Taking the sum of the left-hand side of (3.25]) with respect to j from |(1 — M n=2%/ $)nl+1 to
n — 1 and replacing the sum by an integral with small correction, we have that

enF(u)K7€L4) (u’ ,U)e—nF(v) _

winN

n

(vB)2/3 (1)1 1
T - / Ai(u+y)Ai(v+y)dy(1+ O(n~3)). (3.26)
c1(sy — 3)sg (B)30/(1) 70

Using expression (2.18]) for &'(1) in terms of s, and (2.3) and (2.6 to obtain an expression for
Sp in terms of ¢1, we obtain the result. ]
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4 Sine kernel

4.1 Preliminaries
In this section we denote

§ X U

mp(x*)n’ v=Tt mp(z*)n’ (41)

where z* € (a,b), and &,n are in a compact subset U C C. Although the kernel function

u=ax*+

Kén) (u,v) has a probabilistic meaning only if u, v are real, for technical reasons to be explained
below, we need to consider complex & and 7.

The goal of this section is to compute e™ (“)KT(Ln) (u,v)e®) to prove (1.17). Instead of
computing it directly, we consider

(exP ) (u) — exp(v))e" K (u, v)e ™)

1

= en(F(u)fF(v)) (eXpL5nJ (u) _ eXp(U)) ]3§gn) (u)a](cn) (U), (42)
0

3
|

e
I

where ¢ is a small enough positive number and exp;, is the truncated exponential sum

ki
expy(z) = Z % (4.3)

=0

We need several estimates of exp(z). The first ones are very rudimentary: For k.l € Z,
and z = x + 1y,

lexpy(2)] < e + e, Jexp(2) —expy(z)| < e + e, Jexpy(z) —exp(z)] < e +e7F. (4.4)

The next one can be shown using Stirling’s formula. For any Cs > 0, there exists a constant
Cs, depending only on Cy, such that for all k <1 € Z

max |exp(z) — expy(z)| < C5e_glog(k), max |exp;(z) — expy(2)] < C5e_§1°g(k). (4.5)
‘Z|<02 |Z|<CQ

Later in Section [£.2] we will prove that for £,7 in a compact K C C, uniformly

x*

lim (exp s (u) — exp(v))e”" K (u,v)e ") = —sinm(¢ 7). (4.6)

With the help of (4.5)), when £ # 7, this is equivalent to

en(F(u)fF(U)) Sin 7-((5 — )
. (n) T n
nh—>nca>o mp(x*)n Ky (w,v) nh—>nolo m(ew=" — ev=2")roh(x*)n’ (4.7)
which is, by Taylor approximations of F(u), F(v), e* %", e*™*" at x*, equivalent to the sine

kernel limit ((1.17). Hence the & # n part of ([1.17)) is proved. To prove the £ = 7 case of (1.17)),
we note that functions on both sides of (4.6) are analytic in £ and . With £ fixed, for all 1 on

a small circle centred at &, the limit identity (4.7)) holds uniformly, so it extends to n = £. By
this argument we complete the proof of ((1.17)).
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4.2 Proof of (4.6)

We can expand ey(}§") (y) as a linear combination of (}é n) , (}{1"), e
Jj+1
exp(y Za] qu )y Gk = /ﬁén)(x)c}ﬁn)(m)exdx. (4.8)
On the other hand, we have
~(n) & ~(n) ~(n) (, \~(n)
XD gn) (x)pjn (x) = Z bixby (), bjx = /pjn (2)q," (x) XD 4n) (z)dz. (4.9)
k=0

Since the left hand side is a polynomial of degree j + [én|, we see that b, = 0if k > j+ [on];
similarly a;; = 0 for k > j + 1.
To compute the right-hand side of (4.2]), we write

1
(exp g (1) — exp(0)) Y By (W)ae™ (v) = Ji(u,v) + Jo(u,v) — 1,250 (W) (v),  (4.10)

3
I

k=0
where
n—1 n—1  j+|on]
Jiwv) = 3 (kg — a0)p @@ (), Rwv)= > S bupy (@)d” (). (4.11)
3,k=0 j=n—|6n] k=n

Substituting in , we get a double sum at the right hand side of . This should
be seen as the analogue of the Christoffel-Darboux formula valid in the case where
f(A) = A. In that case, the counterpart of the prefactor (exp|s,|(u) —exp(v)) would be (u —v),
and only two terms survive on the right, by . In our situation where f(\) = e*, no exact
cancellations take place on the right, but fortunately, it will turn out that many terms in the
double sum on the right will be small as n — oo. Indeed, we will show that J; tends to 0 as
n — 0o, and that the terms in Jy for which j — k is large and the ones for which n —j or kK —n
is large, have only a small contribution. The main contribution will come from the terms near

j=n—1and k =n—1 in the (4, k)-plane.

Lemma 4.1. Let Jy be defined by , with aj i, bj 1 defined by @) and , and with u, v
as in . We have
lim e"F=FO) g (4, 0) = 0. (4.12)

n—oo

Lemma 4.2. Let J; be defined by (4.11)), with a;y, b; . defined by (4.8) and {.9), and with u,v
as in (4.1). For any e > 0, there exist My, ng such that for M > My,n > ng,

n—1 j+M

M FOFO L o)~ 3 Y ap wd” (o) || < e (4.13)
j=n—M k=n

Lemma 4.3. Let apjn—i be defined by (4.8). Asn — oo, we have

aivr+0m™Y, j+E> -1, ( + )6201+CO >0,
njnk =9 0" (™) e ,  where o = (HZ)' .
0, Jt+k< =2, 016261+CO l=—1.

(4.14)
Here cog = ¢o(1), c1 = c1(1) are defined by (2.7) and (2.8).
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Corollary 4.4. Let ay; be defined by (4.8)). For any e > 0, there exist My,ng such that for
M > My, n > ng, we have

n—1 j+M **
—_F(v n n n n € .
e FO=FO) |33 b 0" (0) = an- 1By (WE) (0) | = = sin(§ —m)| <.
j=n—M k=n

(4.15)

Summing up (4.12)), (4.13), and (4.15]), we obtain that (4.2)) holds. Hence it suffices to prove
Lemma [4.1] Lemma[4.2] and Corollary [£.4] as well as Lemma [4.3 on which Corollary [£.4] relies.

We note that in the proofs below, Cs is a large enough positive constant, and other constant
terms are defined where they are used.

Proof of Lemmal[{.1 Using (4.8)), ([£.9), and the orthogonality of ﬁgn) and Z]§-"), we obtain for
any 0 < j,k <n,

b — ajxl = \ /R (exp(a) = expig ()5 ()] (@)de| (4.16)
Using , the Cauchy-Schwarz inequality, and ([2.64]), we obtain
Bom | (exple) - ey B @ (@)
R\[—C?2,Cy]
o " (4.17)
<|[ e @ @)
R\[—C?,C]
S e—C'l’VL7
and by (4.5)), the Cauchy-Schwarz inequality, and (2.66|),
e || (ep(e) - expian @) (0) 2)da
[—C2,Cs]
n 4.18
< Cse™ L‘SQJ log(|6n]) / ﬁfgn) (x)a;n) (x)dx ( )
[—C2,C]
< 056—67" log(én)—{—C’g,n'
Using the estimate (2.65)) for e"(F(”)*F(”))ﬁﬁ-n)(u)aén) (v), we have that for each pair j, k,
CW(F(U)*F(U))(ka. _ aj,k)f)ﬁ-n) (u)a']gn) (v)’ = (I + Ib) enF(u)Z“é") (u)ean(v))afc") (v)’ o)

< (efcln +C5e 10g(5”)+03”> S5t
and then finish the proof by
" F@=F W) 1 (u, v)] < n?(e”O"™ + 056_67”1%(5””03”)6%” =o(l), asn—oo. (4.20)
O
Proof of Lemma[{.9 When we consider J> defined in , the indices j, k satisfy n — [on]| <
j<n—1land n <k <j+ [dn]. If m <k — j, then by the biorthogonality,

/R expy, ()" ()" (x)dz = 0. (4.21)
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Hence we have

1bj.k] = ‘/R[expténj (z) — eka—j—l(x)]f)ﬁ‘n) (x)affn) (z)dz| < I3+ Iy, (4.22)
where
B[ [exD ) (2) — expp_y 1 (2)]5 (2)" (@), (4.23)
R\[-C2,C2]
Iy = ‘ / [exp 0 () — expy_; 1 (2)]py (2)G") (x)d | (4.24)
[—C2,C9]
Similar to (#.17)), we have I3 < e~“1". On the other hand,
Iy = / [exp5n) (z) — eXPkfjfl(ff)]e_n(Fk/"(I)_Fj/”(x))
[—C2,C2]
X e”Fk/"(x)f)(kn)(m)e_”Fj/"(x)&yL) (x)dz|. (4.25)

Using the estimate (4.5)) to estimate exp| s, () —expy_;_ (), and then using (2.62)) to estimate
Fyjn(x) — Fjn(7) and (2.67) to estimate e"Fk/”(w)ﬁk(m)e*”Fj/n(”)qZ(a:), we have

Iy < CyCge—" 5 log(k—i—1)+Co(k—j), (4.26)

It follows that

bji] < e O 4 CyCe 5 loalki= D+ Colk—j) (4.27)

Now we estimate e”(F(“)*F(”))foffn) (u)(}ﬁn)(v) Since in the setting of Lemma lj—nl,|k—n| <
|0n| and 6 small, we have that x* lies in (a(j/n),b(j/n)) and (a(k/n),b(k/n)), where [a(t), b(t)]
is the support of the equilibrium measure p;, and it follows from the bulk asymptotics in Lemma
2.3|(f) that e”Fk/n(")ﬁﬁn) (u) and e*”Fj/n(”)(Yj(-n) (v) are bounded in n. Combining this with (2.62),
there is a constant C” such that

en(P=F@DF (3 () = 1l ()= Py () =P ()= () e W) () =13/ 0I5 (1)

eCO (k—n) eCO (n—3) '

IN

— (' Cok—=j)
(4.28)

Combining ([4.27) with the estimate ([.28)) for e™(¥'(W)=F (”));B(kn) (u)fjﬁn) (v), we have that if n is
large enough, then the value of |bj,ke”(F(“)_F(”))f)§Cn) (u)f]ﬁ-n) (v)]

e decays exponentially fast as k — j increases, as long as k — j < \/n, and

e is bounded by e V" for k — j € (y/n, 0n], given that d is small enough.
Thus, in the double sum defining Jo in (4.11)), the terms for k — j large will give a small
contribution in e"(F(“)_F(”))ﬁfcn) (u)?]ﬁ") (v): for any €; > 0, we have that

n—1 Jj+M

e FTEON () = 30 3T b @) || < e, (4:29)
j=n—M k=n
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if M and n are large enough.
We note that inequality (4.19)) also holds when k,j are around n. Hence for any finite M,
there exists € > 0, such that

n—1 Jj+M
PED ST SN (0 — ang)By ()@ (0)] = O(e), 0 — . (4.30)
j=n—M k=n
This, together with (4.29)), completes the proof. O

Proof of Lemma[{.3 When j+k < =2 or (n —k+ 1) < (n+ j), the result follows from the
biorthogonality. Below we prove the other cases. Let C'y > 0 be a sufficiently large constant

such that the support of the equilibrium measure p is contained in the interval (—Cy, Co).
5 and ¢, se
i q] )

Using the exponential decay of the polynomials p e ([2.64), it is straightforward

to approximate a,;,—x for large n as follows,

i = [ B @) exp @ (@)ds

1 n n xT —nV(x - n
= / pfljk(x) exp(x)qfw)j(e )e Ve )dx—i—(’)(e G ) (4.31)
n+y [ CQ,CQ]

1 n n —Cin
= P ()l )z + OO,
n+j JT

where the Cauchy transform ngjr) j(z) is defined in (2.55)), and I" is a counterclockwise oriented

contour surrounding the support of the equilibrium measure [a, b] and intersecting with the real
line at the points —Cy, Cs. See Figure

ofe e
L—F\J

Figure 1: Contour T'.

Below we compute the coefficients a,yj,—r. We need to use the mapping Jcl(l)ﬂo(l)(s)
defined in (2.2)), and abbreviate it as J(s) here. We also need I, an inverse functions of J, as

defined in [21], (1.26)]. Recall (2.52))—(2.54]) describing the outer asymptotics in Lemma [2.3{(b)
Substituting those in (4.31)) and writing s = I;(z), we obtain as n — oo,

—i—h=1 (g4 Ly(s — L)=ik
c s+ )(3 ) z —1 —C1n
Gtk = é ,922— : _2% e*(1+ O(n~Y))dz + O(e~C1m). (4.32)

Using J, we get

o+ f{ (54 5)65 =) 77 59 83) (1 4 o0 1y)ds + O~
.

An+jn—k =

i 2_1_ 1
2w =i g ds (4.33)
k_c
_ Clj e” 1 _ 1 —j—k—=2 _cis —Cin
== ¢ (s+3)(s ) (1 4+ O(n1))ds + O(e )s
211 Ind 2 2
with IV = I;(T"), and (4.14) follows from a simple residue calculus. O
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Proof of Corollary[{.]] We need to estimate

n—1 j+M
Fopp 1= " (F=F() (Z 3 ar by ()" (v) - anl,nﬁf?l(umm(v)). (4.34)

j=n—M k=n

Recall that, for w,v near the point z* which lies in (a,b), the interior of the support of the
equilibrium measure y = p1, the asymptotics of e (“)ﬁfﬁzk(u) and e (”)c}fgk(e”) are given
by (2.50) and (2.51), with j =n and ¢t = j/n =1 (here F' = F}). Then

e PR () (0)e ) = Ay s (u,0) + o<n-1>, (4.35)
with (= p1, "k = rig, 7% = T1k, O = 01 and ek_elk in and (| -

Auglue) = 5 e 0) oos (n /:duuwk(a:*)—s)]

x 7j(x%) [cos< /wb du(t) + 0;(z*) —n)] . (4.36)

Now we denote G}, = G 1, and Gy = Gmk where Gy} and Gt,k are defined in (2.36]). Using the
relations I_(-) = I+(-), Gx(I-(:)) = G(I+(+)), this can be further computed as

1 - ] y ol . .
Apg(,0) = ey 2 I DRe (GR(L (%)) I ) Re (G (I (2 dnin)
i L ./ C ) . ) )
= QLC;J_QG*](TIJWO) (Gk(1+($*))€lnﬂ S0 du—ie + GR(I_(z*))e " I d,u+z§>
™

X (G 4(I+(x*))e—inﬂ' f;* dp+in + éj(I, (:L,*))einw f;* d,u,—z’n>
1 —]—5
27T
X |G (@) G (L ()2 Je i)y G (1 (%)) Gy (L (&) o200 o i)
Gy (2)) G (L (@)™ 4 Gi(I (7)) Gy (- ()|

1 i1 ./ C R . )
= —cl J—3 e—J(71+co) [Re (Gk (I+ (x*))Gj (I_ (w*))eszr ff* du—l(§+77))
T

o~ (F+co)

# Ro (Gu(L (&) Gy T, (e €0
(4.37)

We want to find asymptotics for Fj, »s in (4.34) by substituting the formula for Ay _;. We have
for any fixed M, as n — oo,

M M-l
Fonv = (Z Z At keyn—1 Ak, —1 (1, V) — an_1nA_10(u, U)) +0(n™)

=1 k=0

X 1 -3 1(ZL4co) *\\ A * 2in7rfb dp—i(é+n)

Z arpiey ) [Re (Gr(Ly (%) G(T- ()2 )
~ Re (Gy(Ly (2)) G(Ly () )] .

A~

B “-%CI% [Re (G (T4 () Go(I () )e2in Jow du=iten)
Re (G_1(I4(z7)) — GO(I+(z*))€_i(§_n)):|> +0(n™h.
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Next, we define

Iy = G (L) GolL (+7))
+;;((1+‘;§H) + ) GG )G ), (139

1

Is := —1Go1 (T4 (%)) Go(I-(z"))

0o oo c 1 e e .
+ZZ<(1+1<:1+1> +(k+l)!>011€l(2+ JGu(Ly(2")G(I- (), (4.40)

=1 k=0

and by (4.14]), we have the identity between absolute convergent series

1 ) ) )
*Cl 7 +eo (Re [1662"”T fzb* du—l(§+n)] — Re [I5e—z(§—n)]>

T
oo 00 1 .1 A ‘ . '

= 3 e e [Re (Gu(L (27)) G (I (o)) - dnite )
=1 k=0

— Re (Gr(I (2))G (T (y))e ™€) (4.41)

A~

—acazer? [Re(Ga(L (@) Go(L (a*))e2nm - =it
Re (G- (L (2)) = Go(L (a*))e6=) .

If we can prove
= i\/ere 2He)er” e =0, (4.42)
then the corollary is proved. .
To finish the proof, we first consider I5 in (4.39). By the definition (2.36|) of Gj and G_,
we get
Vel (z¥)? — 5 =3
1

[e.e] oo c 1 1
: _W)—§+ZZ<(1+£+Z)!+(1€H)!) e (Le(a") - 2)“1]' (4.43)

Zz(k+l)! = e’ ZZ 1+k+l P = (1= )" + (4.44)

I=1 k=0 =i (
we have
N 1 ket I AT
I _Lyen
;;<1+k+l +(k:+l)!)cl I+@") = 3)

sy 1 1
a(My@)+2)———— e @) .~ (4.45)
( R NS L () -3



Using the identity J(I+(z)) = x, we have
1 ec1(I+(z7)—3) "

1
D T =¢ T
20 Li(@) —5 L (z*)

Substituting (4.46)) into (4.45), and then substituting the simplified form of (4.45) into (4.43)),
we simplify (4.43)), or equivalently (4.39)), and obtain the expression for I5 from (4.42)).
Similarly we simplify (4.40) as

1 * c *
(L () + 5)er D72 = o= (Gl (1 (a7) —

(3 I+(JZ‘*)+$
VO L) — = 3 L) -
1 gl c1 1 o1 o1
. [_h(gg*) —1 +§kz_0 ((1+l~z+l)! + (k:+l)!> At (L@ = A ~ 3)

we have analogous to (4.45)),

S c 1 ! 1
2 <(1 +k1+l)! * (k+l)'> I @) = N ) =

=1 k=0
* 1 * 1 * !
I_*x )— 3 : I_(z%) + 2 ger(-()-3) _ weﬂ(h(ﬁ)—%) + - (4.49)
I (") — L (z%) I_(l‘*)—§ I (x* -1 I (x -3

Using the relation that J(I(z*)) = J(I_(2*)), we find that the two terms between the paren-

theses in (4.49) cancel each other. Substituting (4.49) into (4.47), we find that I = 0. Thus
the proof is complete. O
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