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Abstract

We study a model of nonintersecting Brownian bridges on an interval with either absorbing
or reflecting walls at the boundaries, focusing on the point in space-time at which the particles
meet the wall. These processes are determinantal, and in different scaling limits when the
particles approach the reflecting (resp. absorbing) walls we obtain hard-edge limiting kernels
which are the even (resp. odd) parts of the Pearcey and tacnode kernels. We also show that
in the single time case, our hard-edge tacnode kernels are equivalent to the ones studied by
Delvaux [I6], defined in terms of a 4 x 4 Lax pair for the inhomogeneous Painlevé II equation
(PII). As a technical ingredient in the proof, we construct a Schlesinger transform for the 4 x 4
Lax pair in [I6] which preserves the Hastings—McLeod solutions to PII.

1 Introduction

Consider a Brownian motion on the interval [0, 7] with either an absorbing or reflecting boundary
condition at the endpoints of the interval. By the reflection principle [22, Section X.5], if both
boundaries are reflecting the transition probability is
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In each case, t is time and o > 0 is the diffusion parameter. The model we consider is that of
n € N such Brownian motions on the interval [0, 7] which are conditioned not to intersect, which

we denote
X1(t) < Xo(t) < -+ < Xy(2), (1.3)
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!The function is a genuine probability density on [0, 7], meaning that for any 0 < z < 7 the integral with
respect to y over [0, 7] is 1. The function has total integral less than 1 because there is some probability that
the particle is absorbed by one of the walls.
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and we fix the diffusion parameter to be equal to the reciprocal square root of the number of
Brownian paths, o = n~/2. In the absorbing boundary condition case, we also condition so that
no particle is absorbed by either wall. Under these conditions we let the particles evolve over the
time interval ¢ € [0, 7], and we furthermore we fix the starting and ending points for all particles
to be at 0, i.e.,

X1(0) = X1(T) = X2(0) = Xo(T) = - = X (0) = Xn(T) = 0. (1.4)

Even though the conditions and seem to be contradictory, it is well known that the
model of nonintersecting paths with confluent starting/ending points is well defined as a limit of
a model in which the starting and ending points of the nonintersecting paths are close to but not
equal to one another, see Section [2]

When the boundary conditions for the Brownian motion on [0, 7] are reflecting (resp. absorb-
ing) we denote the ensemble of nonintersecting paths conditioned as described above as NIBM:L -
(resp. NIBM2™,.). These ensembles are determinantal processes, which means that the correlation
functions are described by a determinant involving a certain extended kernel function. More specif-
ically, fix m times 0 < t; < to < --- < t,,, < T, and to each time ¢;, fix k; points in the interval

(0,7),0< x&i) < :cg) << :1:,(;) < 7. The multi-time correlation function is then defined as
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for the NIBMEL ;. model, and similarly for the NIBM&P. model, for which we denote the correlation
function as R3™7". Then there exist kernel functions Ktrfft] (x,y) and Kg_'?fj (x,y) such that (xxx

stands for either ref or abs)
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In an earlier paper [41] of the current authors, we studied a very similar model of nonintersecting
Brownian motions on the unit circle. That model can be also considered as one of nonintersecting
paths on the interval, but with periodic rather than absorbing or reflecting boundary conditions.
For that model it was shown that the correlation kernel could be expressed in terms of a system
of orthogonal polynomials with respect to a discrete Gaussian weight, and that it converged to the
tacnode kernel and the Pearcey kernel in different scaling limits. The result was a formula for the
tacnode kernel which involved certain solutions to the Flaschka—Newell Lax pair for the Painlevé 11
equation. The nonintersecting Brownian paths on the interval with absorbing or reflecting bound-
aries also have a correlation kernel expressed in terms of discrete Gaussian orthogonal polynomials,
and in this paper we show that it converges under proper scaling limits to the even (resp. odd) part
of the tacnode and Pearcey kernels in the case of reflecting (resp. absorbing) boundary conditions.

The dependence of the models NIBMAEL . and NIBM3P,. on the total time 7' is described
heuristically as follows. Since all particles are forced to begin and end at the lower wall, if the total
time 7' is small then the particles will not have time to approach the upper wall at £ = m, and the
model is very close to a model of nonintersecting Brownian bridges on the half-line [0, 00). On the
other hand, if T is large enough then the particles will reach the barrier at * = 7 around some



critical time ¢t = t¢ < T//2 and the asymptotic limiting density of particles fills the entire interval
[0, 7] throughout the time interval [t¢,T" — t¢] before beginning to return to the origin. These two
cases are separated by a critical total time T, and it can be shown as in [41] that this critical value
is T, = 7%/2. Therefore, as in [41] we separate the NIBME, ;. and NIBM3PS, models into three
cases: subcritical (T < 72/2), critical (T = 72/2), and supercritical T > 7%/2, see Figure |I| Note
that this global picture is the same for both NIBM., . and NTBM2S ..

t=T>m
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Figure 1: Typical configurations of paths in NIBML . and NIBMaY, in the subcritical (left),
critical (center), and supercritical (right) regimes. Time is on the vertical axis and space on the
horizontal axis. As n — oo the hull of the paths fills out the regions bounded by the thick curves.
In the supercritical case, the time t¢ at which the particles reach the upper wall is marked. These
figures are schematic and do not distinguish between reflecting walls, for which the particles may
touch the walls, and absorbing walls for which they cannot.

We remark that the nonintersecting Brownian motions on an interval with periodic, reflecting,
and absorbing boundary conditions are related to the 2D Yang—Mills theory on a sphere with U(n),
O(n), and Sp(n) gauge groups, respectively [31], 27]. The earlier paper [41] dealt mainly with prob-
abilistic aspects of the nonintersecting Brownian motion model with periodic boundary conditions,
but has found applications in the study of 2D Yang—Mills theory, see [40, 30]. Similarly the current
paper deals primarily with the limiting local correlations for the nonintersecting Brownian motions
on an interval with absorbing and reflecting boundary conditions, but we hope that the method
and results obtained in this paper can shed light on the mathematico-physical aspect of the models
as well. On the other hand, the symmetry of the model revealed by the Yang—Mills theory gives a



hint of the universality class that our probabilistic models belong to, see the discussion in Section
L4T

A precursor of NIBM3P. is the nonintersecting Brownian excursion model studied in [46], which
is equivalent to our NIBMabST with the two absorbing walls placed at 0 and 400, or by a change
of scale, the T'— 0. limit of our NIBM3P..

1.1 Limiting correlation kernels
1.1.1 The extended Pearcey and tacnode kernels, and their odd and even parts

In order to state our main results, we first present the explicit forms of the limiting correlation
kernels that our nonintersecting Brownian motion models converge to. Hence we must define the
Pearcey and tacnode processes.

The Pearcey process arises as a scaling limit when two separate groups of nonintersecting paths
merge into a single group. It is a determinantal process and is thus defined by the (extended)
Pearcey kernel [45 Section 3],

Kzt(ga 77) = Ezt(gan) - 1s<t¢s,t(£777)¢ (17)

where
busln) = —me—e™ S (1.9
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where X consists of four rays: one from e™/4 . 0o to 0, one from e™/* . 50 to 0, one from 0 to

e3m/4 . 50, and one from 0 to e™™/* . 00, see Figure |3 Our definition of the Pearcey kernel is the

same as that in [4, Formula 1.2] up to a change of variables.
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Figure 2: The shape of C. Figure 3: The shape of X. Figure 4: The shape of 2.

The tacnode process arises as a scaling limit when two separate groups of nonintersecting paths
come together to meet at a single point in space-time, and then separate again. This process is
also determinantal. It appears in several other models as the limiting process, and the correlation
kernel has several equivalent definitions [18], 134} 2, 23], 4T, [42] with various generalities. Here we use
the definition in terms of the Flaschka—Newell Lax pair for the Hastings—McLeod solution to the
homogeneous Painlevé II equation, following [41]. We only define the symmetric tacnode kernel,



which corresponds to the case that the two groups of nonintersecting paths are of the same size.
A straightforward generalization to the asymmetric form is given in [42]. In order to define the
kernel, we first must define some special functions which appear in the formula.

The homogeneous Painlevé II equation (PII) is the second order nonlinear ODE

q"(s) = sq(s) +2q(s)°, (1.10)
and the Hastings—-McLeod solution [33] to PII is the unique one that satisfies
q(s) = Ai(s)(1+0(1)),  ass— +oo, (1.11)

where Ai(s) is the Airy function. Throughout this paper we let ¢(s) be this particular solution to
PII. The 2 x 2 matrix-valued differential equation

d o (—4i¢% —i(s+2q(s)?)  4Cq(s) + 2ig'(s) .
Yo = ( 4Cq(s) - 2i/(s)  4ic3 +i(s + 2q(8)2)> PG, (1.12)

was originally studied by Flaschka and Newell [25] as part of a Lax pair for PII, meaning that the
compatibility of this equation with another differential equation given in (4.3)) implies that ¢(s)
solves PII. Throughout this paper we let ¥((;s) be the solution to (1.12]) that satisfies

W((; )30 = 1L O(¢C7Y), ¢ — +oo. (1.13)
The asymptotics ((1.13)) extend into the sectors —7/3 < arg( < 7/3, and 27/3 < arg { < 47 /3, see

e.g. [26]. Denote by ¥;;((;s) the (i,7) entry of the matrix ¥((;s) defined in (1.12)) and (L.13]). It
is convenient to also define the functions

—Wis(u;s) if Su >0, —Wos(u;s) if Su >0,
flus) = V1205 s) AS glu,s) 1= { V20w 8) S (1.14)
U1 (u;s) if Su < 0, Wop(u;s) if Su < 0.
The extended tacnode kernel is now defined as
K&, m;0) = KEE(&,m50) — 6s0(€,m), (1.15)

where ¢, 4(&,n) is as in (1.8)), and

~ u2 o2 . . . _ . .
Kta0(57 n: O') — i du dve’2 f%efl(ugfvn) f(ua U)Q(Ua J) g(u, J)f(va O-)' (116)
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Here Y7 is a contour consisting of two pieces. One piece of X7 lies entirely above the real line, and
goes from e™/6 . 00 to €®™/6 . 0. The other piece lies entirely below the real line and goes from
e™/6 . 50 to eM7/6 . 50, see Figure The convergence of the integrals in follows from the
asymptotics .

The symmetric tacnode process depends on one real parameter o € R, whereas the Pearcey
process contains no parameters. If we view the tacnode process as the limit of two groups of par-
ticles in nonintersecting Brownian motions, the real parameter o which appears in K¢ measures
the strength of interaction between the two groups. As ¢ — —oo the two groups become indis-
tinguishable and the tacnode kernel has the sine kernel, which is the usual bulk scaling limit for



nonintersecting paths, as a scaling limit. As ¢ — 400 the two groups of particles separate and
there is no interaction between them [28 [29].
We define the even versions of the Pearcey and tacnode kernels as

K7 (€m) == KFy(&,n) + KL, (¢, —n),
K& even(é,n, 0) = K& (&, 0) + KEE(E, —n; 0),

and their odd versions as

(1.17)

K% (e m) == KL, (&,m) — KFi(&,—n),
K Odd(é m:0) = K¥ (€ 0) — K (6 —n;0).

Note that these are just the odd and even parts of the kernels with respect to the spatial variables,
up to a factor of 2. They describe symmetrized versions of the Pearcey and tacnode processes which
we call the even (odd) Pearcey process and the even (odd) tacnode process. Similarly we refer to
the kernels as the even (odd) Pearcey kernel and the even (odd) tacnode kernel. The even and odd
Pearcey processes have appeared previously as limiting processes in the Plancherel growth models
with O(o0) symmetry [10, B7], and with Sp(co) symmetry [13], respectively. In [10} B7], the kernel
Kﬁ;even(g ,m) appears under the name symmetric Pearcey kernel, and in [I3] the kernel Kffdd({ ,M)
is simply referred to as Pearcey kernel. We prefer to call them the even and odd Pearcey kernels
because it clarifies the relation to the usual Pearcey kernel.

For convenience we write the following explicit formulas for the even and odd Pearcey kernels
in terms of sine and cosine:

K5 (€m) = Ko™ (6,n) — Lict(ds2(6,m) + 0s.4(€,—1)),

(1.18)

) ) (1.19)
K6 m) = K™ Em) — Lict(s(€,m) — Dt ),
where ¢ (&, n) is defined in ((1.8)) and
P even( / / % 2€Z£Z COS(T/w)
& 2m Ltz —w
(1.20)
ZT £ z cos(€z) cos(nw)
927 d’z wh | w? 2,2 '
T 2% T z4—w
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. s e
RBP4 ) = 3 Zi)2 / dz/ dw s 44 o suzinw)
T L twe —
X e (1.21)
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The second lines of (1.20) and - follow in a stralghtforward way from some symmetries of
the integrand, and are in the same form as the symmetric Pearcey kernels given in [10] and [13],
respectively. Similarly the odd and even tacnode kernels are given as

;ig_]even(é- no ) K:ﬁla%even(§7 3 U) - 1s<t(¢s,t(£7 77) + Cbs,t(ga _77))7

(1.22)
K0 (e ) = K90l i) 1 i(000(60m) — der(€)),



where ¢, (&, n) is defined in (1.8)), f and g are defined in (1.14), and

R o) = o [ [ aoef o 1050l 0) s 0) ), 125
and
~>tac, o 1 su? ; - ; ; —iuf
K;t’ “eno Q/ZT du /ET dve™s =% il U)g(v22u _ggj; o)/ U)e Ssin(vn). (1.24)

1.1.2 Main results

The even (odd) Pearcey process and the even (odd) tacnode process appear as scaling limits in
NIBML - (NIBM3S ). Namely, in the supercritical case T > T, the determinantal process defined
by the kernel KP Ve (resp. KT2°44) appears as a scaling limit for NIBMBeiT (resp. NIBM%ES;T)
when space is scaled close to the upper wall x = 7w and time is scaled close to t¢, the time at which
the group of particles reaches the upper wall. Similarly, in the critical case T = T, = 72/2, the
determinantal process defined by the kernel K¢ Ve (yesp. K '3 Odd) appears as a scaling limit for
NIBMEE 1 (resp. NIBM2™,.) when space is scaled close to the upper wall z = 7 and time is scaled
close to T'/2.

The precise statement of these convergences is given the following theorem. In the statement
of this theorem, we need the following notations: T, = w2/2 is the critical value of the total time;
t¢ € (0,7/2) depending on T is the time when the limiting Pearcey process occurs if T > T,; d in
part @ is a scaling parameter depending on 7" and t¢ if T' > T,, while d = 275/37 in part @ has
a similar role if T' is equal or close to T.. The exact formulas for t¢ and d in part @ will be given
in Appendix [A]

Theorem 1.1. Both NIBMY'; and NIBMi™; are determinantal processes. Their multi-time
correlation kernels, Kref (a:, y;n,T) and Kz?tsj (z,y;n,T), have the following convergence properties:

(a) Assume T > T, = n%/2, and let d be the constant that is specified in (A.6). With the scalings

d? d?

. . B d B d
t; =1 +W7i, t]—t +WT]7 x—w—wé, y—ﬂ'—Wn, (125)

the correlation kernels have the limits

d
tin K i )| ) = K70 (6o (1.26)
1 Kabs T) dy JPodd 1.97
lm tit; l’ y Y3 1y d77 —TJ, (5 77) ( . )

(b) Fiz o € R, and let T be scaled close to T, = 72 /2 as

7T2

T = 3 (1 _ 2-%0(211)—%) , d= 2_5/37r. (1-28)

With the scalings

T d? T d?

o TomaaT =gt

= 5 T 91T

Tr =

d d
—Wfa y:W—Wn, (1-29)



the correlation kernels have the limits

dy
: ref . _ tac even
nh—>Igo Kti,tj (z,y;n, T) ‘dn' = 72,7'7 Y& o), (1.30)
dy
. abs . tac odd
nh_ggo Kti,tj (xvyvan) 'd ' - TZ,TJ (5 m0o ) (1'31)

In this paper we consider only the limiting behavior of the top particles in the critical and
supercritical phases. For the bottom particles, our method can show that they converge to the
limiting Bessel process with parameter —1/2 for NIBM{)eiT and 1/2 for NIBMSE?T, in all phases,
like the result in [46]. The universal sine and Airy processes should also occur when we take limit
at appropriate places. We omit further discussion on these limits.

1.2 Hard-edge Pearcey process and relation to Pearcey process

In this and next subsections we discuss the relations among various limiting kernels. For Pearcey
kernels (this subsection) we simply summarize known results, while for tacnode kernels (next sub-
section) some results presented here are new.

The even and odd Pearcey processes are special cases of a more general family of determinantal
processes which depends on a real parameter o > —1, and arises as a scaling limit in a model of
nonintersecting (squared) Bessel paths. We refer to this family as the hard-edge Pearcey process.
The single time version of this kernel for general o was first derived by Desrosiers and Forrester [20]
in the context of random matrix theory, and by Kuijlaars, Martinez-Finkelshtein, and Wielonsky
[38] from nonintersecting squared Bessel paths. These two groups of authors gave slightly different
formulations of the kernel and did not use the hard-edge Pearcey nomenclature.

The multi-time extended kernel was derived recently by Delvaux and Vet6 [19], also from non-
intersecting squared Bessel paths with parameter o > —1, and they call the limiting process the
hard-edge Pearcey process. For general o the multi-time extended kernel is

D (&,n) = K5 (&, n) — 09 (@, y)1oes, (1.32)
where
a ﬁ—i—sv
5 uv e 2
@, = (1) / do / du ( LN EACN N E )
— U 67+t
and

t—s \zx t—s

Here J, is the Bessel function of the first kind, I, is the modified Bessel function of the first kind
[1], and the contour C' consists of two rays, one is from /4. 0o to 0, and the other from 0 to
e~/* . 0, as shown in Figure

The Bessel process reduces to Brownian motion on a half-line with a reflecting wall at the
origin in the special case &« = —1/2, and is connected to Brownian motion on a a half-line with an
absorbing wall at the origin in the special case o = 1/2, see e.g. [36]. Thus it is reasonable to guess
that for @ = £1/2, the hard-edge tacnode kernel reduces to the kernels K94 and K>¢v*» which
are scaling limits of nonintersecting paths in the presence of absorbing/reflecting walls. Using the

6 (,y) = — (g>%€ =3/ (%ﬁ) (1.34)



explicit formulas of (modified) Bessel functions with @ = +1/2, we see that in these cases the
hard-edge Pearcey kernel reduces to

2

—Jrsv
1/2 (&,n) = 7T22\f/ dv/ du T sm(2fu) sm(Q\fv) — (1.35a)

P( V2 (&n) = WQZ\f/ dv/ du 2+SU cos(Q\fu) cos(2fv) — (1.35b)

(1/2) (f f)2 _ (Warym)?
= S —_ —S8 1'
R Y v ( o ) (1.85¢)
(~1/2) 1 1 1 (ﬁ-t—m? _<\/Et+\/§)2
- - . 1.35d
N V=W ( e (1.85d)

Comparing (|1.19)—(1.21)) with (1.35)), it is straightforward to obtain the following proposition.

Proposition 1.2. The hard-edge Pearcey kernel with o = +1/2 have the following relationship to
the odd and even Pearcey kernels:

Peven(§7 ) TKS/,E/%TI‘///?\)/ﬁ(Q*%g?’2*%772)7 (136)
K46, ) = & RPWRD (9-3e2 9-d2) (1.37)
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1.3 Hard-edge tacnode process and relation to tacnode process

The hard-edge tacnode process appears as a scaling limit of the lowest particles in nonintersecting
(squared) Bessel processes when they just touch a hard-edge barrier [17]. As with the hard-edge
Pearcey process, it is a determinantal process parametrized by the Bessel parameter o > —1.
Delvaux in [I7] obtained a formula for a single-time limiting kernel depending on the parameter
«a > —1, which we denote by Ktac,(a) (x,y; s, 7). His formulation is in terms of a certain 4 x 4 Lax
pair solution to the inhomogeneous Painlevé II equation, which is the same as but with a
additive constant term,

q"(0) = 2q(0)’ + Cq(o) — v, (1.38)
where v is a fixed constant. The particular solution to ([1.38)) which appears in the Delvaux’s

tacnode kernel is also called the Hastings—McLeod solution, and is defined to be the one which
satisfies

q(o) ~v/o, aso— 4oo, q(o)~ — 80— —00. (1.39)

The Bessel parameter « in the hard-edge tacnode kernel and the parameter v in the PII equation are
related by v = o+ 1/2. Since the explicit formula for the hard-edge tacnode kernel is complicated,
we relegate it to Section[f] Currently the multi-time extended kernel for general « is not available.
For integer o > 0, a multi-time extended kernel was later obtained by Delvaux and Vet6 [19] using
a different approach to the same model. In this paper we are not going to use their extended
kernel, so we omit the explicit formula, but only remark that their extended kernel is increasingly
complicated as the integer rows larger.

Inspired by Proposition it is natural to conjecture that Kﬁiifven(g ,m;0) and Kﬁii’jc’dd(f ,150)
are the correlation kernels for the hard-edge tacnode process with a = —1/2 and 1/2 respectively.



However, the multi-time correlation kernel of the hard-edge tacnode process is not in literature, so
we can only state a modest result on the one-time correlation kernel.

Proposition 1.3. The odd and even tacnode kernels have the following relations to the and the
hard-edge tacnode kernel with o = +1/2:

Jetac,(—1/2) (z,y; 8,7) = 25/3f<tt§c, even(22/3x’ 22/3y; o), (1.40)
Ko/ (g e 5 7) = 25/312;3@ odd(22/3x’ 2%/3y: ), (1.41)

where
t=2437 o =235 9232 (1.42)

The proof of this proposition, especially the proof of (1.41)), is much more involved than the
proof of Proposition and it is given in Section [6] Theorem [1.1[b)| together with Proposition
shows that the NIBMEL ;. and NIBMaP . converge to hard-edge tacnode process with parameters
F1/2 respectively, at the one-time correlation level. We conjecture that the convergence holds for
multi-time correlations as well.

1.3.1 Hard-edge tacnode kernel with half-integer o by Schlesinger transformation

As we mentioned above, the hard-edge tacnode kernels with integer « are special in that the multi-
time extended version of the kernel is available in the literature. They are also special in that
they have Airy resolvent formulas that do not generalize to non-integer « in a direct way [19].
On the other hand, from Proposition and formulas and , we see that the hard-
edge tacnode kernels with half-integer « are also special in that they, at least the first two in the
sequence of infinitely many, can be expressed by the Lax pair associated to the Hastings—McLeod
to the homogeneous (v = 0) PII equation. Actually Proposition is not incidental, but gives the
first two cases of a general result.

Theorem 1.4. For any o = k —1/2 with k = 0,1,2,..., the one-time hard-edge tacnode kernel
K% (2 y:5,7) can be expressed in the form

1 [* - ~ .
Ktac7(k_1/2)(:n,y;s,7) = / Fi(x;5,7)Fi(y; s, —7) ds, (1.43)
m S

where the function F,(x;s,7) is defined in for general v > —1 and inductively by
and for integer-valued v. For positive integer k, Fy(x;s,T) is expressed as a contour integral
where the integrand is a linear combination of the entries of W((;s) and (¥((;s), where ¥((;s)
is defined by the Lax pair and associated to the Hastings—McLeod solution of the
homogeneous (v = 0) PII equation. The coefficients are polynomials in qo(c),q1(o),...,qe—1(0)
and q4(0),q1(0), ..., q,_,(0), where q, (o) is the Hastings-McLeod solution to the inhomogeneous

PII equation (1.38), and o = 22/3(2s — 72).
The explicit formulas for Fy(z;s,7) for k = 0,1,2... are given in (6.27)), (6.28), and (6.29)).

The formulas become more complicated and less useful as k increases. We remark that since
the Hastings—McLeod solution to the PII equation with integer-valued v can be expressed by the
Hastings—McLeod solution of the homogeneous (v = 0) PII equation via the Bécklund transfor-
mation , Fy(z;s,7) can be expressed purely in terms of the Hastings—McLeod solution to

10



the homogeneous PII equation, and the associated Lax pair and . To be precise, the
statement that the coefficients of the entries of ¥((; s) and (W ((; s) in the integrand are polynomial
in go(0),q1(0),...,qk—1(0) and gy(0),d;(0),...,q)_ (o) may be replaced with the statement that
the coefficients are rational functions of go(c) and gfy(c). See Sections [5] and [6] for detail.

The key ingredient of the proof of Theorem and in Proposition is the Schlesinger
transformation of the 4 x 4 Lax pair discovered in [16]. It is not surprising for experts on integrable
differential equations that Lax pairs associated to PII equation with parameters v and v + 1 are
related by a e Schlesinger transformation, just as the Painlevé functions themselves are related by
an explicit Backlund transformation , but the explicit construction for the 4 x 4 Lax pair is
new, see Section

For ao = £1/2 the multi-time version of Theorem is given in an explicit form in Proposition
[4:1] From results in Proposition[I.3]and Theorem[I.4] we can formally conjecture the generalization
of Theorem to the multi-time extended kernel for the hard-edge tacnode kernel with general
half-integer «. But since the extended kernel is still missing, we do not pursue it in the current

paper.

1.4 Universality

The (usual) Pearcey and tacnode processes occur as limiting processes in various models, and have
established their statuses as universal limiting processes. The Pearcey kernel originally appeared
in the papers [12, [I1] in the context of random matrix theory, see also [32] 43}, 8], but also appears
in models of nonintersecting paths [4, 45, 41], random growth models [44], and random polymers
[5]. The tacnode kernel is newer so its scope in the literature is somewhat more limited, but it
appears in various models of nonintersecting paths [34, 23] 2, I8, [41] and random tilings [3]. Here
we comment briefly on the universal character of the hard-edge versions of the Pearcey and tacnode
processes.

1.4.1 Universality for hard-edge Pearcey process

The hard-edge Pearcey process, as discussed in Section has been mostly studied as the limit
of nonintersecting squared Bessel process, while [20] considered the matrix model equivalent to the
nonintersecting squared Bessel process. Very recently the hard-edge Pearcey process for general
a > —1 appeared as a scaling limit in an interacting particle system [I4]. It is notable that as a
limiting process, the & = —1/2 hard-edge Pearcey process occurs in the Plancherel growth model
with O(oco) symmetry [10, 37], and the o = 1/2 hard-edge Pearcey process occurs in the Plancherel
growth model with Sp(co) symmetry [I3]. Here we remind the reader that our nonintersecting
Brownian motion model between reflecting walls corresponds to the 2D Yang—Mills theory with
O(n) symmetry, and the model between absorbing walls corrsponds to the 2D Yang—Mills theory
with Sp(n) symmetry. The result in our paper is additional evidence that the hard-edge Pearcey
process with o« = +1/2 is universal, and indicates that they are features of symmetry classes.

As pointed out in [I0] and [I3], the hard-edge Pearcey processes with o = £1/2 are in the
class of 2D anisotropic KPZ with a wall. It is generally acknowledged that the limiting behaviors
of nonintersecting Brownian motions, without a wall, are in the 1D KPZ universality class [15],
and also in the 2D anisotropic KPZ class, without a wall [9]. The results in this paper shows the
relation between nonintersecting Brownian motions with walls and class of 2D anisotropic KPZ
with a wall.

11



1.4.2 Universality for hard-edge tacnode process

For the more recent and more complicated hard-edge tacnode process, the results are scarcer.
Outside of the current paper and the very recent preprint [24] (see below), the literature is all
based on the model of nonintersecting squared Bessel process. Although it is too early to call the
hard-edge tacnode process universal based on available results, the result in our paper is a hint that
the hard-edge tacnode processes with o = £1/2 should be in the class of anisotropic KPZ with a
wall, since they occur in the same models as the hard-edge Pearcey process with o = £1/2.

When the current paper was almost complete, we found the very recent preprint [24]. In this
paper, the authors consider nonintersecting Brownian motions with one absorbing wall. They
call the limiting process, which turns out to be exactly our limiting process with kernel Ktac;odd,
hard-edge tacnode process, without identifying it with the existing hard-edge tacnode process with
a =1/2. In Appendix B we prove:

Proposition 1.5. The multi-time correlation kernel IA(eXt(Tl,Ul;TQ, Us) defined in [24, Theorem
2.6] that depends on a parameter R implicitly, satisfies
KTy, Uy; Ty, Us) = 2%/ 3K§3§;°T‘ff‘27 jog, (2701, 223U5; 22° R), (1.44)

The proof of Proposition |1.5|is fairly involved. But a variation of our NIBMaPS. is very similar to
the model in [24] and the equivalence of the limiting behaviors is easier to see, at least heuristically.
We explain it in Appendix

Although it is not proven, the authors of [24] conjecture that the odd tacnode process occurs
as a scaling limit in the six-vertex model with domain wall boundary conditions, or equivalently
in random domino tilings, defined on a pentagonal domain, see [24, Section 3|. This is of course
further evidence of its universal character, and is deserving of further study.

1.5 Plan of the rest of the paper

The rest of the paper is organized as follows. In Section 2] the determinantal structure of the pro-
cesses NIBME‘iT and NIBMSET is analyzed using the Eynard—Mehta formula, and the correlation
kernels are described in terms of discrete Gaussian orthogonal polynomials. In Section [3, these
kernels are related to the model of nonintersecting Brownian paths on the unit circle studied in
[41] and Theorem is proved based on the asymptotic results obtained in that paper. In Section
we prove that the derivative of the kernels Kt even and Kta¢0dd with respect to the parameter
o is a rank-1 kernel, which is used later in the proof of Proposition [1.3

The remaining sections [ and [6] deal with the hard-edge tacnode kernel as defined by Delvaux
in [I7], and its relationship to the kernels K'%even and Kt'acodd Tn Section |5 we present the
Lax system which describes the special functions appearing in Delvaux’s formula for the hard-edge
tacnode kernel. These special functions are given in the form of a 4 x 4 matrix denoted M, which
depends on a parameter v > —1/2 related to the parameter @ > —1 in the corresponding Bessel
process by v = a4 1/2. In this section we formulate the Schlesinger transformation which enables
us to write M, explicity in terms of M,. Finally in Section [6] we define the hard-edge tacnode
kernel of Delvaux and use the results obtained in Sections [5] and [6] to prove Proposition [I.3] and
Theorem [1.4

In Appendix [A| we give explicit formulas for constants in Theorem [1.1{a)l In Appendix [B| we
prove Proposition [I.5

12



2 Orthogonal polynomial formulas for the processes NIBM;". . and

NIBM:™,.

In this section we derive a formula for the correlation kernels for the processes NIBMAL . and
NIBMSES)T in terms of a system of discrete Gaussian orthogonal polynomials, similar to the kernel
derived in [41] for nonintersecting paths on the unit circle. To describe the kernels we first define
the lattice L,, of mesh 1/n,

Ln:{iykez}. (2.1)

Now define the monic polynomials pzk(s) = s 4+ ... as the discrete Gaussian orthogonal polyno-
mials satisfying the orthogonality condition
1 T T 7nT52 0 lf ] # k,
=3 Pl = { P (22)
s€Ll, n,j Ly =r,

where {hr;aj 5= Is a sequence of normalizing constants. These polynomials depend on two param-
eters: n € N, which is the number of particles in the NIBM‘“ef “.r and NIBMSES)T; and 7' > 0 which

nTs?

is the total time of the processes NIBMAL . and NIBM2™,.. Note that since the weight e™ " 2 ~ is
an even function of s and the lattice L, is symmetric about the origin, the polynomials Py, k( ) are
even for k even and odd for k odd. For n, k € N and a > 0 define also the discrete Fourier transform

Skalz;n,T) Z pnk 2 emsx (2.3)
SELn

We then have the following proposition.
Proposition 2.1. The processes NIBM:, 1 and NIBM3PS, are determinantal.

(a) The multi-time correlation kernel for NIBMrefT s given as

K3 (g0, T) = Kieh (o, 5m,T) = WSS (2,9), (24)
where
. nn—l 1
K3, @y, T) = — 3 Sk, (20, T) Sk, (=i, T), (2.5)
and , ,
> n(y—z+2km) n(y+z+2km)
Wref( y _ \/’E Z (e 2G-4) o 20—t ) (2.6)
[i.5) \
V2t P
e multi-time correlation kernel for 18 given as
b) The multi-ti lation kernel for NIBMa,. is gi
K (2,yin, T) = Ki% (2,3, T) — WS (2,), (2.7)
where
nn_l 1
Kﬁb; (z,y;n,T) = T Sok+1,7—1; (251, T)Sop 1,6, (—y;n, T), (2.8)
k 0 ‘n,2k+1
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and

o0 2 2
o n _ n(y—z+42kn) _ n(yt+z+2kn)
Webs (2, y) = vn dole T e T (2.9)
[7‘7]) ’ 27Tt

v f——

The starting point for the proof of Proposition is the formulas . and . for the
transition probability for Brownian motion between a pair of walls at 0 and 7. Let P™(x,y;t)
and P2P5(z,y;t) denote the the transition probabilities (T.1]) and (1.2]), respectively, with diffusion

parameter o = n~1/2;

Ptz yt Z e z;tQM)Q + e*n(‘yﬂfkﬁﬂ (2.10)
) /27[_ = ) *
_ n(y—z42km)“ z+2k7r)2 n(y+z+2k7‘r)2
P3(g y: e 2 —e 2t ) 2.11
it = S 3 .11
=—00

Fix n starting points A = {aj,...,a,} where 0 < a; < --- < a, < 7, and n ending points
B = {b1,...,b,} where 0 < by < --- < b, < w. Consider the transition probability density for n
particles X1 (¢),...,X,(¢) in Brownian motion between the pair of (reflecting or absorbing) walls

at 0 and 7, such that they start at positions A,, end at positions B, after time ¢ > 0, and the
paths of the particles do not intersect during the time. By the Karlin—-McGregor theorem [35] this
transition probability density is given by the determinant

P*¥(A; B;n;t) = det (P (ai; bj;n; t))! xxx = ref or abs. (2.12)

i,j=1"

Now consider the model of n particles X (t), ..., X, (t) in Brownian motion with a pair of (reflecting

or absorbing) walls at 0 and =, starting at A(®) = {ago), o 7@510)} at time t9 = 0 and conditioned

so that:
1. They end at A™+D) = {agmﬂ), .. ,a&mﬂ)} at time t,,11 =T > 0, and
2. Their paths do not intersect during the time [0, 7.

Then the joint probability density for the location of the particles that at the times t; <ty < --- <
tm in (0,7T) such that

Xi(tj) = al(j), where 0 < a(]) < aéj) <-ooo<a¥) <mforallj=0,1,...,m,m+1, (2.13)
is given by

oA Aty =

m+1
PXXX(A(O);A(m+1);n;T)_1 H PXXX(A(j_l);A(j);n;tj+1 —t5), (2.14)
j=1
where AU) = {al yee } In order to arrive at the models NIBMAL . and NIBM&™,. we must
consider the degenerate case that az( ) 0, and a(™*t) — 0, foralli=1,...,n.
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2.1 Proof of Proposition [2.1)(a)|

Note that P*f(a,b;t) is an even function of both a and b. By I'Hopital’s rule, as ago), ce ago) -0
we have
(0)y2 (0)y2
gy a: — (a:
Pref(A(O);A(l);n;tl B to) _ HISZ<_]S7L (( ]1 ) ( i ) )
[T=0 (2)!
J26-1) n
x det (dxg(i_l)Pref(w;af);tl —tp) ) (1+ O(max|a])); (2.15)
=0/ i,j=1
as agmﬂ), Caimty L,
(m+1)y2 _ ( (m+1)y2
Pref(Am A ity — ) = Hhsisen ((aj — ol ) )
[Tj=o (25)!
2(i—1) "
x det ( dd 2(1-_1)Pref(a§-m);y;tm+1 —tm) ) (1 + O(max|a™]));  (2.16)
Y
y=0/ ;=1
and as both ago), . ,a&f)) — 0 and agmﬂ), . ,agmﬂ) — 0,
0)y2 _ ¢ (0)y2 (mt1)y2 _ ( (m+1)y2
Pref(A(O)'A(m+1)'n- T) _ H1§i<j§n ((aj ) (CLZ ) ) ((CL] ) (az ) )
[T=0((24)1)?
x RE(T)(1+ O( max (jal”,|a{"))), (2.17)
j=1,.n" J J
where
ref dz(j+k_2) ref '
RINT) = det mp (z;y;T)
=y=0/ jk=1
q2(+k=2) o n
= det (WPQ (z;0;T) (2.18)
=0/ j k=1

et [(LIETD (g (imnz s ’

-t iy & T T ’

z=0/ j k=1

where 93 is the Jacobi theta function

Os(zq) = Y g, (2.19)
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Thus in the degenerate case, the joint probability density function of the particles at times ¢; <
<ty €(0,T)is

re m 1 re 1 " re m
Pref(A®; L Al );n;t1,.--7tm)=Rref( )det( f(a;(ﬁ)))jk det( “(a ))>

)

m—1

where
J20-1) ~ J20-1)
f f f f
¢re (a) = mpre (z,a;t1)| , P (a) = 20D Na,y; T — ) (2.21)
=0 y=0
By the Poisson summation formula, we have
_ n(y— x+2k7r)2 n(y+z+2km)?
Pty at) = Pz y5t) = +e” 3
(y;5t) = P (z;y m Z
k=—00
_ n i Vi <eikm—t2kf n eqm-ﬁf) ciky
\/27rt “ V2mn
k=00 (2.22)
2
=— Z ke =57 cos (ky) = — + Zcos kx)e D cos(ky)
keZ
== Z insz—teg cos(nsy)
SELn

where L,, is the lattice with mesh 1/n defined in (2.1)). Then it is straightforward to calculate that
forall 7 =0,1,2,...,

2]

=0 dy

d?
dx?i

2j . nts?
= (ni)? Z s cos(nsa). (2.23)

s
yZO SELn

Pref(x a: t) Pref( ,y7t)

Hence, letting pg% (z) be the even monic polynomials of degree 2k defined in (2.2), we have

ref( (1y)" _(ni>n(n71) ref (L))"
det (9" (af ))j,kzl = T det (1 (af ))M:l, (2.24)
o, )\ _ (nd)" Y CON
det (41 (a} ))le_ —— det ("' (ay ))le, (2.25)
where
ref _ntys?
angj (s 2 cos(nsx)
s€Ly
_t1k2
pn2j 1) —1—2an2] 1) ﬁ e 2 cos(kx), (2.26)
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2
ref _n(T—tm)s
E pn2 (J— 1) 2 COS(’I’LSI’)
s€Ly

T 9 > T k _(T*tm>k2 k 99
_pn,Z(jfl)(O) + anz(jfl) n € v cos(kx), (2.27)
k=1

and

2n(n—1 n
R;ef(T) = M det (Z SQ(j—l)Sg(k_l)e_n7;52>

T
s€Ln gk=1

n(2n—1) 2\ " (228)
n nTs
= det ( Z Py, 2(5—1) pn2(k 1)( sle” 2~ )
sELp J,k=1
By the orthogonality we then obtain
. nn(2n—1) n—1
R;e (T) = T H hn 27 (229)

Jj=0

We now use the Eynard-Mehta theorem [21] to derive the correlation kernel of the determinantal
process. We follow the notational conventions in [41]. Since we want to reuse the argument for the
absorbing wall case, we use notation xxx throughout the derivation, and read xxx = ref here.

. Define (with xxx = ref) for j = 1,...,n, @‘Xx(x) and wj‘xx(x) as in (2.26]) and (2.27)), and for
=1,....m—1,

W@, y) = P (595 tir — te)- (2.30)
Then we define the operator ®°* : L2[0, 7] — £%(n) as

w50y - ([ s om.... [ e de) | 1)

the operator WX : (2(n) — L2[0,7] as

n

T (01, o)) =) 0P U(0), (2.32)

k=1

and define the integral operator W;** : L?[0, 7] — L?[0, 7] by the kernel function (2.30)). Further-
more, we define the operators

Wixxx .. ijf)l‘ for ¢ < B o Wxx Wxiof for i < 7
Wiy =41 for z = ]:, and WS = {O ’ J fori > J. (2.33)
0 for ¢ > 7,
We also define the operator M** : £2(n) — %(n) as
M = R0 o, (2.34)

17



which is represented by the n x n matrix

M / / GE (01 WE(01,0) - W, (B O 0O}y - . (2.35)
Then by the Eynard—Mehta theorem the correlation kernel is given as
K25 (@430, T) = K (2,3 m, T) — WE (2, ), (2.36)
where B
KX (a,y:n,T) = (W[’;”;ﬁ)\ll(MXXX)”(I)XXXWﬁ?‘O (z,y). (2.37)

Up to here we have given a general construction of the correlation kernel. In order to find an
explicit expression, we first define the Fourier coefficients of a function f € L?[0, 7] over the basis
1,cosx,cos2zx,..., as

£(0) + Zf(k‘) cos(kz), where f(k)= i/oﬂf(:n) cos(kx)dz. (2.38)

k=1

The Fourier expansion of W;ef(x, y) with respect to y is given in (2.22)). Then we have

re i re 1 (e +1 Y ) A
W) = [ W) fo)y = 570 + Z S fE)cos(ha),(239)
or equivalently,
/rE 7(tj+1_tj)k2 o
Wi f(k)=e m  f(k), forallk=0,1,2,.... (2.40)

By the definition of W[‘fjf) and using (2.40) successively, we have

— (ti—t)k?
Wt f (k) = e = f(k), forallk=0,1,2,.... (2.41)

Hence by the Poisson summation formula, for ¢ < j,

o - 1 2 &
W[ﬁg)(:v,y) [Zejf)( y) = g + g Zcos(k::n)e zm cos(ky)
1 > . (t;—t;)k? ) (t;—t;)k? .
L (e et

> _n(y7z+2k7r)2 _n(y+z+2k7‘r)2
_ \gﬁt Z (e W) 4e 2(t;—4;) )
s
Vet

As a specialization of ([2.41)), consider W[rl.efn) et an operator from £%(n) to L2[0, 7]. It is represented
by an n dimensional row vector, whose [-th component has the Fourier coefficients

—— K\ @
(WL (k) = 2pay (5 ) e o, (2.43)
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and then we have the formula for the [-th component

Wref \Ilref — " Wref ref
Wik ¥ ta) = [ Wit (@) o)y

_(T—t)k?
= D2(1-1) +22p2(l 1) < ) - cos(kw) (2.44)
n(T— tz) .
= Y pa-p(s)e 2 e
s€Ly

Similarly, @refW[rleg.) is an operator from L2[0,7] to £2(n), and is represented by an n dimensional
column vector. Its [-th component is

(q,refWref / (bref [rleg) Y, dy _/ [r1e§ T y (Z)ref( )
= Pai—1) +2Zp21 1) <n> e I cos(kx) (2.45)
_ﬁ L
= > pagopy(s)e 2 e
s€Ln

Hence the (i, j) entry of the matrix M™f defined in ([2.35) is
Mref / / ¢ref [rleﬁn) ( y)wref( )dyd.%'
/¢M W ) (2)da

:/0 <p21 N +22p2(z N < ) ~uk COS(@)) (2.46)

_(T—ty)k?
X <P2(j—1)(0) + Qsz(j—l) <n> e COS(’%@) dz.
k=1

By the orthogonality of the basis 1, cos x, cos2x, ..., we have

k Tk?
M,fffzﬂ<p2(i—1)( )ng 1) +22p2(¢ 1) ( >p2(] 1)( )6 2n>

2

nTs®
—szml $)paj-1)(s)e” 2.

SGLn

(2.47)

By the orthogonality of py(;_1) and py(;_1) defined in (2.2)), we have

0 if i,
M{ . iz (249
Trnhn,Z(i—l) if i = 7.

Thus by plugging (2.44]), (2.45)), and (2.48)) into (2.36]) and (2.37)), we obtain Proposition
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2.2  Proof of Proposition [2.1)(b)|

The derivation of the correlation kernel in the case of absorbing walls is very similar. Since

P2b5(q, b; 1) is an odd function of both a and b we have, analogous to ([2.15), (2.16)), and (2.17)), as

a(lo), .. .,aﬁf) — 0,

0
H1§i<j§n ((a§- ))2 - (a’z(
[17=0 (2 +1)!

21
x det < Pabs(g; allsty — to)

PP (A AW ity — tg) =

0)\2
)) T 0)
a’
jng

dx2i—1 1y

_0)n (1 +O(max|al”])); (2.49)

i,j=1

1 1
as a§m+ ),...,a%er ) — 0,

ﬁ a§m+1)

pabs (A(m) : A(m+1)

3 1 tm+1 - tm) -

[0+ 1) u
d27l—1 bs (m) n ot
x det (d 51 p2 S(aj s Yitme1 — tm) (1+ O(max]aj ); (2.50)
g v=0/ij=1
and as both a{”,...,a!¥ = 0and o™V, ... o™ 0,
1 1

HlSi<an <(a§0))2 - (az(‘O))Q) ((a§m+1))2 — (angrl)
[1550 (25 + 1)1?

X BPN(T)(1+ O max ()] Jaf")])). (251)

Pabs(A(O); A(m-i—l); n;T) _

2 n
) ) Ha§0)a§'m+1)
j=1

where R?Y is defined like R™' in (2.18§)),

2(j+k—1) "
R5(T) = det diPabs(x;y;T)

dp2i—1y2k—1
n
) (2.52)
=0/ j,k=1

e (B (g (e )| )
=detl e (¢ TUs\ T e '
z=0/ j k=1

Note that the P™f in (2.52)) is not a typo. Thus in the degenerate case, the joint probability density
function of the particles at times ¢; < --- < t,,, € (0,7 is, analogous to (2.20)),

d2(‘j+k71) rof
= det WP (l‘,O,T)

n n

, 1 -~
P AD; A g t,) = det (957(af"))

Tabs _(m)
Rabs(T) det (55(a™))

Ji.k= Jk=1

% HpabS(A(j_l);A(j);th —tj), (2.53)
=2
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where
J2i-1

dx2i-1

- d2j 1
abs
) 7 (CL) = dy2

2P (a) =

; P (5 a3 t)

P (ayy T —t)| (2.54)
y=0

=0

It is now clear that the model NIBM3P. is a determinantal process like NIBMEL . We derive
its correlation kernel parallel to the derivation for NIBM™, ;.. Like (2:22)),

n(y7z+2k7r)2 _n(y+z+2k7‘r)2
PaS(yt) = PS54 t) Z e 2t —e 2t

\/27r
(2.55)
— Z ginse =gt sm(nsy)
SeLn
Then like (2.23)), for all j =0,1,2,...
d2j+1 b d2j+1 be i(ni)QjJrl 2t nts?
| = e PG| =T S 0 st
(2.56)
Hence, letting pr;g akt1(7) be the discrete Gaussian orthogonal polynomial of degree 2k +1, we have,
n 7 (m) (1)
dt(abs (1)> — dt(abs ) 2.
et (G@")" | == det (g570)))" . (257)
i (ni)" bs(, (m)y)"
dt(abs “’“) :7dt<a5 ) : 9.58
ot (d5(af™))" | = et (55a™) (259)
where
abs nt152 . > T k 7t1k
anQJ 1 ( 2 s1n(nsa:):22pn72j,1 e - sin(kz), (2.59)
sy _nT—tm)s® 7 E\ _@—tmpn?
Z pl 2i-1( 2 sin(nsz) = Qan 9j—1 | = | € an sin(kx),  (2.60)
’ n
SELy k=1

and analogous to (2.28)) and ([2.29), we use (2.52)) and (2.22)) (but not (2.55))

-\ 2n2 ‘ 5 n
sy = I e (Z 323—18%—16—"7;)
™
Jk=1

sELy
n
(_l)nnn(Qn—‘rl T2
=5 —det |~ anz] ()P an—r (s)e 2 (2.61)
sGL .
" Jik=1
(71)nnn(2n+1) n—1
= 0 hn ,254+1"

™
J=0

Now we apply the Eynard—Mehta theorem. Define for j = 1,...,n, d)?bs(:v) and zﬂ?bs(w) as in
(2.59) and (2.60)), and for k =1,...,m —1

Wi (z,y) i= P (2595t — ti). (2.62)
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Then we define ®2bs, Wabs, W[j‘gs) Wﬁb;), and M2 by ([2.31)), (2.32), (2-33)), and (2.34) respectively,
with xxx = abs. All the arguments between (2.30)) and (2.37)) remain valid, and the correlation
kernel is given by the Eynard—Mehta formula (2.36)), with xxx = abs.

To find the explicit expression of the correlation kernel, we define the Fourier expansion of a

function g € L?[0, 71] over the basis sin x, sin 2z,sin 3z, ..., as
[o.¢] 2 T
g(x) = g(k)sin(kz), where g¢(k)= / g(x) sin(kz)dz. (2.63)
T Jo
k=1

Note that the Fourier coefficients of an L?[0, 7] function is defined differently from those in (2.38))
in Section since the orthogonal basis is changed. The Fourier expansion of Wfbs(x, y) with

respect to y is given in (2.55)). Then we have

‘ T abe o~ R
W)@ = [ Wity = 3 = g siha), (2.6)
k=1
or equivalently
(tj 41 —t5)k>

Wabsg(k) = e~ 2 g(k), forallk=1,2,3,.... (2.65)
By the definition of Wﬁkj’.s) in (2.33) and using (2.65)) successively, we have

——— (tj—ts) k2

Wibsg(k) =e” 2 g(k), forallk=1,2,3,.... (2.66)

Hence by the Poisson summation formula, for ¢ < j,

2
Wﬁbjs) (xz,y) = W[” z,y) Zsm (kx)e” " 2n sin(ky)
1 s i m— i)kz i 3C_(’f'*ti)k2 i
:TZ < * e )6’”’ (2.67)

\/ﬁ & o n(y—z+2k7r)2 o n(y+z+2k7‘r)2
— E e 2(t;—t;) —e 2(t;—t;) .
V2t
k=—o00

As a specialization of (2.66)), consider W2 Wabs an operator from ¢2(n) to L?[0,n]. It is repre-

[i;m)
sented by an n dimensional row vector, whose I-th component has the Fourier coefficients

. k (T—t;)k?
W W) = 20Ty () 5 (2.68)
and then we have the formula for the [-th component

(W[abs \Ijabs / Wabs abs(y)dy

T _(T-tpk?
=2an,2z_1 5 e” o sin(kx) (2.69)
k=1

2
_ . T _n(T—ty)s” o
= —1 E pn,2171<3)6 zoe
SELn
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Similarly, @absW[ab;) is an operator from L2[0, 7] to ¢2(n), and is represented by an n dimensional
column vector. Its [-th component is

((I)absWabs / ¢abs ﬁb]s) y, T dy _/ [albjs T y ¢abs< ) y
L
—Qanzl 1< ) 2n sm(kac) (2.70)
. T 7L52 —insx
=iy phai(s)e” T e
SeLn

Hence the (i, j) entry of the matrix M2 defined in (2.35)) is
Miajbs _ / / (babs [alb; ( y> abs( )dyd:p
= [ Wiy e

"~ k o)
= /0 (2 Zpggifl <n> *tlzi 5111 kw ) (2 an 2j—1 < ) _ ;n )k sin(kx)) dx.
k=1

(2.71)
By the orthogonality of the basis 1, cosx, cos 2z, ..., we have
Mabs — o [ 9 T k ~TE2 ) T T —nTs’ 92.79
ij — T an 2i—1 Prn2j—1 e | =7 Z pn,2i—1(5)pn,2j—1(s)e . (272)
s€L,,

By the orthogonality of pZ;Qifl and pgzjfl defined in (2.2]), we have

0 it
Mg = . ifi g, (2.73)
mnhy, oy ifi=].

Thus by plugging (2.69)), (2.70]), and (2.73)) into (2.36)) and (2.37]), we obtain Proposition [2.1{(b)|

3 Relation to nonintersecting Brownian motions on the unit circle
and proof of Theorem

The correlation kernels for NIBMAL . and NIBM3P,. given in Proposition are closely related
to the correlation kernel for the nonintersecting Brownian motions on the unit circle, which is
studied in [41] and denoted NIBM_,7 there. The model NIBMj_, 1 is a model of n nonintersecting
Brownian motions on the unit circle, all of which start at the point €? at time ¢t = 0 and return to
the same point at time t = T. For that model we have the following formulas for the correlation
kernel.

Proposition 3.1. [{1, Formulas (117), (131) and (133)] The NIBMy_,7 with n particles is a
determinantal process, with the multi-time correlation kernel

Kti,t]' ((IZ, ysn, T) = I?ti,t]' ((IZ, ysn, T) - W[l,j) (.Z', y)? (31)
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where
(tj—t;)ns?

o 1 — in(y—x)s ey .
Wi (@ y) = { 27 2oscln© 2 Y if tj > ti, (3.2)
0 otherwise,
and .
n owe— 1
Koty (2,93 T) = o Y o S, (20, T) Sk, (=95, T), (3.3)
T =0 .k

such that hik and Sy q(x;n,T) are defined in and ([2.3|) respectively.

We remark that in [41], the correlation kernel is stated with a phase factor 7, and here we only
need to 7 = 0 case. In [4I] it is proven that the kernel Ky, 4, (z,y;n,T) converges to the Pearcey
and tacnode kernels in certain scaling limits. This result is essential for our proof of Theorem
and we repeat it below.

Proposition 3.2. The NIBMy_,1 is a determinantal process. The multi-time correlation kernel,
Ky, 4, (x,y;n,T), has the following properties:

(a) [{1, Theorem 1.3(a)] Assume T > 72, and let n — oo. The NIBMy 1 converges to the
Pearcey process at the time around t. that is given in (A.5) and position around w. To be
precise, let d be the positive constant given in (A.6), and

d? d? d

d
ti = th + mTi, t] = 2tc + WT]', xr =T — W&, y=m— mn, (34)

the correlation kernel has the limit

dy
lim Ky, ¢ (@, y;n,T) ‘
n—oo

P
FR L) (35)

(b) [£1, Theorem 1.3(b)] Assume T is close to w and let n — oo. The NIBMy_,1 converges to
the tacnode process at the time around T /2 and position around ©w. To be precise, let o € R,

T =n%(1—-2"2Ben=2/3), d=273x, (3.6)
and P2 P2 g J
T T
ti:§+ 1/3%, tj:§+ 1/3737 $:7T—m§> y=ﬂ—mn- (3.7)

The correlation kernel has the limit
. . d tac tac .
nh—>ngo Kti,tj (a:,y,n,T) ‘ dﬁ‘ TZ,TJ (5 o ) K—TJ,—Ti(n7€70)’ (38)

Our Proposition [3.4(a)] and [(b)] are stated slightly different from [4I, Theorem 1.3], since we
make use of the periodicity of the NIBMy_. 7.
Remark 3.1. The process NIBMg_,r takes place on the circle of radius 1, or equivalently the
interval (—m, 7] with periodic boundary conditions, whereas the processes NIBMref f - and NIBM3aP,.
are defined on the interval [0,7]. Therefore the critical time which separates the subcritical and
supercrltlcal regimes is T = 72 for NIBMg_,7, compared with 7' = T, = 72/2 for NIBMrefT and
NIBMS 2. Similarly, the time ¢¢ at which the Pearcey process occurs in this paper differs from the
time ¢¢ in [4I] by a factor of 2.
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From the formulas presented in Propositions |2.1|and |3.1| we see that the kernels K{fffj (z,y;n,T)

and Ktazbfj (z,y;n,T) are closely related to the kernel Kt t; (z,y;n,T). We state this relation in the
following lemma.

Lemma 3.3. The correlations kernels for the processes NIBMLy and NIBMiPSy are related to
the correlation kernel for the process NIBMy_,rin the following explicit way.

K (@, y;n, T) = Kop, or, (2,520, 2T) + Koy, o1, (%, —y; 2n, 2T)

= KztZ 2t; (x y; 2n, 2T) + K2tl ot (1, 2T — y; 2n, 2T)7 (3'9)
Ktalbtsj (z,y;n,T) = Koy, 21, (x,y; 21, 2T) — Koy, 21, (z, —y; 2n, 2T')

= Koy, o1, (z,y;2n,2T) — Koy, o, (z,2m — y; 2n, 2T). (3.10)

J J

) (
) 4
) — (
)= (

In other words, after rescaling time and the number of particles by a factor of 2, the kernels
for NIBMrefT and NIBMabST are precisely the even and odd parts, respectively, of the kernel for
NIBMy_,7. Inserting the scalings described in parts @ and @ of Theorem |1.1] H into both sides of
and , and applying the asymptotics given in Proposition it is immediate to obtain
the result of Theorem noting also that the Pearcey kernel is a symmetric function of its two
spatial variables. Therefore the only thing which remains in the proof of Theorem [I.1]is to prove
Lemma which we do below.

Proof of Lemma[3.3 Recall that the function Sy 4(x;n,T) is defined in (2.3)) by the Gaussian dis-
crete orthogonal polynomlals Dy, k( x) and their inner product i’ ok Wthh are deﬁned by the orthog-
onality (2.2)). From their deﬁn1t10n we have

por(@) = (=1 pl(=2), pli(@) =2"p3)  (2/2), and KL, =2°MT'h3T, (3.11)
and then

Ska(z;n,T) if k is even,

and  Spq(w5n, T) = 25718y 24 (3 20, 2T).
—Ska(z;n,T) if kis odd, kal ) k,2a( )

Ska(—2;n,T) = {

(3.12)
and then can rewrite (2.5)) and ([2.8) into

2 < 1
K{eff (l‘ yin T) Z h2T S2k,2(T—ti)(x; 2n, 2T)SQk,2tj (*y; 2n, 2T)
Q k=0 ' 2n,2k
= Koy, 21, (2, Y320, 2T) + Koy, o1, (2, —y; 2n, 27), (3.13)
_ 2 1
sz”fj (z,y;n,T) = — Z h2T752k+172(T—ti)($; 2n, 2T) Sak41,2t, (—y; 2n, 27)
T =0 "an,2k+1

= I?Qtiﬂt]' (337 Y; 2n7 2T> - [?Qti 2t; (xa —Y; 2”7 2T> (314)

On the other hand, comparing the formulas ) for VV‘”ef (z,y) and - for I/VabS ,y) with
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(3-2) for Wy; jy(z,y), we have (recalling that they depend on parameters ;, ¢t; and n)

rof B o o
W[Ze])( y) = Wi (2, y) 2, + Wi (@, —y) nosom, (3.15)
ti—2t;,t;—2t; ti—2t;,t;—2t;
abs _ 3 3
W[Z J)( ) = W[i,j)(xa y) ns2n, - W[i,j) (xa —Z/) ns2n, (3-16)

ti'—)Qti,thQtj tib—)Qti,t]‘H2t]‘

Furthermore, the kernel Kgi(x,y;n,T) is periodic with respect to both z and y, with period 27.

Thus we obtain and ( -

O

4 Rank 1 property of the kernels Jtaceven apd g tac,odd

In this section we prove that the kernels Jtaceven apq [gtac,odd satisfy the property that their
o-derivative is a rank 1 kernel, and find triple integral representations for them. Namely we have
the following proposition, which is an important part of the proof of Proposition but may also
be of independent interest.

Proposition 4.1. The kernels Ktacseven g g jCtac,odd poge the following triple integral representa-
tions:

——zu&
R oo o) = -1 2/ da/ET du/ET 0 o () ) (£059) +0:9)

e —ivn

eT—W?

R emo) =g [ [ au [ av S () — 9(0s) (F(055) — (0:).

where the functions f(u;o0) and g(u; o) are defined in (1.14]).

Remark 4.1. For the odd tacnode process a similar result appeared very recently in [24, Proposition
2.8].

Since the functions f(u;o) and g(u;o) are defined by the Hastings—McLeod solution ¥((; s)
in (1.12) and (1.13), we recall some properties of W((;s) before proceeding with the proof of
Proposition First, ¥((; s) satisfies the differential equation

D wir oy (¢ als) :
wieis) = (05 ) e (4.3

where ¢(s) is the Hastings—McLeod solution to the Painlevé II equation. Equation (4.3]) is the
second differential equation of the Flaschka—Newell Lax pair (the first one is (1.12))). Then for the

functions f(¢;s) and g((; s) defined in (1.14]), we have

%f(é“; s) = —iCf(C;s) +a(s)g(C;8), %9(@? s) = q(s)f(¢;8) +1iCg((5 ). (4.4)
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We also note that the uniqueness of the boundary value problem (1.12)) and (1.13)) implies

Vij(=Cs) = V3i3-(CGs), 0,5 =1,2, (4.5)
so for the functions f(¢;s) and g({;s) defined in (1.14), we have
f(=¢s) = —g((9). (4.6)

Proof of Proposition [4.1. We prove (4.1)) in detail, and the proof of (4.2)) is analogous and omitted.
The kernel K. “*(¢,n;0) can be written as

REEemo) = o [ [ oot L0800050) = g 010) s
X7 S

27 27i(u — v)
su 2 . . _ . . )
+ i du/ dv e - f(us0)g(v; O'.) 9(u;0) f(v;0) e—i(ug+vn) (4.7)
27 s, o 2mi(u — v)

In the second integral, we make the change of variable v — (—v), and make use of (4.6 to change
f(=v;0) and g(—v;0) into —g(v;o) and —f(v;0) respectively. Notice that the contour X7 is
invariant under this transformation, and so we obtain

ftas. even 1 %% e f(u;0)g(v;o) — g(u; o) f(v; 0)
€)= g [ [ S|

ty 2mi(u — v)

e 5 —ivn
flus0)f(v;0) — g(u;0)g(v;0)
2mi(u +v)

_l’_

1
= — du / dv
X X eT*w"

" (U+v)(f( w;0)9(vi o) — g(u;0) f(v30)) + (u — v)(f(u;0) f(v;0) — g(u; 0)g(v; 0))

2mi(u? — v?)

(4.8)
By (4.4), we have
9 [(u +0)(f(u;0)g(v;0) = g(u; 0) f(v;0)) + (u = v)(f(w;0) f(v;0) = g(w;0)g(v;0)) | _
do 2mi(u? — v?)
_ (w5 0) + g(u;0))(f(v;0) + g(v;0)) (4.9)

2T

This derivative identity, together with the property that f(¢;s) and g((;s) vanish exponentially
fast as s — +oo uniformly for all { € X7, implies .

The vanishing property of f((;s) and g(¢;s) is implied by [42, Lemma 5.2], see [42, Formula
(5.40)]. We note that this vanishing property was used implicitly also in [41, Formula (346)]. O

5 The Schlesinger transformation of a Lax pair associated to Painlevé
I1

In the paper [16], a family of hard-edge tacnode kernels is derived from the nonintersecting (squared)
Bessel processes. The kernels are given in terms of a 4 x 4 Riemann—Hilbert problem associated to
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the nonhomogeneous Painlevé I (PII) equation. Equivalently, they can be uniquely determined by
a 4 x 4 Lax pair associated to the same solution to PIIL. In this section we give the definition of the
Lax pair, following [16], and then derive the Schlesinger transformation formula for the Lax pair
which preserves the Hastings—McLeod solutions to PII. This transformation is a key ingredient in
the proofs of Proposition[I1.3|and Theorem [1.4] The kernels will be defined and discussed in Section

6l

5.1 Definition of M, by Lax pair

Recall the general PII equation ([1.38)) and the Hastings—McLeod solution defined in ((1.39)). Through-
out this section we denote the Hastings—McLeod solution to PII as ¢, (¢). We also define the related
Hamiltonian, following [16, Formula (21)] E|

UV(C) = QI//(C)Z - CQV(C)Q - QV(<)4 + QVQV(C)' (51)
To state the Lax pair, we introduce variables s, 7, and let
o = 221325 — 72). (5.2)

Following the notational convention in [16, Formula (23)], we define the following quantities in
terms of s and 7:

c= — 271/3“1/(0') + 327 d= 271/BQV(U)7 (53)
gra=—E+d®+5=2"(q(0)% — u,(0)?) + 2235%u, (0) — s* + s, (5.4)
b—h =2rd = 2*°7q,(0), (5.5)

1 ad
bt b=+ 2ed = —213(q,(0) + qu(0)uy(0)) + 22352, (o). (5.6)

Then for v > —1/2, we define the 4 x 4 matrix-valued function M, (z;s, 1), for z € C\ (—o0, 0] and
s, T in a neighbourhood of R, as the solution to the differential equation

—c+T d+ 7% i 0

0 —d+7Z c—T 0 1
9, Mz s ) =UMzism), Ur=1 5 074 —i(b+ h) c+r  d-t
—i(b+ h) —i(z+g+a+s) —d—-% —c—7
(5.7)

which satisfies the asymptotics as z — 400 in the sector —7/12 < arg z < 7r/12,

M, 1 ) _ _
M, (z) = <1 +=2l40 <z2>> diag ((—z) 1/a =14, (—2)1/4,,21/4)

z

x Adiag <e—91(z)+Tz’ 6_62(2)_Tz, 661(3)+T'Z, e@g(z)—Tz) 7 (58)

/

*We note that K(¢;q,p) = %(p2 —¢q* — ¢* —vq) is a Hamiltonian for PII, in the sense that % =¢q and —% =p
implies the PII equation for g.
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where M, 1 is a constant 4 x 4 matrix whose explicit value we are not interested in, all power
functions are taken as the principal branch, and

1 0 —¢ 0
_ 110 1 0 4 _ 2, 3 12 2 3 1/2
A_ﬂ 0 1 ol 91(2)—3( 2)"% 4 25(—2)"/7, 92(2)—32 +2sz/%. (5.9)
0 ¢« 0 1

The Lax pair consists of (5.7)) together with another differential equation for M, (z; s, 7) with respect
to s:

c d - 0

0 d c 0 4
gMy(z,s,T) =VuM,(z;s,7), V,=2 i(—2+g+a) ib— h) e —d (5.10)

i(h—b)  —i(z+g+a) —d —c

M, (z;s,7) also satisfies a differential equation with respect to 7, but we omit it here, see [16,
Proposition 5.

We note that there are other Lax pairs associated to the PII equation, like the Flaschka—Newell
and the Jimbo—Miwa Lax pairs which are 2 x 2 [26, Section 4.2].

In [16], M, is defined first by a Riemann-Hilbert problem [16, RH Problem 1], with notation
M, and our M, is the solution to the Riemann—Hilbert problem in the sector 0 < argz < (1 that
is part of the first quadrant, see [16, Formula (9)]. The asymptotics is part of the Riemann—
Hilbert problem. The existence of M, on C\ (—o0,0], which is equivalent to the solvability of
the Riemann—Hilbert problem, is established in [16, Theorem 2]. It is shown that M, defined by
the Rieman—Hilbert problem also satisfies the differential equation in [I6, Propositions 3 and
4]. The entries of U, are given in [16, Fomulas (24), (25), (149), (150), (166)]. By the theory of
differential equations, for example [47, Chapters IV and V], the solution to that satisfies
is unique if it exists.

In the homogeneous case v = 0, the Riemann—Hilbert problem for M, as well as the Lax
pair were first defined and analysed in [I§]. Later it was found that entries of M, |,_, have Airy
resolvent formulas, see [17, 39]. It was also shown in [42] that the entries of M, |,_, have integral
representations in terms with the solution to the 2 x 2 Flaschka—Newell Lax pair associated to
the Hastings—McLeod solution to the homogeneous PII equation. But for the general v # 0 case,
analogous results are not known.

5.2 Schlesinger transformation of the Lax pair

The Hastings—McLeod solutions ¢, (o) and ¢,+1(0) to PII are related by the following Béacklund
transformation (see [26, Section 6.1], noting that q_,(0) = —¢,(0)):

_ 2v+1
 2q,(0)? —2¢(0) + 0

4u1(0) + 4,(0) = w1 (0) — (o). (5.11)

The first identity can be verified by checking that the function

2v+1
2q,(0)% = 2q)(0) + 0’

—qv(o) + (5.12)
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satisfies PII with parameter v + 1, and has the correct asymptotics at both ¢ = 400 and 0 = —oc0c.
Then the second identity is an exercise. Accordingly, the Lax pairs associated to the Hastings—
McLeod solutions should have corresponding Schlesinger transformations. The Schlesinger trans-
formation for the 2 x 2 Flaschka—Newell Lax pair is well known, see [26, Section 6.1]. In this section

we derive the Schlesinger transformation for the 4 x 4 Lax pair given by ((5.7)—(5.10)).

Proposition 5.1. The matriz-valued functions M,(z) and M,11(z) satisfy the relation
Myi1(z;8,7) = <I—1— %Ry> XM, (z;8,7)%,
z

where . '
By By —1 ?
_ﬂu _/81/ t —1
"y i —6, 0y |’
Yy Yy —0, Oy
and, using notations in (5.2) — (5.6), and with ¢, = q,(0) and u, = u, (o),

B 271320 +1)
22— 2¢, + 25/35 — 22/372°

R, = Y = diag(1,—-1,1,—1),

a, =273 (g41(0) + 0(0) = 27 (upsa (o) — (o))

Byo=c—d+1=5+7—2"(q, +u,),
Yy=bt+h+g+ats=2"23 —u2)+2*5%(q + u,) — 23 (quy + @) + 25 — 5%,
5,,:cfdfT:827772_1/3(qy+u,,).

(5.13)

(5.14)

(5.15)

(5.16)
(5.17)
(5.18)

Proof of Proposition[5.1. First we show that right-hand side of ([5.13)) satisfies the differential equa-
tion (5.7)) with v replaced by v + 1. In the proof we write M, (z;s,t) as M, if there is no chance of

confusion. We need to check that

% (1+ %R 2M(2)8 = Uy (T+ 22R,) 2M, (2)5.

Using the differential equation (5.7)) for M, (z), this amounts to checking that
ay ay Qy
(I + —RV) XU, M, (2)E — 2 R,SM, (2)% = Uy 41 (I + 7}2”) SM,(2)T,
z z

or equivalently
—1
Upir = [(I + %Ry) SU, Y — %Ry} (I + %Ry)

It is straightforward (although a little tedious) to check that

RYUY —-XUXR,

1 1 0 0 01 0 0
1 1 0 0 10 0 0 20
=2 LB, 40,) —i(By o) —1 1| TEEEWIy g o | T
—i(By +0,) —i(By+6,) —1 1 00 -1 0

1
— W 4+WR, + ~R,,

Qy
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(5.22)



where

1 1 0 0 01 0 O
-1 -1 0 0 2v+111 0 0 O
W=al 6, +8,) —i+6,) -1 1|72 oo o -1 (5:23)
—i(By +0y) —i(By+0,) -1 1 00 -1 0
Here for the second identity of (5.22)), we need the identity
2v+1
L0 Y = . .24
Budy + == (5.24)
Hence it follows that
oy oy oy -
[(I + 7RV) $U,Y — ?RV} (I + 7R,,) — SU,S + W. (5.25)
To check ([5.21)), we only need to show that
UL+ W =Uyqr. (5.26)

Although there are 16 entries on both sides of to be compared, it turns out most of
them follows straightforwardly from , and only the four entries in the lower-left block require
discussion. Namely, we need to check, after writing £,,d,,9 + a,b+ h into formulas in g, = ¢, (o)
and u, = uy(0),

(70 ; —2723(q2 — ) — 25 4 s* — 22352y, —213(qyu, + ¢.,) + 2%/3s%q,
0 —=z —2Y3(qu, + ¢,) + 22/35%q, —2723(g2 —u2) — 25 + s* — 22/35%u,

s 2 92/3 11 — z 0
iy, (25° — 277 (qy + wy)) (1 1) Z(O _Z>+

i <—22/3(q3+1 - u12/+1> — 25+ 5% — 22/332“V+1 21/3(QV+1UV+1 + qllj+1) - 22/332Qu+1 )

21/3(qu+1uu+1 - qI//+1) + 22/352%/—1-1 —2_2/3(q§+1 - “12/+1) — 25+ s — 22/352u,,+1

(5.27)
Consider first the diagonal terms in . It suffices to show
200,8% — 2285% (w1 — wy) + 2723 (ulyy — gy + @) — up) — 20 (g + w,) = 0. (5.28)
The first two terms in cancel because of , and then the equation is simplified into
(ys1 — ) (s + 1) — (Gt — @) Qi1 + @) — 2730, (g +u,) = 0 (5.29)
by multiplying 22/3 on both sides. The left-hand side of is simplified, by , into
21/304v(“u+1 +uy) — 21/304u(Qu+1 —qy) — 24/3ay(QV +uy,) = 21/304u[(uu+1 —uy) = (qur1+av)], (5.30)

and it vanishes by (5.11)). Thus we confirm (/5.28]).
Consider next the off-diagonal entries in (5.27)). It suffices to show

21/3(q1//+1 +UV+IQV+1) - 22/332QV+1 = _2ay32 + 22/3au(qu + uu) - 21/3<unl/ + q;/) + 22/332%/- (531)
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We can immediately cancel the s? terms using (5.15)), and then by dividing 2'/% on both sides, we
are left with

(@1 + 4) + (@it + ti1gu1) — 2300 (g + u) = 0. (5.32)

The first term in this expression is
do
Qa1+, =20 (5.33)

Using the formula for «,, given in (5.15)), along with the Painlevé IT equation ((1.38)) with parameter
v, one finds that o, satisfies

do, (v +1)(avay —2qp +1) v+ 1)(davq, —4g; —20q, +2v +1) 20y — 2302,

do 21322 —2¢, +0)? 21/3(2¢2 — 2¢), + 0)?
(5.34)
and so equation (5.32) can be written as
2*30,q, — 2230% + (quuy + Uy 1qus1) — 2300 (g + u,) = 0. (5.35)

In the a?, term, we now replace one of the factors of o, with 2-1/ 3(uy+1 —u,), and the other with
2_1/3(QV+1 + qI/)7 yielding

24/3041/(111 - (uzx—i-l - UZ/)(QV—I—I + qy) + (QVUV + UV—I—IQV—I—I) - 21/3041/(6111 + ul/) =0. (5-36)
The identity (5.36)) can be written as
= q(Uuyt1 —uy — 21/3041/) + Uy (qu1 + g — 21/30‘1/) =0, (5.37)

which holds by (5.15).
By the theory of differential equations, the solution to (5.7) that satisfies ([5.8]) is unique, where

v can be any real number greater than —1/2. We have shown that the right-hand side of ([5.13))
satisfies (b.7)) with v replaced by v + 1. On the other hand, the conjugation by 3 and the left
multiplication by the matrix (I + az~'R,) to M, do not change the leading asymptotic behavior

at infinity, so the right-hand side of (5.13]) satisfies (5.8]). Thus we verify (5.13)) and prove the
Proposition. O

Remark 5.1. The formula of R, seems to come out of the blue, and the proof suggests little
on how the formula is found. Suppose we have obtained the formula for the Schlesinger
transformation with the help of guesswork, then the explicit formula of R, can be derived by
matching the subleading coefficients for M, (z) and M,4;(z) as z — oo, namely M, ; in and
its counterpart M, 11 1. The explicit formula of M, ; is given in [16, Theorem 1], with the notation
M there.

6 The hard-edge tacnode kernels of Delvaux and proofs of Propo-
sition [I.3] and Theorem 1.4

In this section, for notational convention we let

a=v-—1/2 (6.1)
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so that v is an integer when « is a half-integer.

Then the limiting hard-edge tacnode kernel K tac,(a) (x,y; s, 7) for nonintersecting Bessel process
with parameter o > —1 is given in terms of M,(z;s,7) defined in Section [5| [I6, Theorem 4 and
Remark 2]. For notational convention, we denote the 4 x 4 matrix D

z+y —z+y 0 0

|ty x+y 0 0
b= 0 0 z+y z—y|’ (6:2)

0 0 z—y z+vy
and we have the formula
1
tac,(« . _ . -1 . T

K ( )(x7y,8,7') = m<—1,0,1,0) My(y,S,T) DM,,(x,S,T) (170,1,0) . (63)

Note that the entries of M, ! are the same as the entries of M, (x;s, —7) up to permutation and
(—1)* factors. More concretely, by [16, Lemma 2] we have

My(z8,7) ' = KM, (2;5,—7)TK, K= <120X2 _I§X2> . (6.4)

Hence if we denote the 4-dimensional column vector
iy (258, 7) = (nu(z; S,T)Z‘)?Zl ,  where mn,(z;8,7); = My(z;8,7)i1 + My(z;8,7)i3, (6.5)

we have
K0, :5,7) = 5 (ma s =) am(a .7 s, —r)om 5,7
= (y; s, —7)3nw (@38, 7)1 — nu (Y5 8, —7)anu (25 5, 7)2)
1 (6.6)
oty (nu(y; 8, =T )11, (3 8, 7)a + 10, (y; 8, —7)2n, (23 5, T)3

(g5, =g (3.5, 7)o+ (3 8, —7)amy (55,7 ).

Remark 6.1. In [16, Theorem 4], the limiting hard-edge tacnode kernel is defined for the non-
intersecting squared Bessel process. Our kernel defined in is for the limiting kernel of the
nonintersecting Bessel process, which differs from the squared one by a quadratic change of vari-
ables, see [16, Remark 2].

Proposition [5.1] implies that the tacnode kernel with Bessel parameter a can be expressed in
terms of the Lax pair for the inhomogeneous PII equation with parameter v —1 as well as v. Indeed

we have that by (6.3]) and (5.13])

1 y -1
K2t (g, ys,7) = oriat =g O H O P #7)7E (I " O;RV>
% D (I v %RV) SM, (z;5,7)% (1,0,1,0)7 (6.7)
X
1 -1 T
= 2mi(2? — y?) (=1,0,1,0) My(y; s,7)" EDXM,(x;5,7) (1,0,1,0)"
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where the second equality follows from the following identities which are easily checked:

R,D DR,
2y 2

(1 + %Ry)fl - (1 - %Ry) . R,DR, =0, Ry. (6.8)

Then similar to , we have

K@t (g g s 1) = 27”(951—y) (ny(y; s, —7) 10y (258, 7)3 + ny (y; 8, —7)any (2358, 7)4
—ny(y; 8, —7)snu (x5 8, 7)1 — ny(y; 8, —7)amy (x5 s, 7')2)
1 (6.9)
Tty (nu(y; 8, =T) 1M (255, 7)a + 1w (ys 8, —7)any (55, 7)3
+ny(y; s, —7)3ny (x5 8, 7)o + ny(y; 8, —7)anu(; s, 7)1).
Similarly,
Ktac’(o‘”)(:c, Y; 8, T) = Ktac,(@) (z,y;8,7)
— e (-1,0.1,0) M5, ) SRSM, 55, 7) (1,0,1,0) (6.10)

and inductively
2mi(a? — ) KR (0 s, ) =

(=1,0,1,0) S* KM, (y; s, —7) K (2 - O;”zR,,> (2 - OC”ZHER,,M_l)

% D (2 n O"’*’“*lRHk_lz) o (z + O‘”*’“”ka_lz) M, (z;5,7)5* (1,0,1,007, (6.11)
X X

which is a linear combination of n,(y; s, —7)in,(z;s,7); with 7,5 = 1,2, 3,4.
For general values of v, the kernel (6.3)) has the property that its derivative with respect to s is
a rank-1 kernel. Namely we have the following proposition.

Proposition 6.1. The kernel (6.3) satisfies

gKtac,(a) (x’ yis, T) _ _Fy(a?; S, T)Fu(y§ S, —T) ’ (6.12)
ds T

where F,(z;s,7) is the following combination of the matriz entries of M, (z;s,T):

F,(z;s,7):= (1,1,0,0) M,(z;s,7) (1,0,1,0)
= My(z;s,7)11 + My(z;8,7)13 + My (258, 7)o1 + M, (2;5,7)23 (6.13)

= nu(z; S, T)l + nI/(Z; 877—)3'

Proof. The s-derivative of K'%(®) ig

gKtaC’(a)(u,v;s,T) =
Os
! 9 DM, 1,0,1,0)" o19
m(_laoalao)a[ V(y»SaT) ,,(x,s,T)}(, 19 ) .
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Writing for the moment M(z) = M, (z; s, 7), we have

e ) DM (@)] = ) D | S0 ar(0) = | S )| )0 M), 615)
Using , we find that can be written as
& (M) DM()] = M(y)~ [DV (@) ~ V() D] M(z). (6.16)

Due to the special structure of D and V', we have

DV (2) = V(y)D = —2i(2* — ) <02J;2 gziz) - G i) , (6.17)
and therefore is
52 ) D2 = 20t 20 () ) Mo (6.1)
D5 Js 0
and is
9 0

1
K@) (g g5 7) = —= (=1,0,1,0) M(y; s,7) " (0
Vs

T
M (x; . 1
Os ,]2 0) ($73a7—) (1707170) (6 9)

Using (6.4) to write the entries of M, (y;s,7)~! into those of M, (y;s, —7), we obtain

1
R s r) = — - (<1,0,1,0) K My (y;5,—7) K <§2 8) M, (255,7) (1,0,1,0)7
1
= — =(1,0,1,0) M, (y; 5, —7)" (‘62 8) M, (z;s,7)(1,0,1,0)",
T
(6.20)
which is (6.12)). O]

The Schlesinger transformation for M, (z; s, ) implies identities for F,(z;s, 7). First, Proposi-
tion [5.1] yields
Fyoi(z8,7) = (1,1,0,0) <I+ %RQ SM, (2 5,7)% (1,0,1,0)7
= (1,—1,0,0) M, (z;5,7) (1,0,1,0)" (6.21)
= My(z;5,7)11 + My(2;5,7)13 — My(258,7)21 — My (258, 7)a3
=1y (2; 8, 7)1 — (238, 7).
Also

Qp41

Fyia(z:s,7) = (1,1,0,0) (I n RVH) 5 (I + %Ry) SM,(z:5,7) (1,0,1,0)7

200,

=F,(z;8,7)+

(ﬁynu(z; 377-)1 - /Ban/(z; 377-)2 - inu(z; 377—)3 - inu(z; 577-)4) .
(6.22)
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Inductively,

Aytk—1

Fyi(z,7) = (1,1,0,0) (S + Ry ) (T4 Z2RE) My(255,7) (1,0,1,0)7,
z
(6.23)

is a linear combination of n,(z;s,7); (i = 1,2,3,4). We expect the following vanishing property:
Conjecture 6.2. Let o > —1. For fixred x,y € Ry and 7 € R,

lim K% (2, y;s,7) = 0. (6.24)

§—00

If Conjecture [6.2]is true, then Proposition [6.1| implies the formula
1 oo
K@) (g g5 1) = / F,(x;s,7)F,(y;s,—7)ds. (6.25)
m S

We now consider the case v = 0. In the paper [39], a matrix-valued function M (z) is defined
as a solution to a Riemann-Hilbert problem, in six sectors, with parameters ri, 7, s1,5s2,7. It is
clear that our matrix-valued function M,—o(z;s,7) agrees M(z) defined in sector Qy = {z | 0 <
argz < 7/3}, with parameters 1 = ro = 1, s = s3 = s, and the same 7. In [42], a more
general Riemann—Hilbert problem is considered, with the same parameters r1, 79, s1, So, 7 and more
parameters tq,to,t3. If (t1,t2,t3) = (1,0,—1), the Riemann—Hilbert problem in [42] is essentially
the same as that in [39], up to a multiplication by a constant matrix in sector g, see [42, Section
1.4.3]. The column vector 7i,(z;s,7) defined in is equal to the vector m(® + m®) in [39,
Theorem 2], and equal to the vector n(®) — n(3) in [42, Theorem 1.4], see [42, Formulas (1.42) and
(1.70)].

By [42], Formula (1.36)], we have that

21/6 94/3.+2 1 92/3; 21/6 4/3_ 2 52/3;
. _ TCH24/%02¢ . . _ 2%/° (5424 2izC .
no 27877—)1_7 € fC7O_dC7 no(z;8,7)2 = —= € gC,O’dC,
( 8 (G, mos =" [ (G0)

21/6 / /342 . — — .

no(z;s,7)3 = VT Js P [(Z(T — 5%+ 27 3yg) + 22/3() F(G o) +27igog(¢; U)} dg,

T

21/6

2/37C2 42230 |:(i(—7' Ls2 2’1/3u0) 4 22/3C> 9(C; o) — 2’1/3iq0f(<;0)} dc,

(6.26)

where g9 = qo(0) and ug = ug(o) are defined in (1.38), (1.39), and (5.1), with » = 0. Then by
(6-13), (6.21), and (6.22)

nO(ZQ S, 7')4 = ﬁ
S

1/6 4/3._ 21 92/3;

Rileisr) = 2= [ V7 (1o (o)) (6:27)
1/6 4/3 .- ~2 2/3,;

Fi(eisr) = 2= [ @ (1o - g(Go))d. (6.28)

a (41 — 25/3qp)

Fyli5,7) = Byl s, m) + 20T =200 o
211/6y44 4/3.02492/3;,
SIS [ (o) GG (6.29)
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where o = 22/3(2s — 72) as in (5.2)), f(C;0) and g((;0) are defined as in (1.14) and «y is defined in
(5.15]).

The formula (6.26]), along with (6.23)), prove Theorem provided that Conjecture holds.
We will prove that the conjecture holds for half-integer « in the next subsection, thus completing

the proof of Theorem (1.4} But first let us look specifically at the cases & = £1/2 in order to prove
Proposition
The a = —1/2 case of (6.25) together with (6.27) implies (letting & = 22/3(25 — 72))

Ktac,(—l/?)($ y; s, 7_)

/ 4/3 2/3
DT [ [ e e (105 4 ) (1057 + 0057

= 24/37r2/g dg/ET du /ET dv 2 437 (ut—v )—22/31(:Uu—yv)(f(u; o) +g(u; 5))(]”(1);5) —|—g(v;5)),
(6.30)

where in the second identity we use the symmetry (4.6]), and make the change of variable 5 — &.
Thus we find, by the comparison with (4.1)), we obtain the identity (1.40)).
Analogously, the a = 1/2 case of (6.25) together with (6.28) implies (letting & = 2%/3(25 — 72))

Ktac, (1/2)($ i s, 7_

/ 4/3 2/3
_ 21 3/ a5 /ET dU/ET d’U€2 / T(u2—0v2)+2 / i(zu+tyv) (f(u 0‘) (u; 5)) (f('U,a) —g(v;&))

= W/a’ do /ET du /ET dp 2T = )*22/3’(x“*y”)(f(u; o) — g(u; 5))(f(v;5) —g(v;&')).
(6.31)

Thus we find, by the comparison with (4.2)), we obtain the identity (1.41)), with ¢, o related to 7, s
by (1.42)). This completes the proof of Proposition

6.1 Proof of Conjecture when o =k +1/2

By with o = —1/2, 27i(22—y?) Kt (*+1/2) (4 5, 7) can be expressed as a linear combination
of no(y; s, 7)ino(x;s,7); with 4,5 = 1,2,3,4, so when = # y, we only need to show that for all
z € (0,00) and 7 € R, ng(z;s,7); = 00 as s — +o0.

Since fg(2z;5,7) = m©® 4+ m) in the notation of [39], with parameters r; = 7 = 1 and
s1 = s2 = s and the same 7. Let Ai(z) denote the Airy function, and for any real number ¢ let
Q:(x) and Ry(x,t) be the functions in = defined by Airy resolvents, as in [39, Formulas (2.16)-
(2.20)]. Then we have, by [39, Theorem 2.5]

o0
no(z;s,7)1 = —V2me 7F / Ai(z 4+ 2s+ 21/3w)6_21/3T“’Qg(w + o)dw
0

+ V2 Ai(—z + 2s)e™ + V2me"? / Ai(—z+2s+ 21/3w)e_21/37ng(w +o,0)dw, (6.32)
0
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no(z;$,7)2 = V2m Ai(z + 2s)e” 7F + V2me” TF / Ai(z + 2s + 21/3w)e_21/37“’R0(w + o0,0)dw
0
(o)
—V2me™* / Ai(—z+2s+ 21/3w)6_21/37wQ0(w + o)dw, (6.33)
0

where o = 2%/3(2s — 72) as before, and by [39, Formulas (2.14) and (2.15)], no(z;s,7)3 and
no(z; s,7)4 are linear combinations of ngy(z;s,7)1,n0(2;$,7)2, and their derivatives with respect
to z, such that the coefficients of the linear combinations are either independent of s or polynomi-
als in s.

It is well known that Ai(z) vanishes as exp(—(2/3)2%/2) as z — +oo (see [39, Formula (2.26)]
for instance), and by the definitions of Q:(x) and R:(z,t), it is not hard to see that if ¢ is large
enough, then

|Qi(z)| <1 and |Re(z,t)| <1 forall ze (t 00). (6.34)

(Actually stronger estimates of Q;(x) and R:(x,t) are possible, see [39, Lemma 2.4] for the leading
term in the asymptotic expansion of Q;(x) and Ry(x,t) when ¢ is fixed and x — co. But the crude
estimate suffices for us.)

Then we see that as z,7 are fixed and s — +o00, ng(z;s,7)1 and ng(z;s,7)2 vanish super-
exponentially, and so do ng(z; s, 7)s and ng(z; s, 7)4 who are the linear combinations of ng(z; s, 7)1,
no(z; s,7)2 and their derivatives. Thus we prove Conjecture [6.2) when o = k 4+ 1/2 and = # y.

For the remaining = y case, we use the property that K'%&(*+1/2)(z 4.7 is an analytic
function in z and y, although only positive real values of x,y are meaningful in probability. Given
y > 0, we consider 2 = y + ee” for a small enough ¢ > 0 and 6 € [0,27]. Then by the argument
above, for all 2 on a small circle around y, Kt (k+1/2) (x,y; s, 7) vanishes uniformly as s — +oo.
Thus by the analyticity of K¢ +1/2)(z 45 7) in z, we find that K@ +1/2)(y 45 1) vanishes
as s — +00. Thus we complete the proof for Conjecture when o =k + 1/2.

A Formulas for ¢ and d in Theorem [1.1|(a)]

Here we give the explicit, though not very simple, formula for ¢t and d in Theorem [3.2(a)}, in terms
of T. Our formulas are taken from [41]. First, we parametrize T' > 72/2 by k € (0,1). For each k,
we have the elliptic integrals

K :=

/ Jffﬁ?

BVipra (A1)

1 ds
:/0 VL= )1 k2s?)

We further define

and denote

38



By [41, Lemma 3.2]E|7 for all T > T, = 7%/2, there is a unique k such that

s 1 V1— k2 2
T = 2KE = 2/ / i (A.4)
0 \/(1 — k2s2) Vi-s
Then ¢ is expressed as [41, Formula (20)]
2 ~ [/~ ~q v k‘232 - 82
- E (E (1-FK) =2 (0,7/2), (A.5)
k2 Vi-s2 «/ I<:232

and d is expressed as [41, Formulas (227), (236), and (239)]

d— (613((1+k2) (1—k2)K)>4 — (kQ/Ol (1_82)+(1_k282)d8>4 > 0. (AG)

603 Jo /(1 —s2)(1 — k252)

Remark A.1. The parametrization of T in (A.4)) and the definition of ¢¢ in (A.5) differ from those
in [41] by a factor of 2, see Remark

B Equivalence with the kernel of Ferrari—Veto

We would like to show that the hard-edge tacnode kernel of Ferrari and Vet6 appearing in [24] is
the odd part of the symmetric tacnode kernel studied by several groups [18, 2 [34] and culminated
in their paper [23]. Since we only need the symmetric tacnode kernel, we take K{3°(£,7; o) defined
in (1.15) and (1.16]) as the standard form, as we do throughout the paper, and note that the kernel
defined in [I7] with the implicit parameter A = 1,

EtaC(U, v;0,T1, 7—2) = LtaC(ua v;0,T1, 7—2) - 1T1<7’2¢2T1,27'2 (’LL7 U), (Bl)

where ¢, ¢(u,v) is defined in (1.8)) and Liac(u,v;0,71,72) defined in [I7, Formula (2.29)] and [41
Formula (45)], is equivalent to K3°(€,n; 0) and satisfies [41], Proposition 1.5]

Kt (6,m;0) = 273 Liac(27Y3€,27 3, 0,273y 2773 1y). (B.2)

T1,7T2

Thus to prove Proposition we only need to show that

I?eXt (7—17 us; 72, U) + 17’1 <To [¢27’1,2T2 (u7 U) - ¢27'1,2T2 (u’ _U)] =

Ztac(ua U, 22/3R7 71, 7—2) - Etac(uv —U; 22/3R7 71, 7—2)5 (B3)

where R is the parameter used implicitly in [24] Formulas (2.34), (2.30) and (2.31)]. Our strategy
to prove (B.3)) is to transform its right-hand side repeatedly, and at last show that it agrees with

the left-hand side. The derivation below is based on formulas in [41] and [6].
By [17, Formula (2.29)], the right-hand side of (B.3) is expressed as

1 < =R = =N
5273 /22/3R[p1(u; s,71) — pi(—u; s, m)][p1(vi s, =12) — D1(—v; s, —T2)]ds, (B.4)

3In [Tl Formula (149)], 72 should be 7% /4.
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where p; is defined in [I7, Formula (2.26) and Lemma 4.3]. Note that since we only consider the
symmetric tacnode kernel with A = 1, p; and ps defined in [I7, Formula (2.26)] are equivalent, see
[41l, Formulas (45) and (46)]. Next, we recall the function b, . ,(x) defined in [41, Formula (43)],
the integral operators B, and As = B2 defined in [41, Formula (40)] (They were defined in [6] and
[17] with different notations). By [41, Formulas (41) and (46)], we have that the integral can
be expressed as

1 0 _ _
% /22/3R<b’r1,u,s - bn,—u,& (1 - Bs) ! 60>0<b—72,v,s - b—TQ,—’U,S7 (1 - Bs) ! 50>0 d37 (B5)

where (-, -)g is the inner product on L[0, 00), see [41, Formula (42)]. Now denote

3

Y(x;z,8,T) = g5 e (e Al(z + 2+ 5+ 7%) — e Al(z — 2 + 5+ 7)), (B.6)
and
Wz, s,7) = (2325 2,27235,7), (1 — B,) L 6o)o, (B.7)
where z is the variable of integration in the inner product. Then (B.5) is written as

1

— h(u, s, )h(v,s,—7)ds = 21/3 h(u, 2y + 22/3R, 1) h(v, 2y + 22/3R, —7o)dy. (B.8
22/3 9

2/3R 0

Note that our v (z; z, s, 7) is equal to </I\>fT(z) and WZ(z) defined in [24, Formula (2.30)].

Following [6, Section 2], we now change to work in Lo(R) instead of L2[0,00). We use By to
denote the operator with the same kernel as B, but acting on Ly(R) instead of L2[0,00). Also
for any r € R introduce the operator II, to be the projection onto Ls[r,00) and T, to be the
translation operator, i.e. (T, f)(z) = f(z+r). Repeating the analysis in [0, Section 2] we find that
h(u,2y + o, 7) can be written as ((-,-) is the inner product in L?(R))

h(u, 2y + 0,7) = (23250, 2732y + 0),7), To(1 — MoBay+110) ' Todo)
= (2320, 27232y + 0),7), T,(1 = T, B,I1,) "I, T_,6)  (B.9)
= (T_ b (2Y32;u,2723(2y + o), 7), T, (1 — 11, B, I1,) 11, 3,).
Noticing that
V(2@ —y);u, 27 2y + 0),7) = (2 w5 0,27 0, 7), (B.10)
we find that with o = 22/3R,

h(ua 2y + 22/3Ra 7—) = <¢(21/3(L', u, Ra 7-)’ Hy(l - HyE22/3RHy)_1Hy5y>- (Bll)

Define the resolvent
R, = (1 —TI,Byspll,) ' — 1. (B.12)

Then we can write h(u, 2y + 2%/3R, 1) and h(v, 2y + 22/3R, —m) as

h(u,2y + 2R, 71) = U (y) + / U, ()R, (. y) de,
ey (B.13)
h(v,2y + 22PR, —13) = Wy(y) + / Uy (x)Ry (2, y) dr,
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where we set

\Ill(y) = ¢(21/3y7u7 Ra 7—1)7 \112(y) = ¢(21/3y,v,R, _7—2)' (B14)
Thus by — (B.14)) and using the symmetry of the resolvent kernel, (B.8) becomes

280 [T ayws )+ [ dn [T de vy a2l
+/0 dy/_ day Wi (1) Ry (21,5) Va(y)
" /ooo dy /Z i /o; day U1(21)Ry (21, )Ry (y, 22) Ua(w2) | . (B.15)

Notice that the integrands in (B.13)) vanish for z < y due to the resolvent kernel, so all integrals
above may be taken over [0,00). Replacing y with z; in the first double integral in (B.15)), and y
with 2o in the second double integral, we can then write (B.15) as

91/9 { | armvao+

/OOO dn /OOO > ml(x1)<le(x1’x2) + Ray (21, 22) + /000 d?JRy(fﬁh?J)Ry(y,@)) \Ilz(m)].

(B.16)
Applying [6, Lemma 2.1], this is
28] [T arwa + [ o [T )R vae)| B17)
which is simply
21/3 /Ooo da /OOO day Wy (w1)(1 — ToBazysgllo) " (w1, ) Ua(2). (B.18)

We note that ¥y and ¥y are expressed in ¢(z; z, s,7) in (B.6]), which is equal to d*_(z) and U2(2)
defined in [24, Formula (2.30)]. Hence (B.18) is expressed as (with ¢ = 2'/3z; and € = 2'/31,)

21/3/ dml/ diy Azll/Szl(u)(l - HOE22/3RHO)_1($1,$2)$72_;/3x2 ()
0 0
= 21/3/0 df/o d¢ A,£1 (u)(1 — Bzz/sR)fl(Qfl/S& 271/30(%2 (v). (B.19)

To prove (B.3|), we just need to show that the right-hand side of (B.19) is equal to the second term
of 24, Equation (2.34)]. They are equal if we have the identity of the operators on L?[0, o0)

27131 = Byag) (270,273 = (1 - Ko) MG, €), (B.20)
where IA(Q\ is defined in [24] Formula (2.31)]. Since (B.20]) is readily checked by the definitions of
B; and Ky, we finish the proof of (B.3|) and hence the proof of Proposition
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B.1 A variation of NIBM3",. similar to the model of Ferrari—Vetd

Consider 2n particles in nonintersecting Brownian brideges between two absorbing walls placed
at m and —m, from the common start point 0 to the common end point 0, during the time span
[0,T]. Denote the particles and their trajectories as —m < z1(t) < -+ < xo,(t) < w. Here
we assume the particles have diffusion parameter n=1/2. A heuristic symmetry argument implies
that the trajectories @, +1(t), nt2(t),. .., x2,(t) have roughly the same behavior as the n particles
in NIBM2 .. If the total time T is close to T, = 72/2, then we observe the limiting hard-edge
tacnode process close to . Similarly the same limiting process occurs close to —7. If we remove one
absorbing wall, the model becomes the same as that in [24]. When T is close to T¢, it is suggested
by [7] that the two absorbing walls affect the nonintersecting Brownian bridges asymptotically
independently, as n — co. Thus the two-wall model should have the same hard-edge tacnode limit
as the one-wall model in [24].

The argument above is not rigorous. But by the method in this paper, we can solve the
aforementioned variation of NIBM%E?T and derive the hard-edge tacnode limit rigorously, although

our method does not apply directly for the model in [24].
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