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Abstract

We find the universal limiting correlation kernels of the Muttalib-Borodin (MB) ensem-
bles with integer parameter § > 2 at 0 in the transitive regime between the hard edge
regime and the soft edge regime. This generalizes the previously studied hard edge to soft
edge transition in unitarily invariant random matrix theory by Its, Kuijlaars and Ostensson,
which is the 8 = 1 special case of our MB ensemble. The derivation is based on the vec-
tor Riemann-Hilbert (RH) problems for the biorthogonal polynomials associated with the
MB ensemble. In the analysis of the RH problems, we construct matrix-valued model RH
problems of size (6 + 1) x (6 + 1), and prove the solvability of the model RH problems by
a vanishing lemma. The new limiting correlation kernels are proved to be universal for a
large class of potential functions, and they interpolate the Meijer G-kernels for the hard
edge regime and the Airy kernel for the soft edge regime. We observe that the new limiting
correlation kernels have the integrability that is not seen in previous studies in random ma-
trix theory and determinantal point processes. In the # = 2 case, we give a detailed analysis
of the Lax pair associated with the model RH problem, show that it results in the Chazy I
equation and the similarity reduction of the Boussinesq equation, which has a Painlevé IV
reduction, and find that the Lax pair is in the Drinfeld-Sokolov hierarchies.

Contents

[(1__Introduction|

[1.2 Model Riemann-Hilbert problem and the limit functions ¢(”) and ¢ . . . . . .
[1.3  Strategy and organization| . . . . . . . . ...

Equilibrium measure in transition regime and soft edge regime|

2.1 Equilibrium measure in transition regime without detormationl . . . . . . .. ..
[2.2  Deformation of the equilibrium measure: algebraic setup|. . . . . . ... ... ..
[2.3  Deformation along C; when [t — 1| issmalll . . . .. ... ... ... ... ....
2.4 Deformation along C', when 1 — ¢ is small positive] . . . . . . .. ... ... ...
[2.5  Deformation along Cy when ¢t € (0,1)]. . . . . . ... ... ... ... ... ...,

*School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing, P. R. China 100049

email: wangdong@wangd-math.xyz

TInstitut Franco-Chinois de ’Energie Nucléaire, Sun Yat-sen University, Guangzhou, P. R. China 510275

e-mail: xushx3@mail.sysu.edu.cn


mailto:wangdong@wangd-math.xyz
xushx3@mail.sysu.edu.cn

[3 Asymptotic analysis of the RH problems for p,, and ¢, in the transition regime| 24

[3.1  Asymptotic analysis of the RH problem forp,,|. . . . . ... ... ... ... ... 24
[3.1.1 Transftormations ¥ — 1"— S — (), and local parametrix around | . . . . 24

13.1.2  Local parametrix around O . . . . . . . . ... ... ... ......... 26

[B.1.3  Final transformationl . . . . . . ... ... o o000 31

3.2  Asymptotic analysis of the RH problem forg,|. . . . . .. ... ... ... .... 32
|3.2.1 Transformations Y — T — S — @, and local parametrix around b| R )

13.2.2  Local parametrix around O] . . . . . .. .. ... ... ... ... ... .. 33

8.2.3  Final transformation| . . . . . . . . . ... 37

[4  Asymptotic analysis of the RH problems for p,, and ¢, in the soft edge regime| 38
4.1 Transformations Y =7 -8 5 QandyY T — S — Ql ............. 38

4.2 Local parametrices and the shape of 31| . . . . . . . . . 40

4.3 Scalar shifted RH problem for R . . . . . . . . . . . 43
4.4 Small norm argument| . . . . . ... 47
4.5 Proof of a technical lemmal . . . . . . .. ... ... ... ... 49

5 __Proof of Theorems 1.5 and [1.6l 49
5.1 Proof of TheoremI1.0f. . . . . . . . . . . . . . 49
0.2 Proof of TheoremI1.6I. . . . . . . . . . . .. . . . 51
5.2.1 Proofof (350) . . .. .. . . . . . 52

5.2.2  Proof of (351))| . . . . . . . .o 53

[5.2.3 Proof of (352)] . . . . . . ... 54

[6  Solvability of RH problem [1.8| via vanishing lemmal 55
6.1  Proof of vanishing lemma|. . . . . . ... ... .. ... ... L. 57

[ Proof of Theorem |1.11; Lax pair and nonlinear differential equations| 61
I8 Asymptotics of ®7)(¢) and K(7)(z,y) as 7 — —oq 63
19 Asymptotics of ®7)(¢) and K(7)(z,y) as 7 — oq 65
9.1 Properties of g-functions| . . . . . . . . . ... 65
0.2 Normalization: ® =TI . . . . . . . . . .. e 66
9.3  Global parametrix| . . . . . . . .. .. 67
9.4  Local parametrices| . . . . . . . .. L 69
9.5 Small norm argument| . . . . . ... L 69
9.6  Proof of part [2] of Lemma|1.10]and part [2] of Theorem [1.7] . . . . . ... ... .. 71

[A° The Airy parametrix| 71
(B Hard edge local parametrix]| 72
|C Limiting mapping J )| 74

1 Introduction

We consider the Muttalib-Borodin (MB) ensemble with integer parameter § > 2 and an analytic
potential function that has transition behaviour at the edge 0. More precisely, we consider the



system of n particles x; < - -+ < x,, distributed on [0, c0) with joint probability density function

1 T oo NV
P(l‘l,...,l'n):? H (iL‘Z—.’L'J)(.TUf—JZ‘?)HJJ € NV( )7 (1)

" 1<i<j<n i=1

where Z,, is the normalization constant, & > —1 and V is a real analytic function on [0, +00)
that satisfies

lim Viz) = +o00. (2)
z—+oo log x
We are interested in the limiting behaviour of the particles as n, N — oo and N/n — 1. We
concentrate on the limiting distribution of the smallest eigenvalues.
We refer the interested readers to [52] for a general discussion of this model. See also [6], [7],
8], [10], [, [3), [14], [15], [17], [19], [24], [27], [30], [31], [2], [35], [34], [38], [41], [40), [43], [44],
[53], [54], [55] for research in various aspects of this model. We note that the MB ensemble is a
typical biorthogonal ensemble, and it is a generalization of the classical Laguerre type Hermitian
matrix model eigenvalue distribution [3, 29] that is the § = 1 special case of (). It is known
from the general framework of biorthogonal ensembles that the MB ensemble is a determinantal
point process, so that there exists a correlation kernel K, (z,y) = K,(lV’N) (x,y) defined in
below such that the density function can be rewritten in the following determinantal form:

1 n
] det (K, (s, :Uj))m.:l . (3)

When V(z) is a linear function, it is shown in Borodin’s pioneering work [L0] that the scaling
limit of K, near the origin (also known as the hard edge) converges to a family of limiting kernels
depending on the parameter 6 as n — oco. This new family of limiting kernels, which describes
the limiting distribution of the left-most particles in , does not occur in Hermitian matrix
models, unless § = 1. They reduce to the classical Bessel kernel |28, 49] when 6 = 1, and
reduce to the Meijer G-kernels encountered mainly in the products of random matrices and
related models (cf. [, 5l [4, 37, 48]) when 6 or 1/6 is a positive integer, as observed in [36].
The new family of limiting kernels are proved to be universal, in the sense that if V' satisfies
V"(x)x + V'(x) > 0 for all z > 0. For the proof, see [34] for § = 1/2, [43] for 0=' € Z, [52] for
6§ € Z and [50] for general # € R, . For this kind of V', we say that the model is in the hard edge
regime. It is shown in [I9] that in the hard edge regime mentioned above, the density of the
equilibrium measure for the MB ensemble, which is the limiting empirical distribution of the
particles [27, Theorem 2.1 and Corollary 2.2] and [II, Theorem 1.2 and Corollary 1.4], blows
up at the speed of =Y+ ag 2 — 0.

On the other hand, for a large class of V(x), the equilibrium measure is supported on an
interval [a,b] with a > 0, and its density function vanishes like a square root at a. It implies,
although a rigorous proof is missing in the literature, that the scaling limit of K, near a
converges to the classical Airy kernel that defines the Tracy-Widom distribution, as in 6 = 1
[25]. For this kind of V, we say that the model is in the soft edge regime.

In this paper, we consider the scaling limit of K, at 0 when V' (z) is in the transition regime
between the hard edge one and the soft edge one. We assume that 6 is an integer greater than
1. In this regime, the equilibrium measure is supported on an interval [0,b], and its density
function vanishes at the speed of z(®=D/(0+1) a5 # — 0. For example,

22
Vo
is in the transition regime. If # = 2, the limiting empirical distribution of particles is shown in
Figure (1] [19, Figure 6] when p in changes around 2.

V(z) =24 pr, with p=— (4)
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Figure 1: The equilibrium measure of the MB ensemble with § = 2 and V(z) = 2 + px with
p=0,—-1.8, —2 and —2.5. When p = 0 and —1.8, the ensemble is in the hard edge regime in
the sense that the density of the equilibrium measure blows up like =3, When p = 0, it is
proved in [52] that the left-most particles are around 0 and their limiting distribution is given
by the Meijer G-kernel. It is expected to hold also when p = —1.8. When p = —2.5, the density
of the equilibrium measure vanishes like a square root at the left-end point of the support of
the equilibrium measure, and we expect the left-most particles to be there and their limiting
distribution to be the Tracy-Widom distribution given by the Airy kernel. When p = —2, the
density of the equilibrium measure vanishes at the new speed of z!/3 at 0. Courtesy of Tom
Claeys.

In this paper, we show that the correlation kernel of the MB ensemble converges to a new
limit in the transition regime, and study the properties of the new limiting kernel.

1.1 Statement of main results

Before stating the main results, we need to impose some conditions on the potential function
V and introduce some other functions. The equilibrium measure associated with V is the
probability measure on [0, +00) that minimizes the energy functional

// log P y|du x)dv(y // log ——dv(z)dv(y) + /V(x)dy(:r). (5)

By an argument similar to that in [26, Section 6.6], we have that the equilibrium measure
= pY) is characterized by the following Euler-Lagrange conditions:

[ 1ogle — i) + [ 1ogla” ~fliv(y) - Vi) = £, € supp(o) (6)
/log|m — yldv(y) + /1og\g;9 — P ldv(y) —V(z) < ¢, z €[0,400) \ supp(v), (7)

where £ is a real constant.
Throughout this paper, we assume that the equilibrium measure satisfies the following reg-
ularity condition:

Regularity Condition 1.1. (One-cut regularity condition away from the left-end point) The
equilibrium measure g = p(V) is supported on an interval [a, b] with continuous density, where
0 <a<b< oo, such that

dpu(x) = P(x)dz, € (a,b), (8)

where () is a continuous function on (a,b), and for small positive numbers €; and eg, the
following hold:

1. ¢(x) > 0 strictly for all € (a + €1,b — €2).



2. There is a positive number dy = dgv) and J2 > 0 depending on €9, such that

(x) = do(b— 2)2 (1 + ha(z)), € (b— ea,b), (9)

ho(xz) — 0 as x — b_ and |ha(x)| < 02 for all z € (b— e2,b). Also holds strictly for all
x € (b—ea,b).

3. With du(x) = ¢(x)dz supported on [a,b], inequality holds strictly for z € (b,+00)
and, if @ > 0, also for = € (0, a).

Like the Laguerre type Hermitian matrix model, whose eigenvalue distribution is the § =1
specialization of , the equilibrium measure of the Muttalib-Borodin ensemble has two typical
behaviours at the left end point of its support:

Regularity Condition 1.2. (Hard edge regime condition) The equilibrium measure p = p(V)
satisfies Regularity Condition with a = 0, and the density function ¢ (x) blows up like

2T as z — 0+.
Regularity Condition 1.3. (Soft edge regime condition) The equilibrium measure p = pv)
satisfies Regularity Condition with @ > 0, and the density function ¢ (x) vanishes like
(:c—a)% as T — a4.

In this paper, we require that V is one-cut regular in the transition regime. We split the

regularity condition into two parts, the one-cut regularity (away from the left-end point) given
in Regularity Condition and the transition regime condition below:

Regularity Condition 1.4. (Transition regime condition) The equilibrium measure p = pv)
satisfies the one-cut regular condition with @ = 0, and on an interval [0, €]

b(x) = diz 1 (1 + hi(z), =€ (0,6), (10)

such that dy = dSV) is a positive number, hi(x) — 0 as z — 04 and |hy(x)| < 01, a positive
constant, for all z € (0, ¢;).

This is the transition regime between the hard-edge and the soft edge universality classes.
One concrete example is given by . If p < —2v/2/V0, V(z) in is in the soft edge regime,
and if p > —2v/2/V0, V(z) in is in the hard edge regime, see [19, Section 4.5.2] and
Figure [l for # = 2. When 6 = 1, the MB ensemble becomes the Hermitian matrix model, and
the transition regime has been studied in [33], [32], [I8]. We find and analyse new limiting
correlation kernels in the transition regime for 6 > 2.

Let ¢t € (0,00) and define

Vi) = %V(m), £ 0. (11)

We define two sequences of monic polynomials {p;(x) = pglvjt)(x) 320 and {qx(z) = qflv,? ()17,
by the biorthogonal conditions

/0 pj(m)qk(me)xo‘e_"w(gﬁ)dx = K0 k> (12)

where p;(x) is of degree j, gi(x) is of degree k, and k; = 57(1‘31) # 0. The existence and uniqueness
of the {p;(x)} and {g(z)} are guaranteed by the fact that functions {z*¢}?Z] form a Chebyshev
system in the sense of [45] First definition in Section 4.4]. The functions p,(z) and ¢, (z?) can
be interpreted as the averages over the Muttalib-Borodin ensemble, see [52, Equation (1.14)].



Also they are building blocks of the correlation kernel of the Muttalib-Borodin ensemble, since
the correlation kernel introduced in (3 is

n—1_, (W) (Vi) /. 0
' P (@), (YY) n
KV (2, y) = ae Vi) 7 Tl oo t=—. (13)
n ) Vi ’
=0 "51,;') N

Let V' be a potential that is one-cut regular in the transition regime, that is, its equilibrium
measure (V) satisfies both Regularity Conditions and Let

c=b0/(1+0)+/0 (14)

be a positive number depending on V', where b is the right end of the support of ,u(V) as in .
We denote

2
p=p") = wdl/sin <9I1> , Ay = ciiip, (15)

where d; is the same as in .
Our first main result of this paper is the limit of the biorthogonal polynomials.

Theorem 1.5. Suppose V satisfies Regularity conditions and [} In addition, suppose
Ag # 0, where As is determined by V' through . Let T be in a compact subset of R, x be in

a compact subset of C, and y be in a compact subset of Hy, where

Hy={z€C:2=0o0r argz € (——g,—g)}. (16)
Let
Al
=1L 1
t=t T (17)

that depends on n. Let pj(x) = p(‘;tc) (), qp(z) = qg/,i)(x) and kj = K,Sg-) be defined by (12)). As

n
n — oo and j =k =n, we have the asymptotic formulas

o "L’6+1 _ ILC%&ZBSQ (pn)%(o‘Tﬂfé) (_1)n exp n‘/t $0+1 en(ft*%gt(o))
(pn) 20 0+1 (pn) 20
« <¢(r)(x) n @(n*mw : (18)
) N I
i << y>> = VI T T (pu)H) (e OG0 (y) + O ), (19)
pn) 2
Ky = 20 V2ot ente (1 +0(n 70T )) ) (20)

where the limit functions ¢(7) (x) and <z~5(7)(y) are defined in and below, the constants
Rg:(0) and by are defined in (102)) and (103) below, and the error terms are uniform in T and
x.

We remark that the technical condition Ay # 0 is probably unnecessary for Theorem to

hold. But the proof in our paper requires it.

Our next main result is the limit of K" (x,y).



Theorem 1.6. Suppose V' satisfies Regularity Conditions and and also As # 0 as
i Theorem . Furthermore, suppose for all t € (0,1), the potential V; satisfies Regularity
Conditions [L.1 and [L.3.

Let 7 be in a compact subset of R and let x and y be in a compact subset of [0,4+00). Let
n — 0o and N = N(n) — oo, in such a way that lim, (N —n)/y/n = —/A17 where and A;
1s defined in . Then we have the limit of the correlation kernel defined in (13|

n—o0 Y T

. 1 . T Yy T 0 o > o T(o
lim ( )921 K7(LV,N) < 0+1 9+1> = K )(a:,y) = %x / d)( )($)¢( )(y)da. (21)
pn) 2

We remark that all conditions in Theorem are satisfied for the quadratic V in . The
condition for V; (¢ € (0,1)) might be avoided if we could make use of the Christoffel-Darboux
type formula [I9, Theorem 1.1] for the biorthogonal polynomials. This improvement will be
investigated in a further publication. The advantage of our proof of Theorem that does not
rely on the Christoffel-Darboux type formula is its potential to be generalized to all 8 € R,..

The theorem below shows that the limiting correlation kernel in Theorem [I.6] interpolates
the limiting correlation kernels in the hard edge regime and that in the soft edge regime.

Theorem 1.7. 1. As 7 — —o0, for any z,y € [0, +c0), we have

EI_H (_T)_G%"IK(T) ((_T)_%x7 (_T)_%y> = K(Mei) (.%', y)? (22)
where 1
KO o) = 02 [ ()60 () 6O ) (23)
0

is the limiting kernel K(®9) (x y) in [53, Theorem 1.5] that defines the hard edge univer-
sality of the MB ensemble. Here ¢™Me) and ¢(Me) qre expressed in Meijer G-functions,

as in and .

2. As T — 400, for any x,y € R, we have

. flxyT) 041 4y 041 _4 041 _4
Jim e T er KO (an) T (1 e i), (@n) T (- e i)

= KW)(g ) = /000 Ai(z 4+ u) Ai(y + u)du, (24)

where KA s the Airy kernel that defines the soft edge universality of Hermitian matriz
models [26],

. 30118
o, WSO L R @@m @) (25

21 Ny

Cl1 =

such that go and g are defined in (d41)), and € =1 — Ocogm /3.

Here we remark that the conjugation of K(7) by f(x;7)/f(y;7) does not change the proba-
bility property of K (7).

The limit functions ¢ and ¢(7) in Theorems and are expressed by a model Riemann-
Hilbert (RH) problem that is stated in the next subsection.



1.2 Model Riemann-Hilbert problem and the limit functions ¢(” and é(”

We denote for 6 € N, the (6 + 1) x

0
1

Mcyclic =L®

- O

0

0
0

(0 + 1) matrix

0 1
0 0

1 . 0 0 (26)
0 1 0

Here and below, by I,,, m € N, we mean the identity matrix of size m, and for two matrices

A and B, A@® B is the matrix (4

92a+1
ﬁ_T))

RH Problem 1.8. ®(&) := & (&) isa (6 + 1)
R and iR.

9). Below we

state the following model RH problem: (with

X (6 + 1) matrix-valued function on C except for

1. ®(&) satisfies the following jump conditions: with R4 and R_ oriented from left to right,

{it :
Figure [3in Section

t € Ry} oriented upwards, and {—it :

t € Ry} oriented downwards, as shown in

1 eﬁm . g =
1, argé =T,
0 1 0—-1 g 2
1 —6_5” o1 g -
_1, argé=-ZI,
(€)= o (I, where JP(©)={\0 1 o EES TR ()
01
D Ip_1, ceRy,
) O> o—1 §eRL
\Mcyclica 5 eER_.
2. ®(¢) has the following boundary condition: as & — oo for £ € Cy
O(¢) = (I+0(E™)) T(§)Qze 9, (28)
where
=27 2 1 27 1
diag (ﬂe 0+1 §9+1 Te 9+1§0+1 l9"‘1,394-1 §9+1 — Te 9+1 §9+1>
(2k—1)mi ( )i
o diag (0;:916 'gﬁ 5% e 2k9 1 £9+1> ceC,,
C—) == s —Th 29
(é) dlag (9+169+1§942rl — T69+1§9+1 9+1e ei f T69+1f 41-1) ( )
@ diag ("(; (2§+Pm£9+1 —Te€ (%9 1)m£9+1> EeC_,
T diag (e 7)) @ i)’ a o ((° Yar
= + + = + =
€3] lag (6 § )k:o’ + (6 )j,k_o - +\ 1y o) ®lo-1)-
(30)
3. ®(¢) has the following boundary condition as £ — 0
q)(g):N(é‘)gi%dlag( )+ l7£%7"'7§%> E7 (31)




where N (&) = N7 (€) is analytic at 0, and E is a constant (except for possibly one log &
entry) matrix in each region between the rays. In the sector arg{ € (w/2,7), E is defined

by
1 o7 Cip=e™ s kw10,
E= (_, > ,  where 1 ' (32)
U Coxe u; = ST j=1,....,0,

6/871'1, + eTﬂ'Z

2j—2-p
0

if a ¢ Z. Otherwise, for a unique j € {1,2,...,0}, e’™ + ¢ ™ = (. Then the j-th

entry of « in (32)) is replaced by
—,37r7,
2m

log &, (33)

uj =
and all other entries of F remain the same.
We have the following result:
Theorem 1.9. RH problem[I.8 has a unique solution for all T € R.
We also note that since
9+1 _6(6+1)

det ®(¢) = £(0+1) T e 1 "3, ¢eCy, (34)
d1(¢) is well defined.

We denote the analytic function ¢(7)(z) on C and the analytic function (;3(7)( z) on Hy by
<I>o,k(z9), kE=2,...,0, and argz € ( —3 ’2k0—17r)
¢>(T)(Z):(—z)§ % , ‘ ; or k=1and argz € (g3, a)U( =)
@071(2 ) + 657”(1)0,0(2 ), arg z € (0, 2%),
@0,1(29) + 6_57”'@070@9), arg z € (—g5,0),
(35)
-2 L N T
e i(1+5) (q)(z(’))(),é, ) argz € (35, 5),
—5(1+B)mi O\\—1 | i(1+8)mi o\ —1 N
3 (z) = L2048) o 61(21+5)m' @(: ),)(1]’9 e2 (®(2"))1y, argz € (0,739), ] (36)
6? (‘I)(Z ))0797 argz € (_gv_@),
65(1+’8)7m(‘b(20))0é +e 2(1+,3)7r7,( ( ))ié’ arg z € (_2%70)

We have the following limit results for ¢(7) and gf) 7)
Lemma 1.10. Suppose x is in a compact subset of C and y is in a compact subset of Hp.

1. As T — —o0, we have

6+1

¢ (=) 2) = (=)~ P(2m) 72V + 1M (2) (1 4 O((—7)"71)), (37)

7 _ 041 9+1 ei —
FO((—r)" T y) = (- F D 2m) 2 VO + 16N (y) (1 + O((—r) 7)), (38)
where pMe) and dMe) are the limit functions in [52, Theorem 1.1]
1 a— 6,0 -
¢(Me)( ) = 2 1Go 0+1 < a—0+1 a—0+2 a-1 a 1’9>a (39)
9 9 9 100
ei 1,0 -
¢(M )(y> G0,9+1 (0’ —a 17704’ 797é7a yg) ) (40)

where GO f+1 ( ‘ ) and Gé 3+1 ( | ) are Meijer G-functions defined in [{2, Chapter V].

9



2. As T — +00, we have (with = _210f91

0+1

P <(cl7') o (1— 0277337)) = (c17) 70 220" = () % Cy %T%f(w;T)

>
—
N

Q:
[un

1
~(r o+1 _4 52 B /O0+1\2 1 1 _
30 () (1 = car i) = (@)@ 208 (LE1) Gk i)

x (Ai(z) + O(r73)), (42)
where c1, ¢a and f(z;7) are defined in (25).

RH problem has interesting integrable properties. In this paper, we consider only the
0 = 2 case and leave the general case to a further publication.

We have the following Lax pair for ® = ®(7) whose compatibility is described by the Chazy-I
equation [22, Equation (A4)].

Theorem 1.11. Let ® be defined in RH problem [1.§ with = 2. We have the Lax pair

d d
—®=A0, —&=DBD 43
de¢ Todr ’ (43)
where, with D = diag(1,v/2,2),
, 1
A=D(2 34y + &4 )D7, B = D(igBl +V2By)D7t, (44)
with
0 0 0 b e+ 27 -1
Ay = 1 0], A= |a —b—f+! —c+§7’ , (45)
—27 1 0 d k f+2
0 00 —C 1 0
Bi=(0 o0 o], By = f—¥2re 0 1. (46)
-1 .0 0

@T(b—kf)—(a—kk) b+§70 c

Here a,b,c,d, f, k are analytic for 7 € R and satisfy the relations

f—b—?CT—I—’y—O, (47)
a—i—k—c(’y—i—%):(), (48)

and
d+c(/<:—a)—?T(a+k)—(62+bf+f2)+;(b—f)—*y:O, (49)

10



with v = 3—16 + 15— ?—; The compatibility of the Lax pair is equivalent to the following system

of differential equations
55:—c2—b—f, (50)
\% = —cf —k+ ?T(b +c) + 3720, (51)
\ff;: —bc+a—\f7(f—l—c2)+§7‘gc, (52)
\‘2 —Obf 2 —ck4d— %f— ‘fr(bc—a—k— %c) - 372(b+f), (53)
\l;/ﬁ = b —2f —ac—d— %b— ?T(cf+a+k+;c)+372(b+f), (54)
j,i = 2cd—bk+af+§a+§k— \fr(fz —b2—ac—ck+§b+§f). (55)

Using [(A7)-(B2) to ezpress a, b, d, f and k in terms of ¢, ¢ and ¢, we obtain from and
a third order differential equation

V2

4
" +3-22¢2 + 37+ dre+ 257(1+ 30— 30%) = 0. (56)

Let y(1) = c(Z=) + 7—3, then y satisfies the Chazy-1 equation
v2) T 108

1 1
y”’—l—6y’2—|—7’y—574+6(a—a2) = 0. (57)
Furthermore, let u(t) = v2¢(1) + 5-7°, we have
4 4
(u")? + 4(u')? — 4(mu’ —u)? + g(a —a® =1 + ﬁ(a +1)2a — 1)(a —2) =0, (58)

which is a second-degree Chazy equation [23, Equation (5.6)] and can be solved in terms of the
Painlevé IV equation via the correspondence given in [23, Equations (5.41)-(5.44)].

Remark 1.12. Let v(7) = 3/6¢ (3ir/2), by differentiating twice, we have

2" T
4 + 4
which is the similarity reduction of the Boussinesq equation |21, Equations (2.9)]. This equation
has also been derived from the similarity reduction of the Drinfeld-Sokolov hierarchies
associated to the affine Kac-Moody algebra of type Agl) in [39, Equation (5.18)]. After some
gauge transformation, the Lax pair can be expressed in the form presented in [39, Example

o® 402 4’ +

+20=0, (59)

5.4]. It is worth mentioning that the similarity reductions of type Agl) give the Painlevé II and
Painlevé XXXIV equations [39, Example 5.3], and in the transition regime of the MB ensemble
with @ = 1, it has been shown in [18], [33] and [32] that the Lax pair of the model RH problem
yields the Painlevé XXXIV equation. In [39], the similarity reductions of the Drinfeld-Sokolov
hierarchies associated to the other types of affine Kac-Moody algebra are also considered; see
also [46]. For integer 6 > 2, we expect that the solution ®(§) for the model RH problem
would be related to similarity reductions of the Drinfeld-Sokolov hierarchies of type Aél), and
it will be the subject of further work.
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1.3 Strategy and organization

The main technique in the proof of Theorem [I.5is the analysis of vector-valued Riemann-Hilbert
problems, like the proof of the hard edge universality for integer 6 in [52]. The new feature in
our paper is that for each § > 2, the (#+1) x (#+ 1) model RH problem for the local parametrix
at 0, the left-end point of the equilibrium measure, is new and has new integrability, see Remark
The solvability of the new model RH problem is non-trivial, since it does not have an
explicit construction as for the hard edge model RH problems in [52] by Meijer G-functions. We
prove a vanishing lemma to guarantee the solvability. We remark that the vanishing lemmas
for RH problems of dimension greater than 2 are rare. To our limited knowledge, we only know
that Charlier and Lenells have worked out one vanishing lemma for a 3 x 3 RH problem in a
quite different setting [12].

This paper is organized as follows. Section [2] provides results about the equilibrium measure
that will be used in Sections 3| and Section [3| contains the RH problems for the proof of
Theorem Section 4 contains the additional RH problems for the proof of Theorem
Then in Section [5| the two theorems are proved. Theorem is proved in Section [6] Theorem
[L.11]is proved in Section [7} Finally, Theorem [I.7)is proved in Sections [§ and [9]

Notations Throughout this paper, the following notations are frequently used. We denote
by Cy ={z € C | £3z > 0}, by D(z0,9) the open disc centred at zy with radius 6 > 0, i.e.,

D(zp,0) :={z2 € C: |z — 2| <0}, (60)

We use J,, to denote the n dimensional reversed identity matrix (6j7n_1_k)?;i0.
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2 Equilibrium measure in transition regime and soft edge regime

For any u,v,w € Ry, let, with the power function taking the principal branch,

S

Tuu(s) = (us + ) <8 + 1) ‘) and Tu(s) = Juw(s). (61)

2.1 Equilibrium measure in transition regime without deformation

We assume that the potential V' satisfies Regularity Conditions and such that the
support of its equilibrium measure is [0, b]. Recall ¢ defined by .

The equilibrium measure for V' is described by J.(s), as shown in [19, Theorem 1.11]. Here
we recall the results there and set up the notation to be used later. Let 3 C C4 be the curve
connecting —1 to 1/ such that J. maps v; to the interval [0,b]. Then let v =77 € C_ and
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v = 1 U2 be the closed contour oriented counterclockwise and D be the region enclosed by ~.
Recall that J. maps C\ D to C\ [0,b] and D \ [-1,0] to Hp \ [0, b] univalently. Then we define
I;(z) and Iy(2) to be the inverses of J.(z) on C\ D and D\ [—1,0] respectively. Also we define
I;(x) (resp. I_(x)) to be the inverse of the map J.(s) from 7y (resp. v2) to [0,b]. We have as
z — 0 [52, Equations (3.26) and (3.27)]

i 0 0

Il(z): _1+c_$ % eo+ jr zZ 0+ 0(1“—0( z 0+ 0))7 arng(O, ) (62)
e T2 (L + 0(2741)), argz € (=, 0),
_mi 0 e =

IQ(Z) — _1+07$ X € 7j+ @+ ( ( : ))’ a‘rgze (0’5)’ (63)
e (14 O(:7)),  argz € (—5,0).

We denote the so-called g-functions and their derivatives [19, Equations (4.4), (4.5) and

(4.9)]
b b ~
8C) = [ loaz—uwl)dn. B = [ s iy G = (). G =E(),
(64)
where the functions g(z) and g(z) are analytic in C\ (—oo, b] and Hp \ [0, b] respectively. We let
¢(z) = g(2) +8(2) - V(z) - ¢, ¢ = (g)+(0) + (8)+(0) — V(0), (65)

where ¢ is the same as in @ and .
We define [19, Equation (4.12)]

Nin(s) = o= ¢ YUE) g €D\ [-1,0
N(s) = (8) = om U 5_ 6) i \L ) where U(z) = zV'(2). (66)
Nout(s) = =57 ¢, _8 d¢+1, seC\D,

Since J,(s) is analytic in C \5, we can enlarge y; to a contour 7o, that encloses v and use this
contour instead of v to evaluate the integral for Nj,(s) in , and we find in particular that
Nin(s) is analytic in neighbourhoods of —1 and 9_1.~

By [19, Equations (4.10) and (4.11)], G(2) and G(z) in can be defined by N(s) by

N(s) = JC(S)G(JC(S)), s€C\ D, (67)
Je(8)G(Je(s)), s€ D\[-1,0],

0(@) = 5= (G (2) ~ @) = T (NinlL () — Nan(I(@))) o
21
= (G ()~ G () = S (Now (L&) ~ Nowa (T4 (2)).
The limit behaviour of ¥ (x) as z — 0 stated in implies
NL(~1) = 217”7{ st =0, NI'(- 27”7{ =241,  (69)
Yout You

where A; is a positive number determined by dy in .
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Since the density ¥ (x) and related functions are expressed by N(s), Regularity Condition
can be expressed as conditions on N(s). For example, part [2| of Regularity Condition is
equivalent to

_ 1 U(J:(s))
N/glzf e ds > 0 70
m( ) 271i - (S _9_1)2 s> U, ( )
and part [3]is equivalent to
¢(z) >0, =z € (b +00), (71)

which is a property of N(s) since ¢(z) is related to N(s) by (64), and (67).

2.2 Deformation of the equilibrium measure: algebraic setup

Now we consider the deformation of the equilibrium measure when the potential function V()
is replaced by V;(z) such that ¢ is close to 1.
Recall the contour 7oyt defined in Section We define real-valued functions

1 w.v 1 u,v
Blu,0) = - j,{ UlJu(s)) Flu,0) = - j,{ Uue(®) yo o (79)
21 Sy St 270 Sy s
We want to solve, for ¢ in a small neighbourhood of 1, the equation that
F(U, ’U) = (1 + H)ta E(uv U) =t, (73)

such that u,v are in the vicinity of c.
To solve ([73), we need some preliminary results. By [19, Equations (1.27), (1.41) and (1.42)],
we have

F(e,e) =146, E(c,c) = 1. (74)
Next, we denote
Ay = 1% T2V (Ju(8)) s = 1% J()U' (Ju(s))———ds,  (75)
2o f e 02T T omi [ s +1)2
1 1 1
A - 2 1" . d - . / . d _ 1’
3= 5— ]{m Je OV (Jel8)) s 7ds = 5 MJ ($)U(Jels)) 577 ds (76)

where the second identity in is due to , and the second identity in is due to .
Using the integral representations of As and As involving U’(J.(s)), we have that

0+1 1 s—071 1 S
As+1——Ay = — "(J. (8)———=ds = — "(J. ! d
1= T A= s V)R pts = g U )ILe) s
1 1
- — U(J, —— _ds=0, 77
omi 7{0“ (Jels) oy e (77)
where the last step is due to .
Also we define
H(u,v) = (146 E(u,v) — 0~ F(u,v). (78)
For any z € R,
61 f+1 1 11 , ,
H(Z‘,w) = % %YOUt U(Jx(s)) <5 1 - 8) ds = ;% %{O‘lt \% (Jx(S))J (S)dS =0. (79)
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By (78], the solution (u,v) of also satisfies H (u,v) = 0. We have that, for any =z € Ry,

OH OH 11 , , B
% S + % R == ;% . U (JI(S))J (S)dS = 0, (80)
and also by
OH 11 1 11 1
—_— =—-— U'(J.(s))J ds = —— U(J.(s))———=ds = 0. 81
0V |,_pee C€2mi %Ym (Je(s)) (8)3 1T com ?iout (Je(s)) (s+1)2 y (81)

Hence, (u,v) = (¢, c) is a critical point of H(u,v). The Hessian of H(u,v) at (c,c) is

o o 1 (hy In
Hy = aﬁi Yov | — , 82
=\ )= e "
where
h :17{ i(ﬁ(s)v”(J (s))) Lds E=0,1,2 (83)
" omi ), ds Ve ¢ (s+1)2
Using , we have
0+1 1
Ay — (A + =h
2 7 ( 1+ 0)
1 1 f+1 1 1
= U (Jo(8))Jo(8) ———ds — —— — U'(Jo(5))Je(8) ———d
i VOO (s = g U O)0) (g
1 d s
= — (U(Ju(s))) ———d (84)
27T'l out dS( (J (S))) (S+1)2 S
1 1 1 2
=_— o(8) ———ds — — o(8) ————d
i U s 5 UL s

= 0—24; = —24,

Hence, we derive that
20 2(0-1)

R (85)
Noting that
ha + 2By + ho = 174 APV (Juls))) ds = 0 (86)
P T o L, ds Ve ¢ ’
Iy + ho = 174 PV Is) —ds= 2§ PV (Jels) e ds = Ay
270 ds * ¢ s+1 27i ¢ (s+1)2 i
Yout Yout (87)
we have that
2 206 — 1) 0—1 2(0 — 1)
—__Z A A S Ay — A;.
ho 1 2 + g1 v hy a1 i1 (88)

We find that det(Hpy) = —c~*A2%. Assuming the technical condition in Theoremthat A #0,
we see that there are exactly two directions, along which the vectors v; satisfy o;H Hf)’z-T =0. It
is easy to find that these two directions are represented by

v = (1,1), Uy = ((0 —1)A; + 0A2, (0 — 1) A1 — A3). (89)
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Then for u,v around ¢, the solutions to H(u,v) = 0 lie on two curves C, Co which pass (¢, c)
and they have tangent vectors ¢, and ¥5, respectively. Moreover, by , we have that Cy is
the straight line {ut} : u € R}.

Along (1, let us denote the solution to locally around (c, c¢) by (¢(t), c(t)). Then ¢(t) is
analytic around ¢ = 1, and its derivative at ¢t = 1 satisfies

, /
| _ dE(e(t) )| _c (1)1% U'(Je(s))Je(s) (90)
dt t=1 & 27TZ Yout § + 1
Since by and
1 "(Je c 0+1
% U Iels) gy 4 gy = 041y, (91)
270 S s+1
we conclude that 0
Cl(l) c — ¢ (92)

T4 Ay (04 1Ay

Along C, let us denote the solution to locally around (¢, ¢) by (¢1(t),co(t)). Then ¢ (t)
and co(t) are analytic around ¢ = 1, and their derivatives at t = 1 satisfy

c1(1) = ((0 = 1) Ay + 0 Az)w, co(t) = ((6 — 1) A1 — As))w (93)

for some w. We have

Oc
(02 —1)A1 Ay’

because we have, with the help of , and

w =

(94)

. dE(Cl(t), Co(t)) _w 1 , ((0 — I)Al + 9142)8 + ((9 — 1)A1 — AQ)
e e =% O - ds
_w (9—1)A1+9A2 , s s 1 8_(9+1)A2 , 5 5 1 <
== [ -~ ﬁmU(u D els) o }émU(Jc( ))Je( )(H%g)}
wh?—1
== z 0 AIAQ.

2.3 Deformation along ¢} when |t — 1| is small

In this subsection and the next, we assume that ¢ is in the vicinity of 1, and denote u =t — 1.

Recall ¢(t) defined in Section We let b(t) = c(t)(1 4 6)'+1/9/6. Then Jory maps C\ D
to C\ [0,b(t)] and D\ [—1,0] to Hp \ [0, b(t)] univalently. We define I; ;(2) and I¢(z) to be the
inverses of J.;)(2) on C\ D and D\ [—1,0] respectively. Also we define I () (resp. I_ ;(z))
to be the inverse map of J(s) from 71 (resp. 72) to [0,b(t)]. We have

C

Jc(t)(s) = 7Jc(8), I*Vt(z) =1L (C(t)

Z) y * = 1727+7_' (96)
Let, analogous to ,

Nyin(s) = == Ut(Jc(t)(f))d 1 cD\I-1.0
Nt(S) — t, (S) 211 o 5{-(?] (Si 9 S \L 9 ]7 Where Ut(z) — Z‘/Z(Z).
Nt,out(s) :_2%”- ng(t;df-f—l, SE(C\D,

(97)
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Like in the formula for Nin(s) in Section we can use 7oy instead of v to evaluate
Niin(s). We find that Ny i,(s) is analytic in neighbourhoods of —1 and 671
Since (c(t), c(t)) satisfies (73)), we have that

Nian(=1) = %E(c(t), ot)) —1 =0, Nian(0) = %F(c(t), (B —1=0. (98

We define the functions Gy(z) and Gy(z), which are analytic functions on C \ [0,b(t)] and
Hpg \ [0, b(t)] respectively, by

Ni(s) = {Jc@)(s)gtuc(t)(s)), s€C\D;, (99)
ey (8)Gt(Jer)(8)), s € De\ [-1,0].
Like (68), for all = € (0,b(t)),
(Go)- (@) ~ ()4 () = 2 (Nign (T (2)) — Nogn(11(2)) 00)
= o (Nt (T (2)) — Nooue (L1 4(2))) = (Go)—(2) — (G} (2),
and then we define
Uil@) = 5=((G) () — (G)+ () = 5=((Go) (&) — (@) (@), (101)

and define the functions g;(z) and g;(z), which are analytic functions on C \ (—oo, b(t)] and
Hpg \ [0, b(t)] respectively, by
gi(2) = Gu(2), Biz) = ét(z)a and  lim gi(z) —logz = lgm 8t(z) — log 2 =0. (102)

Z—00

Then let

D1(2) = 8(2) + 8(2) — Vi(2) — &, b = (8)+(2) + (8)5(2) — Vi(x) for z € (0,0(2)). (103)
We note that

b(t) 1 b(t) 1 b(t)
/0 Yi(z)de =5 — (Gi)-(2) = (Gi)+(x)dz = 5 — /0 (Gi)-(2) = (Gi)+(z)da

21 21
G( s))dJ.
2%1% t( () (104)
1 Niin 1 Niin
=071 — = ()d (1+67"5= 7{ tinl®) g,
211 Yout s 211 vour ST 1

=60 "Nyjin(0) — (1 + 6" )Nyjn(—1) = 1.

When ¢ = 1, all these notions above coincide with those defined in Section without
t. Since J.u(s) depends on t analytically, we find that if [t — 1| is small enough, Regularity
Condition still holds. Although we have not verified that v¢(z) defines an equilibrium
measure, by the discussion at the end of Section Regularity Condition [I.1] can be expressed
as conditions on N (s), and we find that these conditions hold on N;(s) if |t — 1| is small enough.
To be precise, we have

Regularity Condition 2.1. Let €1 and €5 be small enough positive numbers. There is d; > 0,
such that for all ¢t € [1 — 61,1+ 01],

1. ¢ (x) > 0 strictly for all = € [e1, b(t) — ea].
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_ 1 Ut(Jery(s))
foe ) = j{ ————ds >0 105
t71n( ) 2mi -~ (8 — 9_1)2 s >0, ( )
or equivalently, there is a positive number dy; = dg’?) and &9 > 0 depending on ey, such
that
(@) = dog(b(t) — 2)2 (1 + hay(2)), @ € (b(t) — ea,b(1)), (106)

such that hg (z) — 0 as @ — b(t)_ and |ho(x)| < d2 for all z € (b(t) — €2, b(t)).

dr(x) >0, x € (b(t),+00). (107)

The function N¢i,(s) depends on ¢ analytically. From we have that Ny ;,(—1) = 0. We
also have, by , and ,

d 1 SU( Ty (9))],_
%Nt’in(_l) v 2mi j{out (s+1)2 ~ds
d(1) 1 U(J.(s)) d(1) 1 " ds
- () e Ve Mol
- <Clcl) - 1) O Clcl)f42 - eir

By (99), and (108, we have that when [t — 1| is small,

Niin(s) = u(s+1)+A1(s+1)24+0 W% (s+1) +O(u(s+1))+0((s+1)3), s— —1. (109)

0+1
and N out(s) has a similar asymptotic expansion since for s in the domain of Ny oyt (s) and s is
close to —1,

Nt,out(s) = Ut(Jc(t) (3)) - Nt,in(s)- (110)

We have that as z — 0, the limits of I ;(z) and I ;(z) are analogous to those of I;(z) and

I5(z) given in and (63), with ¢ replaced by ¢(t) there. Noting that c¢(t) = ¢+ O(u), we have
(p is defined in (7))

pegflzz;i(l + O(u) + (’)(zG%OH))
V/(2) +9$1u0_%e£1 zﬂ;Jrll(l +O(u) + O(z%)), argz € (0,7), (111)
= z)— i —
T eI (14 Ow) + O(z7))

Gu(2) = Gl (g (2))) = - Nygn(D2(2))
pe TH 205 (14 O(u) + O(271))
Lo w4 o (112)
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From the asymptotic expansions of G} and ét, we have that for x close to 0,

i) = i (14 O(u) + O(x f))+(9$‘1)ﬂceﬁsm <gil)xe+ﬁ(1+0( )+ O(a#i)).
(113)

Remark 2.2. Given a small enough ¢; > 0, if uw = ¢t — 1 is a small enough positive number,
we have that 1 (z) is positive on (0,¢;) and v;(x) blows up as 2~ +1) at 0. Hence, by [19,
Theorem 1.11], du?) = o(x)dz supported on [0,b(t)] is the equilibrium measure of V;, and
it satisfies Regularity Condition However, if u = t — 1 is a negative number with small
magnitude, ¥:(z) is not the equilibrium measure for V;(x). It is not even a probability measure
since it is negative in the vicinity of 0.

Equation (104)) implies (g¢)+(0) — (g¢)—(0) = (8¢)+(0) — (g¢)—(0) = 27i. Then we have the
asymptotic expansions for g;(z) and g;(z) defined in ((102))

g:(2) = R(g1)+(0) + Vi(2) — Vi(0)

—m’—l—%iolpe%lzf) 1(1+(9(u)+0(,2%))
[’}
Fuc” 7+ eo+1 2041 (1 4+ O(u) + O(27+1)), argz € (0,7),
260 [

o Ry Vs (114)
i + ot pe” 127 (1 + O(u) + O(2741))
[ T [ 0
Fuc T e T2 (1+ O(u) + O(2741)),  argz € (—m,0),
i+ G pe” P27 (14 O(u) + O(274))
[ [ [
~ ~ tuc T e 051 2741 (1 4+ O(u) + O(2 741 , argze€ (0,%),
gt(z) = R(g:)+(0) + ey 2m 279( (u) +O( i)) g€ (0.3) (115)
—mi+ g pet 20 (1+ O(u) + O(271))
-I-UC_%eeleeoﬁ(l—}-O(u)—l—O(z%) , arg z E( CR 0)

where (gt) (0) (resp. (g¢)+(0)) is the limit of g;(2) (resp. g:(2)) as z — 0 from Cy (resp. (Hp) ).
Then ¢4(z) in . has the asymptotic expansions

27 — 9+17Td12(2’96( ; O(u) + O(z QL)) .
i () 157 (14 0() + O, argz € (0.5,
o1(z) = 27Tz—|—0+17rd112f +O(u )+O( %)) (116)

[

+2uc” 9+1sm(0+1) "i( (u) + O(27+1)), argz € (—7%,0).

Similarly, from (105) and (106)), let €,6 be small enough positive numbers, we have for
te[l—0,146] and z € D(b(t),€) \ [0, b(¢)],

I

6u(2) = — 5 (e — B(O)F (1 +O(: — b(1)), (117)

where the term O(z — b(t)) is analytic there.

Remark 2.3. This result of the equilibrium measure holds for all # > 1, and essentially also holds
for € (0,1). However, it does not hold for # = 1. For # = 1, in the hard-soft edge transition,
the behaviour of the density near the edge is not O(z(@=1/+1)) = O(1), but O(z'/?), see [33],
132].
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2.4 Deformation along C'; when 1 — ¢ is small positive

For Vi(z) defined in with w =t —1 < 0, and |u| small, by and we have that

B Oc (0 —1)A; +0A 9 B Oc (60 —1)A; — A 9
cl(t)—c+02_1 1A, u+ O(u”), co(t)—c+02_1 A, u+ O(u”).
(118)
We define, like [19, Equations (1.38) and (1.39) and Theorem 1.12],
0—1 1 .
0 = = 5 = e\ ) + 0= 12G0. ) = an(sa®) (119)
-1 1 - .
() = = 57 + eV DD + 0= 1PR0. K1) = T (sa®). (120
and have
1
B Ou 9 fon 0 —u\'te
Sa(t) = -1 + m + O(U ), a(t) = 96 <92_1141> (1 + O(u)), (121)
h=1- " ou b(t) =b+ (0 +1)7——u+Ou?) (122)
T T A - At TR

We define, for such ¢, 41, to be the curve connecting s,(t) to sy(t) such that J, (1) c,(+) maps
41+ to the interval [a(t), l;(t)], and then 49 = % C C_ and 4 = 41,4 U2, to be the closed
contour oriented counterclockwise and Dy to be the region enclosed by 4;. Then J., (4) ¢, (¢) maps

C\ D to C\ [a(t),b(t)] and Dy \ [1,0] to Hy \ [a(t), b(¢)] univalently. Then we define T 4(2),

I4(2) to be the inverses of Jer(8),e0(t)(2) on C'\ D; and Dy \ [~1, 0] respectively. Also we define

L4 (z) (resp. I_(z)) to be the inverse map of J, (1) ¢ (1) () from 41, (resp. 42,) to [a(t), b(t)].
Let, analogous to and , with U; defined in ,

: Niin(s) = ok i, “aga®@ae —1, s e D\ [-1,0],

= 2m t4 £—s

Ni(s) =14 . Af (123)
Nt,out(s) = _% e de + 1, seC \ Dt.

Like in Sections and we can deform 4; to a slightly larger contour 7,y that encloses 4,
in the evaluation of Ntyin(s) in (123]). For ¢ close to 1, we can take o, the same as in Sections
and independent of ¢. In this way we find that ]\Aftin(s) is analytic in a neighbourhood
of —1 including s,(t), and a neighbourhood of §~1 including sy (t).

Since ¢1(t), co(t) satisfy , we have that, like ,

Rin(-1) = Tt cot) ~1=0,  Nuw(0) = 1 Fler() oft) ~1=6.  (124)

By the identity

1 1 -t 67! 1 d
o Ut(JC1(t),Co(t)(£)) ( co(t) + ) dé f V(JC1(t),Co(t) (5))d£ = O’

- 5 . oVt
2mi Yout 2mi Yout dé.

(125)
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we derive that

o), 1 I
Nt,ln(_T(t)) = i %yout Ut(‘]q(t),co(t) (5))€ o+ 2‘;53 d£ 1
1 -1 071
=5mi P Ul (€) <—8 1t 8) e —1 (126)
= 2 (~B(a(0) co(t) + Flea(t) co(t))) ~ 1
= 0.

We define the functions Gy(z) and Gy(z), which are analytic functions on C \ [a(t),b(t)] and
Hy \ [a(t), b(t)] respectively, by

Nt(s) _ {JCl(t),Co(t)(8)§(J01(t),co(t)(S))a outside :Yt7 (127)
Jer (8),00() (8) G (e (1),co (1) (8)),  inside Fy.
Like and (100, for all z € (a(t),b(t)),
(Go)—(x) = (Gi)4(2) = a7 (Ne Xy 4(2)) = Npin(I-¢(2))) B R (128)
= (Nout (T 4(2)) = Niout(I+4(2))) = (Go)—(z) — (G)+(2),
and then we define
Gi(@) = == ((G)—(@) — (C)+ (@) = 5= ((Gr)— (@) — (o) (@). (129)

211 211

Then we define the functions g(z) and g,(2), which are analytic functions on C \ (—oo, b(t)]
and Hp \ [0, b(t)] respectively, by

~ ~ ~

g()=Gi(2). ()= Ci(:). and  lim g(z) ~logz = lim §,(=) ~log=’ = 0. (130)

zZ—00

From the formulas of Gy(z) and Gi(z), we can find the expressions of g:(z) and ét(z) by
integration. At last, we define

0i(2) = 81(2)+8:(2) = Vi(2) —br, b = (&) () + (&)=(x) = Vi(w) for w € (a(t),b(t)). (131)
We note that, like ,

bt) ) 1 b ~ ~
/ dewydr =5 [ (G @)~ (@@= o [ (G0 () ~ (G ()

A(t) 27 Ja)
-1
27’['Z At Gt(J (t )’Co(t)(s))djcl(t)’co(t) (S)
ST Y PNC I B G PO B § o) 152)
211 Yout S 2mi Yout s+ 1 2 Yout § + Eo(t)

=60 Nejn(0) = 07" Nyjn (—1) — N (— cOEg) =1
C1

When ¢ = 1, the notions s,), Sp(), a(t), b(t), A1ty A2.6:5¢ Dty Nijn, Nt’out, Ny, Gy, Gy and
1@ above coincide with —1, =1, 0, b, v1, ¥2,7, D, Nin, Nous, N, G, G and 1 occurring in Section
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respectively. Since J, (1) co(¢)(s) depends on ¢ analytically, we find that if —u=1—tis a
small enough positive number, the Regularity Condition [1.1] still holds, except for the strict
negativity of (| . on (0, a(t)) which will be discussed in part [} I 1| of Proposition To be precise,
we have

Regularity Condition 2.4. Let €1 and €5 be small enough positive numbers. There is d; > 0,
such that for all ¢ € [1 — 6;,0],

1. tpy(x) > 0 strictly for all z € [a(t) + €1, b(t) — ea].
2.

1 Ui(J. t),ca(t) (5))
N, d 1
fnlown) = 5 s > 0, (133)

or equivalently, there is a positive number alg,t = dgtt ) and 62 > 0 depending on €2, such
that

Ge(@) = doy(b(t) = 2)3 (1 + hoa(a), @ € (b(t) — ex, b(1)), (134)
such that }AlQ,t(.T) — 0 as z — b(t)_ and |l12t(x)l < 8y for all z € (b(t) — ea, b(t)).

bi(x) >0, x € (bt),+0). (135)

Since the function Nt,in(s) depends on ¢ analytically, we have Nt,in(s) = Nin(s) if t = 1.
Also we have (noting that J.(1) .1)(s) = Je(s))

d
da At/in( 1) — 1% @t Ut(Jei(),c0(t) (8 lt 1 s
dat " =1 2mi Sy (s+1)2
_ / /
R (O PRCIUR WY g AC AL
21 Jy (8+1) c 2mi ), (s+1)
L o) —a) 1% Jc(S)U’(Jc3(8))ds (136)
c 2mi Sy (5+1)
A, -4 (o 2
o Az + c 0+1 A+9+1A1
-9
6—1
By (124)), and (136]), we have that

]\Afmn(s) = — u(s—l—l)—i—Al(3—1—1)2—1—(’)(u2(s+l))+0(u(s+1)2)+O((3+1)3), s — —1. (137)

0—1

when t is small, and Nt,out(s) has a similar asymptotic expansion since for s in the domain of
Niout(s) and s is close to —1,

Nt,out(s) = Ut(JC1(t),co(t)(3)) - Nt,in(s)- (138)

Now we consider the behaviour of 1; +(2) and I 4(z) around 0 and a(t). To this end, we use

the functions defined in Appendix C}, namely J®™) defined in (506) and igpre) and igpre) as the
inverse functions of J®) We denote, for u =1t —1 < 0,

2 _
k:(u)ze 1 Ay

K(u) = e (@:Z) o (139)

) 5
61+m —U
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We have that if (—u) is small and |s + 1| is small, then K (u)J®™®) (k(u)(s + 1)) is an approx-
imation of J., () co()(s). Hence, —1 + l{:(u)_ligpre)(K(u)_lz) and —1 + k:(u)_ligpre)(K(u)_lz)
are approximations of Iy ¢(z) and Iy (z), respectively. To be precise, if € < 0 is a small positive
number, C' be a large positive number, and for all ¢ such that (1 —¢)C < €, we have

fui(z) = =1+ k()0 (1P (o (K@) %)), 2 € C\ (@), b(1)) and |2 < ¢, (140)

Lu(x) = = 1+ k@ (1 (o (K()™2)), = € Hy \ (alt),b(t)) and |2] < ¢,
(141)
where g(()l) is a conformal mapping from D(0, K (u)~1€') to C, g(()2) (z) is a conformal mapping
from D(0, K (u)~1e') NHy to Hy, fél)(s) is a conformal mapping from D(0, k(u)e”) N (C\ D(Pre))
C, and féz)(s) isa conformal mapping from D(0, k(u)e”) ND®) to C, where D) is defined
in Appendix |C] and ¢’ > 0 is a constant depending on €’. All the four conformal mappings are

close to the identity mapping, in the sense that for ¢ = 1,2, there is ¢/ > 0 and ¢’ € (0,1) that
(4)

for z,s in the domains of g;’ and fo stated above,

198)(2) = 2| < (~u)C'|2, 1187 () = 8| < (—u)C|s], EREEes (142)
198" (2) = 2| < &), |ﬁ%$—ﬂsym, EREEYes (143)
From the asymptotics of il,t( ) and Ig 4 140)) and (141]) and the asymptotics of N, in(9)

in (137), we derive the asymptotics of Gi(z ), t( ), g:(z) and ét( ) from (130)) and ([127), and
also the asymptotics of ¢;(z) in (131)), if z is close to 0. We are not going to state the detailed

results of their asymptotic expansions, and only state the following rough estimates:

Proposition 2.5. Let e,e’Abe two small enough constants. For allt € (1 —€,1), dp\V)(z) =
Y (x)dx with support [a(t),b(t)] is the equilibrium measure for Vi, and satisfies Regularity Con-
ditions[1.1] and[1.5 Also there is § > 0 depending on € and €, such that

1. For all x € [0,a(t) — 6'(—U)9%51];
Ry () < —0(—u)?. (144)
2. For all x,y € |0, e’(fu)%],
&1(x) + 8,(y) — Vi(z) — &y < —0(—u)*. (145)

3. For z € D(b(t),€) \ [a(t),b(t)] and = € D(a(t), e(—u) D7)\ a(t), b(¢)].,

Bu(z) = = (s = ) E(1+ O~ 6(0)), (146)

4 A 0+1

di(2) = i (—u)di((~u)” 7 (= = (1)) (L+ O((~u)

0+1
0

(2 — a(t))) £ 2mi, (147)

where dy ; and day are positive for all t, the term O(z —b(t)) is analytic in D(b(t),€), and
the term (’)((—u)fe%l(z —a(t))) is analytic in D(a(t), e(—u) @D/,
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2.5 Deformation along Cy when ¢ € (0,1)

Generally, the local argument in Section [2.4] cannot say much about the equilibrium measure
for V; if t < 1 is not close to 1. In this subsection, we take the assumption that V; is one-cut
regular in the soft edge regime, and its equilibrium measure 1(V?) satisfies Regularity Conditions
and as in Theorem In other words, the equilibrium measure 1(**) constructed in
Section [2.4) for t € (1 —¢,1) can be extended to t € (0,1). We note that by [19, Theorem 1.11],
the equilibrium measure (V%) is determined by ¢ (t),¢co(t) that are solutions to for w,v
respectively. The assumption implies the following result.

Proposition 2.6. Suppose V; satisfies Regularity Conditions and . For all t € (0,1),
there are c1(t) and co(t) that depend on t continuously and coincide with c1(t) and co(t) obtained
in Section[2.f) when 1 —t is small positive, such that if we use ([119), (120), (123), ([127), (129).

" ’ " to d@ﬁ?}@ Sa (t)) Sb(t)v d(t)v B(t)7 Gt, é’tv &t) gh ét’ gt} and then deﬁne dﬂ(Vt) = th (Cl?)dl‘

supported on [a(t),b(t)], then 1(V?) is the equilibrium measure associated to V.

Furthermore, Proposition [2.5 and (146)), (147) hold uniformly for all t € (e, 1), where € is
any small positive number.

3 Asymptotic analysis of the RH problems for p, and ¢, in the
transition regime

As mentioned in Section [I.3] we prove Theorem by studying the asymptotics of vector-
valued Riemann-Hilbert problems for the biorthogonal polynomials defined in (|12)); see [52] for
a similar strategy for the hard edge universality of Muttalib-Borodin ensemble. In the transition
regime considered in this section, we focus on the construction of the local parametrix near the
origin by using the solution of the new model RH problem

In this section, we assume that (t — 1) = O(n"1/2), and let ¢ be expressed by 7 € R in (7).
We abuse the notation to write ¢, g, g, ¢, ¢, b, I, Is, V and J. to mean ¢(t), g, &, ¢+, ¢t,
b(t), I ¢, I, Vi and J4) that are defined in Sections and When t = 1, these notations
become identical to those in Section We suppress the ¢ dependence in these symbols, not
only to shorten the expressions, but also to make our presentation parallel to that in [52] so
that we can refer arguments there more easily.

3.1 Asymptotic analysis of the RH problem for p,
3.1.1 Transformations Y - T — S — @), and local parametrix around b

This section is parallel to [52, Sections 3.1-3.5]. When we implement ideas from [52], we only
give details when it differs from their counterparts in [52], and refer the reader to corresponding
sections and equations in [52] for details.

Let pn(x) be the monic biorthogonal polynomial defined in , we define its Cauchy-like
transform [52, Equation (2.24)]

1 > Pn T a_—nV(z
Cpn<z>—zm/0 xefz)ex eV @dz, 2 e Hy\ [0, +00), (148)

and denote the vector form Y = (Y1,Y2) := (pn,Cpy) as in [62, Equation (2.23)]. Then it is
known that Y satisfies the following vector RH problem; see [52, RH problem 2.2].

RH Problem 3.1. Y = (Y1,Y3) is a vector-valued function defined and analytic in (C,Hpy \
[0, +00)).
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1. Y satisfies the jump condition

1, .a+1-0_—nVi(z)
L gz c > x> 0. (149)

Vi) = V-0 g 1

2. As z — oo in C, we have Yi(z) = 2" + O(2" 1), and as z — oo in Hp, we have Ya(z) =
O(Zf(nJrl)@).

3. As z — 0in C, we have Y1(2) = O(1), and as z — 0 in Hp, we have

0(1), a+1-0>0,
Ya(2) = ¢ O(log 2), a+1-60=0, (150)
Oz, a+1-6<0.

4. For x > 0, we have the boundary condition Yg(e%x) = Yg(e_%ix).

Recall the functions g, g and constant ¢ (g;, g; and ¢; before the t-dependence is suppressed)

defined in and (103)). Let [52, Equation (3.1)]
T(z) = (Ti(2), Ta(2)) i= (Yi(2)e "8, Ya(2)e"®)70), (151)

Recall number b and function ¢ (b(t) and ¢; before the ¢-dependence is suppressed) defined in
the beginning of Section and equation , respectively. Let X1 € (Hy N C,) be a contour
connecting 0 and b, 3o = X7 C (Hy N C_) like in [52], Figure 2], and let 3 = [0, +00) U 31 U X
like in [52, Equation (3.7)]. Moreover, we let the “lens” be the region enclosed by ¥; and X,
and the upper/lower part of the lens be the intersection of the lens with Cy. We then define,

analogous to [52, Equation (3.6)],

T(z), outside the lens,
1 0
T(z , lower part of the lens,
S(z) = ® —tr=ge " 1) P (152)
T ! 0 t of the 1
(2) 72(”0179 iz 1) upper part of the lens.

We have that T'(z) and S(z) satisfy Riemann-Hilbert problems, as stated in [52, RH problems
3.1 and 3.2]. We remark that in [52, RH problems 3.1 and 3.2] the g, g and ¢ are associated to
the equilibrium measure, and our g, g and ¢ are associated to the equilibrium measure only if
7 < 0, as explained in Remark However, the derivation for [52, RH problems 3.1 and 3.2]
does not rely on the relation to equilibrium measure.

Next, we recall the functions I, Iy and parameter ¢ (I ¢, I and ¢(t) before the t-dependence
is suppressed) defined in Section and the beginning of Section We construct the global

P.

parametrix P()(z) = (P{*(z), P\°*® (2)) such that [52, Equations (3.19) and (3.20)]
P (2) = P(Li(2)), zeC\[0,0)], (153)
P (2) = P(Ia(2)), 2 €Hy\ [0,0], (154)
where, with D and ~; defined in Section [52, Equation (3.18)]

t (=), sec\D,

_ ) V) (—s0)
73(8) — Ca+$1—es(z+slb)a+1—9 s D7 (155)
04/ (s+1)(s—sp)
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6—a—1
6

such that s, = 1/, the branch cuts of /(s + 1)(s — s3), (££1)

along v1, [—1,0] and (—oo, —1] respectively.
Then the function [52, Equation (3.29)]

and (s41)2t19 are taken

Q=) = (Q1(), Qa(2)) = ( e 5(e) ) (156)
P(z) Py(z)
satisfies the Riemann-Hilbert problem stated in [52, RH problem 3.7].
Analogous to [52], the local parametrix near the right ending point b can be constructed in
terms of the Airy parametrix. Let € be a small enough positive number. We define, for z in a
neighbourhood D(b,€) of b, [52, Equation (3.35)]

ile) = (—2¢(z)>§ . (157)

Due to (117)), we have that it is a conformal mapping with f,(b) = 0 and f;(b) > 0.

In Appendix the 2 x 2 matrix-valued function WA which is the well-known Airy
parametrix is defined on C \ T'p;, where I'y; = 6_%[0,4-00) URU e%[o,—l—oo) is the jump
contour specified in RH problem We define [52, Equation (3.38)]

‘ ~56(2) 5(0) 0
PO () = O (L) pAD) (3 e 2" (2) . : 158
= BOEE i (T (158)
where [52, Equations (3.37) and (3.43)]
(0—a—1)/2 (at+1-0)/2
b z b Z

g% )(Z) = (c0) ) gé )(Z = (c0) ) (159)

P (2) 0Py (2)

(b) - 1 1
®)(5) = L g1 (2) 0 o Tios 1 —1 nefb(z)4 0
v ( 0 gé”><z>> (1 1> ( 0 ﬁ,@i)- (160)

We have that P(®)(z) satisfies a RH problem; see [52] RH problem 3.9]. Now we specify the
shape of 31 (and then X5 = ¥1) in D(b,€) as fb_l({e% [0,4+00)}) N D(b,€). Then we define the
vector-valued function V() by [52, Equation (3.46)]

VO(2) =Q(z)PY(2)7", z€ D(b,e)\ %, (161)
which satisfies the same RH problem as [52, RH problem 3.10].

3.1.2 Local parametrix around 0

A local version of the RH problem for ¢ Let » = r, be a small positive number that
depends on n as in below. We specify the shape of ¥; (and then Y5 = 31) in D(0,7) as
{ze€C:argz=7/(20)} N D(0,r). Then we define § + 1 functions Uy(2),U1(2),...,Ug(z) [52,
Equations (3.51) and (3.52)], see also [52], Equations (3.48)—(3.50)] E|

Up(2) = Q2(2
Us(2) = Qu(z8e™7m), 2 e DO,r)\ {(—® %) U (—ir®, ")}, k=1,2,....0. (163)

Then U(z) = (Up(2),...,Uy(z)) satisfies [62, RH problem 3.11], which is stated below for the
completeness.

S

), z € D(O,TO) \ {(—7“9,7"9) U (—ire,ire)}, (162)

S

Tn [52] Section 3.6] there is a notational mismatch: r = r, in the beginning of [52, Section 3.6] and [52, RH
problem 3.11] is equivalent to 7% in [52, Equation (3.116) and later]. We follow the latter usage of 7 = ry,.

26



RH Problem 3.2.
1. U = (Up,Uy,...,Up) is defined and analytic in D(0,7%)\ {(=r%,7%) U (—ir?,ir?)}.

2. For z € (—r? r%) U (—irf, ir?) \ {0}, we have

Us(z) =U_(2)Ju(2), (164)
where
( 0—1—« 1/6 P(Oo)(zl/é))
1 6 ] ng(z/0)fa (277)
‘ PO @ Ty, ze (0,ir?) U (0, —ir?),
0 1
& Iy, z € (0,r%),
(1 0) ot .75
Mcyclica z € (_T9>O>7

with Mcyclie defined in , and the orientations of the rays are shown in Figure

3. As z = 0 from D(0,7%)\ {(=r%,r?) U (—irf,ir?)}, we have

(a) "
0" 1),  a>0-1,
Uo(z) = { O(zT log2), a=6—1, (166)

Oz o "ov1 ), —l<a<f-1,

(b) for argz € (0,7/2) U (—7/2,0),
OGCIF),  a>6-1,
Ui(z) = { Oz log2), a=6—1, (167)

at+l_a+3/2
Oz o "ov1 ), —l<a<f-1,

(c) fork=2,...,0,or k=1and argz € (7/2,7) U (—7, —7/2),

atl  a+3/2

Up(z) = O(z"0 551 ). (168)

Construction of the local parametrix around 0 As in [52, Equations (3.104)—(3.109)],

we define
M(z) = diag(mo(z), m1(2),...,mg(z)), z€ C\R, (169)

where (noting that our V below means V; defined in (1))

mo(z) = {g(ég): e, @€ G (170)
2ri+g(z0) —g4(0), zeC_,

ma(z) = —g(29) + V(28) + £ —g_(0), zeCy, am
' —omi—g(z0) + V(28) + L —§_(0), z€C_,
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Figure 2: The jump contour for the RH

roblem@
for U.

for U and for the RH problem

and for j =2,...,0, argz € (—m,0) U (0, 7),

2(j—1)

1)

\
\

-
-

Figure 3: The jump contour for RH prob-
lem for ®, for RH problem for @,
and for the RH problem for .

—g(z%e T 4 V(z%ems ™) +¢—g_(0), zie g e Cs,
mj(z) = , 1o2(-1) 1201 ~ 1o2G-1) (172)
—2mi —g(zoe o ")+ V(zee @ ™)+ L—g_(0), zve @ e C_,
and also define
N(z) = diag(no(2),n1(2),...,n9(2)), z€C\ (—o0,b], (173)
where
G=9
no(z) = P{(25), nj(z) = P (e mzh), j=1,....0. (174)
We also define
NPre) () = diag(n((]pre) (2), ngpre)(z), . ,ngpre)(z)), z € C\R, (175)
where
¢ 2(at+1)—0 0-2(atl) . at3/2
c 2049 2(140) e
e z z € Cy,
(bre) () = | VOO * (176)
"o o AotV 20 Hat1)—p a+3/2
_Me 2(1+0) sz 1+6 -1 zeC_
0(1+06) ’
¢ 2(at1)—0 at1)—0 . o N
w62<2<ﬂ>9)9 z ing_ Jé_l, z € C—i—:
o = { i (77)
6c 2(170) 69;?1(1;-)1)71.7;’2(11%‘50/27&;1 : s e Ci?
9(1+6)
2(a+1)—0
20110)  2(atl)—0 . (G-1)(0—2(at1)) . o o
n§Pre)(z) — 067+6 518 o 0T = ™, frfam—%7 j=2,...,6. (178)
6(1+0)

Recall p defined in that is independent of ¢ (and 7). Analogous to [52, Proposition 3.14],

we have the following estimates.
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Proposition 3.3. Let m;(z) and ni(z), i =0,1,...,0, be the functions defined in (170])—(172)
and (174). As z — 0, we have, with p defined in (15), ¢ given in (14), and j =2,...,6

( _2mi

1 (179)

[ +O((t = 1)%27+1) + O(27+1), zeC.,
9+1pe92ﬂz9% 1+0 z%))
(= 1)e T a1 771 (1 4 O(275T))
FO((t — 1)22541) + O(27+1), 2 eCy,
ml(z) = gr1  —2mi 2 1 (180)
g pe trz +1(1 +(’) Z0+1))
+(t — 1)0_0%6_9111 29%(1 + O(zﬁ))
| +O((t — 1)%277) + O(=741), zeC_,
0+1 2(2j—)mi 2 1 6 (2j-Dmi 1 1
mj(z) = Gy pe” 71 20+ (14 O(20+7)) + (t — 1)c” o+Te 071 2041 (1 + O(27+1))
+O((t — 1)22'&) —i—(’)(z%), (181)
and )
ne(2) =0 () (1+ Ot — 1) + O(zT7)), k=0,1,...,0. (182)
From now on, we assume, as mentioned before, that r = r,, shrinks with n, namely,
_ 641
r=rp,=mn 207, (183)

Remark 3.4. One could actually take the rate of shrinking to be n™" with (0 +1)/(36) < k <
(0 +1)/(26). Here, we choose k = 0 4+ 1/(20 + 1) for convenience.

For z € D(0,7%) \ (R U4R), analogous to [52, Equation (3.117)], we first introduce a (6 +
1) x (# 4 1) matrix-valued function

0+1

PO)(2) = diag((pn) " 2)f_o®((pn) & 2)NP™) ()N () 1M ), (184)
where p is defined in (15]), M(z), N(z) and N (bre) (2) are defined in (I69), (I73) and (175),
respectively, and @ is the solution of the RH problem|[I.8, We then have the following proposition
regarding the RH problem for P(©) [52) Proposition 3.15].
Proposition 3.5. The function P() (z) defined in (184) has the following properties.
1. PO)(2) is analytic in D(0,7%)\ (R UR).
2. For z € D(0,7%) N (RUIR), we have
P () =PO)Ju(2), (185)

where Jy(z) is defined in (165)).
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3. For z € 9D(0,r%), we have, as n — oo,
PO() = T(2)Qu(I + O(n 7)),  zeCu,
where T and Q0+ are defined in .
With P(© given in (I84), we next define, analogous to [52, Equation (3.127)]
PO =0T (2)'PO(2), zeC..
In view of , Proposition and

01
@ 19—17 C > 07

T4 =T_(()02- x (1 0)
Mcyclica C < 07

the following RH problem for P() is then immediate [52, Proposition 3.16].
RH Problem 3.6.

1. PO)(2) is analytic in D(0,7%)\ (R U4R).

2. For z € D(0,7%) N (R UR), we have

PO2)Ju(2), z € (0,ir?) U (0, —irf),
0 1
PO() = ((1 O>@Ie—1> PO()Jy(2), = € (0.r),
ML PO (2)Ju (2), 2 (—r9,0),

where Ji7(z) is defined in ((165]).

3. For z € 8D(0,7%), we have, as n — oo,
POG) =T+ (f)(n’72(291+1) ).

Finally, we set, analogous to [52, Equation (3.130)]
VO(z) =U=)PO(2)"", zeD(0,r9)\ (RUIR),

(186)

(187)

(188)

(189)

(190)

(191)

where U is defined in ((162)) and (163]) and satisfies RH problem Then, by a similar argument

as [52), Proposition 3.17], we have the following proposition.

Proposition 3.7. The function VO (2) defined in (191)) has the following properties.

1. v0O) = (VO(O), Vl(o), A V;,(O)) is analytic in D(0,79) \ R, or equivalently, its definition can

be analytically extended onto (0,ir%) U (—irf, 0).
2. For z € (—r2,r%)\ {0}, we have

nr'n

0 1
©Ip_1, z€(0,r9),
VO =vO() <1 o) o-1, 2 € (0ra)
McycliCa z € (—T‘Z,O).

3. For z € 9D(0,7%), we have, as n — oo,
VO ) = U(2)(I + On~ z@m)),

4. As z — 0, we have
vi%:) =0@1), k=01,...,6.
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3.1.3 Final transformation

Before performing the final transformation, we complete the description of the shape of ¥
(and then Y = 3). Let o9 and o be the intersections of ¥; with dD(0,r,) and dD(b,¢),
respectively, and we let the undetermined part of 3; be a contour E{% connecting og and oy
such that Re(z) > 0 for z € X, We may choose £ to be close to the real axis, since on (0, b),
Rp4(x) = 0 and ¢/ (x) = —2miy(x), and 1 () has the (almost) positivity on (0,b) as stated in
Regularity Condition and .
We set, as in [52, Equation 3.137)]
YR .= 10,b) U b+ €, 00) UDD(0,r,) UdD(b,e) ULEUSE, (195)

where ©F is specified above, and 2 = 27{%. We also divide the open disk D(0,7,) into 6 parts
by setting, as in [52, Equation 3.139)]

2k —3)m (2k— 1) B
7 , 7 )} k=1,...,0. (196)

We then define a 1 x 2 vector-valued function R(z) = (R1(z), R2(z)) such that Ry(z) is analytic
in C\ B and Ry(2) is analytic in Hy \ 2%, as follows [52, Equation (3.141) and (3.142)]:
Q1(2), z € C\ {D(b,e) UD(0,r,) Uxh},
Vi),  ze Do)\ [b-eb],

0

Wy :={z¢€ D(0,r,) \ {0} |argz € (

Ri(z) = (197)

VO, zeWi\[0,r,
VOG0, zeWe k=2,...,0,

Q2(2), z € Hp \ {D(b,e) UD(0,r,) UXE},

Ry(2) = { V3"(2), =z€D(b.e)\[b—eb], (198)
V" (29, ze Wi\ [0, 7).

Recall the function J. (J,) before the t-dependence is suppressed) defined in with ¢(t)
specified in Section Then, we define, as in [52, Equation 3.146)]

R(s) = {RI(JC(S)), s€C\ D and s ¢ I,(SF),

(199)
Ry(J.(s)), s€D\[—1,0] and s ¢ I5(ZR).
We have that R(s) satisfies a shifted RH problem, as described in [52, RH problem 3.19]. We
omit the full statement of this RH problem.

By arguments analogous to those in [52] Propositions 3.20 and 3.21, and Lemma 3.22], we
derive the following estimate for R(s).

Lemma 3.8. Asn — oo, we have

R(s) = 1+ O(n~ 7050, (200)

uniformly for |s + 1| < erf/(Hg) or |s| < e, where € is a small positive constant and r,, is given

m .

The proof of the lemma is detailed in [52], Section 3.7], and the idea is as follows: First, we
show that R(s) satisfies a scalar shifted RH problem [52, RH problem 3.19]. Next, we show
that R(s) is the unique solution to this RH problem [52] Proposition 3.20]. Then by a small
norm argument, we show that the solution to the RH problem that R(s) satisfies is close to
1 in the sense of [52, Proposition 3.21]. Finally, we derive the lemma, as the counterpart of
[52, Proposition 3.22]. Since it is lengthy and is identical to the proof in [52] Section 3.7] for
a slightly different setting, we omit the proof. In Section [ we give details of a similar small
norm argument in the proof of Lemma [4.6| .
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3.2 Asymptotic analysis of the RH problem for ¢,

In this subsection, we use the same notational setting as in Section [3.1], especially the shape of
Y. is the same.

3.2.1 Transformations Y — 7T — S — @, and local parametrix around b

Let g, be the monic biorthogonal polynomial defined in . We define its Cauchy transform
[52, Equation (2.28)]

Can(z) = = /+oo Mmae_"v(x)da: z€ C\ [0, +00) (201)
270 Jo r—z ’ ’ ’

and denote the vector form ¥ = (Y1, Y2) := (¢n, Cqn) as in [52, Equation (2.29)]. Then, similar

to Y that satisfies RH problem the vector-valued function Y also satisfies a vector RH

problem. We omit the details since it is the same as that in [I9, Theorem 1.5] and [52, RH

problem 2.3].
Analogous to (151)), we let [52, Equation (4.1)]

T(2) = (T1(2), Ta(2)) = (Yi(2)e "8, Yy(2)e" (870, (202)

and analogous to (152)), we let [52, Equation (4.5)]

T(z), outside the lens,
~ 1 0
~ T(z , lower part of the lens,
() = { TN magnots 1) werp (203)
~ 1 0
T(z) e ng(2) , upper part of the lens.
—z % 1

We have that T'(z) and S(z) satisfy the Riemann-Hilbert problems stated in [52, RH problems
4.1 and 4.2].

Next, analogous to — (155), we construct the global parametrix p() (2) = <§1(oo) (2), ﬁQ(OO) (2))
such that [52] Equations (4.15) and (4.16)]

P{™)(2) = P(Ia(2)), 2 € Hy\ [0,8], (204)
P (2) = P(I(2), zeC\[0,0], (205)

where [52, Equation (4.14)]

~ L (sH)7 5eC\D,
P(s) = { Vi) ) (206)
L (541)"%, seD.
(s4+1)(s—sp)

Here s, = 1/6, the branch cuts of /(s + 1)(s — sp), (%1)% and (s + 1)~ are taken along 79,
[—1,0] and (—oo, —1] respectively, where the contour 9 is defined at the beginning of Section

2.1
Then the function, analogous to (156)), [52, Equation (4.20)]

B5(2) = (O (2). Oa(2)) = Si(z)  S()
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satisfies the Riemann-Hilbert problem stated in [52, RH problem 3.7].

Analogous to [52], the local parametrix near the right ending point b can be constructed in
terms of the Airy parametrix. With f;(z) defined in , we define, analogous to (158) [52)
Equation (4.25)]

—2¢(2)~(b)
PO () = E(b)(z)‘I’(Ai)(ngfb(z)) (e 7 9( )glb (2) O~(b) Z)) , z€D(be)\X, (208)

where [52, Equation (4.26)]

~ z ~ Z2
7(z) = = , gS”<z>=:]) , (209)

and [52, Equation (4.25)]

~(b) -t 1 1
)y L (1 (z) 0 oy (1 =1 (o fo(2)s 0
E()_ﬂ<10 ﬁ%ﬁ Q-l)( 0 nﬁﬁ@) (210)

We have that ]B(b)(z) satisfies an RH problem; see [52, RH problem 4.8]. Then analogous to
(161)), we define the vector-valued function V()(z) by [52, Equation (4.29)]

VO () =Q(R) PV ()™,  zeD(be)\ T (211)

=

We have that V®) satisfies the same RH problem as [52, RH problem 4.9].

3.2.2 Local parametrix around 0

A local version of the RH problem for @ Let 7 = 7, be the same as in Section
Analogous to (162)) and (163), we define 6 + 1 functions Uy(z), Ui(2),...,Us(2) [62, Equations
(4.34) and (4.35)], see also [52, Equations (4.31)—(4.33)]
ﬁo(z) = C~21(z
ﬁk(z) = @2(2

Then, U(z) = (Uo(2),...,Us(2)) satisfies [52, RH problem 4.10], which is stated below for
completeness.

RH Problem 3.9.
1. U = (Up,Uy,...,Up) is defined and analytic in D(0,7%) \ {(—=r?,r®) U (—ir?, ir?)}.

Q= =

), z e D0, \ {(=r?,r) U (—ir? ir’)}, (212)

2(k—1)

em o ™), z2e DO, )\ {(=?, YU (=irt ir®)}, k=1,2,...,0. (213)

S

2. For z € (—r? r%) U (—ir? ir?) \ {0}, we have

U (2) = U-(2)J5(2), (214)
where
1 0
s ng(1/0) B (21/9) ®Iy_1, ze€(0,ir?)U(0,—ir?),
z re p()(,1/6
Py (21/9)
Jp(z) =19 /(0 1 ; 0.1 (215)
@ —LbL zc T ),
1 0) !
\Mcyclica S (_T970)7

with Mcyclic being defined in , and the orientations of the rays are shown in Figure
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3. As z — 0 from D(0,7%)\ {(—=r%, r?) U (—ir?,ir?)}, we have

(a) fork=1,...,0,0or k=0 and argz € (0,7/2) U (—7n/2,0),

(9(222(_11% ) a >0,

Up(2) = Oz log 2), a =0, (216)

atl/
O(z 1++162), -1<a<0,
(b) for argz € (7/2,m) U (—m, —7/2),
~ a+1/2
Up(z) = O(z71%0 ). (217)
Parametrix ® Below we state the following model RH problem: (with B = _2103:-01)

RH Problem 3.10. ®(¢) = (M (¢) is a (0 + 1) x (6 + 1) matrix-valued function on C except for
R and {R.

1. It satisfies the jump condition with the orientation of rays shown in Figure [3]

;

1 0
P 1> © o1, argé = 3,
Lo Ner g=-I
= ~ 5 o1, argé = -7,
() =0 (6)J(€), where J(¢)={ \ e P 1 27 (218)
01
eIy, e Ry,
. 0) -1 £eRy
Mcyclic» f eR_.

2. 5(@“ ) has the following boundary condition as & — oo for { € C4
B(&) = (I+0(E™)) T2, (219)
where ©, T and Q4 are defined in and .

3. ®(&) has the following boundary condition as £ — 0, for £ € Cy,

B(¢) = N (¢) ding (5-5,55*33‘1 . 555) (ENTED, (220

where N (€) is analytic at 0, F is defined in , and

[1)«

N’
+ = diag <€_%2m> Ly
= (221)

. 0 N
_ = diag (eif}%l%l, 1) @ diag (67#127”) , onC_.
j=2

[1]«

Consider )

®&) =771

where Jypi1 = (51»79_]-)?7]-:0 is defined at the end of Section [, Then ®(¢) satisfies the following
RH problem:

T T Ty B(6)Ey, (222)
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RH Problem 3.11. ®(£) is a (6 + 1) x (f 4 1) matrix-valued function on C except for R and iR.
1. ®(¢ ) satisfies the jump condition with the orientation of rays shown in Figure

1 0
> ® lp-1, argg:%)

—eBmi q
1 0 o1 ¢ -
¥ ¥ 0 0 — Bri 0—1, argg = —5,
by (&)= b_()IL(€), where J(€) =14 \e " 1 27 (223)
0 1
@ Ip_q, e Ry,
) 0) 9—1 §eERy
\Mcyclicy 5 eER_.

2. ®(¢) has the following boundary condition as £ — oo for £ € Cy
B(&) = (I+0(6) T(©) ', (224)
where ©, T and Q4 are defined in and .
3. ®(¢) has the following boundary condition as & — 0

®(¢)

a+ 2

T g N ()63 diag (€97, 1,678,¢78, .77 ) (BT, (225)

T0+1

We can check that (®(¢£)~1)7, the transpose of the inverse of ®(¢), satisfies RH problem
Hence, by the existence and uniqueness of RH problem in Theorem [1.9] we conclude
that, with ®(¢) = ®()(¢) defined by RH problem [1.§ and N(¢) = N (€) given in (31),
(0+1) e 1™ N(§) = V()7 and

b(6) = (d(¢) 7, B(E) = (0 + 1)e T Jyyq (B(€) )T

[1]«

I (226)

Construction of the local parametrix around 0 Analogous to the definition of N(z)
given in (173)), we set [52, Equations (4.75) and (4.76)]

N(z) = diag(fo(2), 1 (2), ..., 7ig(2)), =€ C\ (—o00,b7], (227)
where _ ) B 2oty 1
fo(z) = PI)(29), Tj(z) = P\ (e~ 7 ), j=1,....0, (228)
with P(>) = (ﬁl(oo),ﬁéoo)) defined in (204)—(205)). We also define
N (2) = diag (7P (2), 7P (2), ..., 7P (2)), z€C\R, (229)
where
(@tl/2)0 11/ . at1/2
c 146 ——F Tl — —1
—(or e 0 Vw0 2z e Cy,
AP (z) = Y, e asi (230)
c %99 e” 1t "y 46, zeC_,
(at1/2)0 at1/2 . a—6/2
c 1+6 — T o(110)
_ e 10 Tzere) .z e Cy,
(P () Veilme s aees (231)
—e e tH 000, zeC,
(o e (2a—1)(j—1) 0/2
1 @ . a— — . oa—
AP (z) = C\/;ee e ey a0 j=2,....,0. (232)
1+

Analogous to Proposition and [52, Proposition 4.13], we have the following asymptotics.
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Proposition 3.12. Let ni(z), i = 0,1,...,60, be the functions defined in (228). As z — 0, we
have, with p defined in , c given in , and j=2,...,0

n(z) = P (2)(1+ Ot — 1) + O(2T9)), k=0,1,...,6, (233)

With r = r, given in ((183)), we then define, analogous to [62, Equation (4.80)], a (6 + 1) x
(6 + 1) matrix-valued function for z € D(0,7%) \ (R UiR) as follows:

PO (2) = diag((pn) 2 )i_o®((pn) + 2) NP ()N ()"l M), (234)

where p is defined in (15), M(2), N(z) and N®) are defined in (I69)), ([227) and (229), respec-
tively, and @ is the solution of the RH problem We then have the following proposition
regarding the RH problem for P(©) [52) Proposition 4.14].

Proposition 3.13. The function IS(O)(Z) defined in (234) has the following properties.
1. PO)(2) is analytic in D(0,79) \ (R UiR).

2. For z € D(0,7%) N (RUIR), we have

PY(2) = PO () J5(2), (235)
where Ji3(2) is defined in (215).
3. For z € 9D(0,r%), we have, as n — oo,
PO(2) = T(2)Qu (I + O(n TW™)), 2 € Cy, (236)
where Y(z) and Q4 are defined in (30).
With P© given in (234)), we next define, analogous to and [52, Equation (4.86)]
PO(2) = Q7' (2) 'PO(2), zeC.. (237)

In view of (237)), Proposition and (185), the following RH problem for P is then imme-
diate [52), Proposition 4.15].

RH Problem 3.14.
1. PO)(2) is analytic in D(0,72)\ (R UiR).

2. For z € D(0,7%) N (R UR), we have

PO (2)75(2), 2 € (0,ir?) U (0, —ir?),

~ 0 1 ~

PO(z) = ((1 0) @Ig_1> PO(2)J5(2), ze(0,r9), (238)
ML P (2) 5 (2), 2 e (—r8,0),

where J5(z) is defined in (215).

3. For z € 0D(0,7%), we have, as n — oo,

PO(2) = [ + O(n~709), (239)
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Finally, as in the definition of V(*) in (T91)), we set, analogous to [52, Equation (4.89)]
VO(2) = U(z)PO(2)7, 2e D(0,7%)\ (RUIR), (240)
where U is defined in (212) and (213 and satisfies RH problem Then, analogous to
Proposition and [52, RH problem 4.16], we have the following RH problem for V),
RH Problem 3.15.
1. VO = (‘70(0)7 171(0), e ‘79(0)) is analytic in D(0,7%) \ R, or equivalently, its definition can
be analytically extended onto (0,4r%) U (—ir?,0).

o rf)\ {0}, we have

n'n

2. For z € (—r

0 1
~ ~ I —1 6 07 9 )
7O%) =7 (1 0) ©lo-1, z€(0rn) (241)
Mcyclica AS (—7"270)-
3. For z € 9D(0,7?), we have, as n — oo,
VO(2) = U(2)(I + O(n~ 2@70)), (242)
4. As z — 0, we have
VO =001), k=01,...,6. (243)

3.2.3 Final transformation

The argument in this subsubsection is parallel to that in [52, Section 4.7] and essentially the

same as that in Section B.1.3

_ Recall $¥ defined in ([195) and W}, defined in (L96). We define a 1 x 2 vector-valued function

R(z) = (R1(2), R2(2)) such that R;(2) is analytic in Hy \ ©® and Ry(2) is analytic in C \ ©F

[52, Equations (4.93) and (4.94)]:

Qi(2),  z€Hg\{D(b,e) UD(0,r,) U},

Ri(z) = {V\P(z),  z€D(be)\[b-ebl, (244)
29, 2e Wi\ [0,72],

Q2(2),  z€C\{D(b,e)UD(0,r,) ULH},

<2)7 ZGD(b,E)\[b—E,b],

(29)7 zeW; \ [O,T'n],

VO, zeWi k=26

)
Ro(z) = { 2 (245)
)

Then analogous to (199), we define, as in [52, Equation (4.100)], with w(s) = s71,

7%(3) _ {El(jc(s))v s€w(D\[~1,0]) and s ¢ w(Iz(XF)),

Ra(J, D o Ju(s) = J.(1)s). 246
Rao(Jo(s)), s€w(C\D)and s ¢ wI(SF)), (s) = Je(1/s).  (246)

We have that ﬁ(s) satisfies a shifted RH problem, as described in [52, RH problem 4.18]. We
omit the full statement of this RH problem. N
By the arguments in [52, Lemma 4.19], we derive the following property for R(s).

Lemma 3.16. As n — oo, we have
R(s) =1+ O(n @), (247)

uniformly for |s+ 1] < 67,2/(1+0)7 where € is a small positive constant and ry, is defined in (183)).
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4 Asymptotic analysis of the RH problems for p, and ¢, in the
soft edge regime

In this section, we assume that C~! < t < 1 — Cn~Y2 for some large positive number C. We
also assume that V; satisfies Regularity Conditions and Without this assumption, the
results in this section hold for t € (1 —¢,1 — Cn~'/?), where ¢ is a small positive constant.

~ We continue the practice in ASectiAons of abusing the notation to write g, é, (;AS, f, I,
IQ, JCLCO to mean gt, gt, ¢t, ft, Il,ta IQ’t, Jcl(t),co(t)'

4.1 Transformations Y —» 7 — S — Q andY - T — S — Q

Recall the functions g, é and (JAS and constant ¢ (&, ét, gzgt and ¢, before the t-dependence is
suppressed) defined in and for 1 — ¢ small and then extended by Proposition to
all t € (0,1). Let Cpy(z) be defined as in and Y = (Y1,Y2) := (pn,Cpn) as in Section
Let Cgn(z) be defined as in and Y = (Y1,Y2) := (gn,C¢n) asin Section Then
analogous to and , we define

T(2) = (T1(2), T(2)) = (Yi(2)e "8, Yo(2)e(E)-0), (248)

~

T(2) = (T1(2), Ta(2)) i= (V1(2)e "8, Yy (2) &)~y (249)
Furthermore, let 3 € (Hy N C..) be a contour connecting a(t) and b(t) whose exact shape will
be specified in Section Sy =3 C (HgNC_), and let ¥ = [0, +00) U 1 U y. Moreover,

we let the “lens” be the region enclosed by 37 and Y9, and the upper/lower part of the lens be
the intersection of the lens with C4. Then let, analogous to (152)) and (203)),

T(2), outside the lens,
1 0
. T(z . , lower par of the lens,
S(z) = (=) —tpe ) 1) P (250)
. 1 0
T(2) 0 —niz) 1) , upper par of the lens,
—Sar1e€
T(2), outside the lens,
= 1 0
() = T(z) o) 1) ,  lower part of the lens, (251)
= 1 0
T(z) _ and(2) 1) , upper part of the lens.

Next, we need to construct the global parametrices P(%)(z) = (151(00)(2),]52(00)(2)) and

= (o0) = (o0) = (o0) . PR .
P (2) =(P; (2),Py (2)). Recall I} and Iy (I,; and I; before the t-dependence is sup-

pressed) defined in Section for 1 — ¢ small and then extended by Proposition to all
t € (0,1). Then let, analogous to (153)), (154, (204) and (204),

. = (c0) < .

P () = P(1(2)), Py (2)=P1i(2)), z € C\ [a(t), b(t)), (252)
% (0) =

P (2) = P(1a(2)), Py (2) = P(La(2)), 2 € Hy\ [a(t),b(1)), (253)
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where

6—a—1
: )55 seC\D
A _ ) V=saw)(5=sp1)) ( s ’ ’
7)(5) S(Cl(t)5+60(t))o‘+170 se D (254)
04/ (5—=s4(2)) (5—5b(1)) ’
lsawse'/?t (5415 s B
- , eC\ D,
P(s) = ¢ Vi el ) \ (255)

& I5a(e) St )‘1/21 »
¢ D.
(5=5a())(s— Sm))( 1(t)s+co(t)*, s¢€

6— —1

Here s,;) and sy are defined in and (| -, ( ) and ( S“)% take the principal
branch on C\ [—1,0], (c1(t)s + co(t ))O‘+1 ~% and (e (t )s + co(t)) ™ take the principal branch on

C\ (=00, —co(t)/ci1(t)], and the branch cut of \/( 1)) (8 = sp(y)) is 1 for P and 7, for 77.

Then the functions

S — (Drle) Onfa)) Si(z)  Sa(2)
Q( ) (Ql( )aQ2( )) : (]51(00)(2)’ ]32(00)(2)> ’ (256)

Q) = (0(2).0al2)) = (j;(f) 2 ) (257)
Py

(2) Py (2)
satisfy the following Riemann-Hilbert problems:
RH Problem 4.1.

1. Q= (Ql, QQ) is analytic in (C\ 33, Hy \ 53)

2. For z € fl, we have

Q+(2) = Q—(2)J5(2), (258)
where
1 0 L
0P0(=) i) 1|0 2 €U
2211532{352256 o(z) q
Jo =4 (! € (a(t),b(1)) (259)
(2) = , z € (a(t), :
Q@ 10
1 AT ) ) )
0P (2) . z€(0,a(t)) U (b(t), +0).
0 1

3. As z — 0o in C, Q; behaves as Q1(z) = 1+ O(z ).
4. As z — oo in Hy, Q3 behaves as Qa(z) = O(1).

A~

5. Q1(z) is analytic at 0 € C, and as z — 0 in Hp \ 3, we have
O(1), a>0-—1,

Q2(2) ={ O(logz), a=6-1, (260)
019, —1<a<f—1.

6. As z — a(t), we have Q(z) =
z — b(t), we have Q1(z) = O((z

— a(t)Y*), and as

(z
)1/4)_

(z — a(t)"/*) and Qa(2) = O(
t)

Ol(z A
= b(1))"/*) and Qa(2) = O((= — b

39



7. For z > 0, we have the boundary condition Qo (e™/%z) = Qy(e™/%z).
RH Problem 4.2.
1. Q = (Qq,Q,) is analytic in (Hy \ ,C\ 2).

2. For z € f], we have

Q4(2) = Q_(2)J3(2), (261)
where
1 0
JEQ(Z)Z_%_M;(Z) , 2 E€ XUy,
Py
=4 (0! € (a(t), b(t)) (262)
=\Z2) = , z a ) P
Q 1 0
1 131(2) «a nqi;(z) .
( Pals) © ) z € (0,a(t)) U (b(t), +00).
0 1

3. As z — oo in Hy, Q; behaves as Q,(z) = 14+ O(z7?).
4. As z — 0o in C, Q, behaves as Qy(2) = O(1).

5. As z—= 0in C, Q,(z) = O(1), and as z — 0 in Hy \ &, we have

_ o(1), a >0,
Qy(2) =< O(logz), a =0, (263)
O(z9), a < 0.

6. As z — a(t), we have 51( ) =

A : (z —af(t ))1/4) nd Q ( ) = 0((z — d(t))1/4), and as
z — b(t), we have Q,(z) = O((z ) =

())'/*) and Qy(=

7. For 2 > 0, we have the boundary condition Ql(e”/ex) = Ql(e*m’/%).

o(
—b

4.2 Local parametrices and the shape of 3

Local parametrlces at B( ) Let € > 0 be a small enough positive number, and, analogous

to fy(2) in (157), define f5(2) on D(b(t),€) by
e = (=36 (264

which is a conformal mapping with fp(b) = 0 and fé(b) > 0. We specify the shape of 3 in
D(b(t),€) as f; 1({e5'[0,400)}) N D(b(t), ), and define

. . ) . —24(z2) Ala;b) 0

PO() = BEO ™ fy (€20 9 B , 265

~ () < (b) AP —2d(z)3 (a0

P =B (UM@ife) (¢ 0 B No(ab) : (266)
0 65@5(2)@2’ (2)
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where (A1) is defined in Appendix Al the same as in (I58) and (208)

(0—a—1)/2 (a+1-0)/2 - —a/2 . /2
~(ab z ~(ab < Py < ~(a,b) z
g§ )(Z) ) ) gé )(Z) A0 o 91(2) = ~(00) g (2) = ~(0)
BG) oF ) Py (2) Py (2)
(267)

and with x ="or"

-1
O 1 (3 0\ a1 (né (2) 0 )
E ( )_ ﬂ ( 0 §;a,b)(z) (1 1) 0 n_éfb(z)_ . (268)

By (|146]) and its generalization stated in Proposition we have that for all ¢t € [C71,1 —
Cn=12], f,(2) = O(1) uniformly for z € D(b(t), €), and then by the asymptotic formula of the
Airy parametrix (491)),

NI

N

()

POz =T+0(n™), P (2)=I+0(n"), z € OD(b(t), €). (269)

Local parametrices at a(t) Let ¢ > 0 be a small enough constant, let (v = ¢t — 1 as in
Sections and

= fn(t) = € (~u)' 0, (270)

and let f,(z) be a function analytic in D(a(t), #,), such that

2 .

gfa(z)

Nl

1.
id)(z) + 7. (271)
We have fa(d(t)) = 0 and f'(a(t)) < 0. Then we specify the shape of ¥1 in D(a(t),#,) as

2w

fa_l({efT[O, +00)}) N D(a(t), ), and define

A R o ~30(2) gla:b) 0
PO = E@gA) (3 f o) (€27 0 (2) » , 272
( ) ( ) ( f( )) 0 —€§¢(z)§§a’b)(2) ( )

<@ =@ Sy g
P x)=F (uAnife) (¢ N (2) . 0~( b) : (273)
0 —e399 5" (2)

1

(274)

~

where, with x ="or ",

1
O T AT S sigy (1 1Y (18 fu(2)} 0
b (Z)\/Q( R Y N <1 1) 0 wihei) O

By (147) and its generalization stated in Proposition forall t € [C~1,1— C’n_l/z], fa(z) =
O((—u)*3) uniformly for z € dD(a(t),,), and then by the asymptotic formula of the Airy
parametrix, we have a constant C’ > 0 depending on C, such that

[N

. ~(a)
| P () —I|<C'n~H=u)2, ||P (2)—1I| <C'n'(—u)"2, zedD(a(t),r,). (276)

where ||-|| is the max matrix norm.
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Local parametrices at 0 Our construction here is similar to [9, Section 4.3.2]. With 7,, de-
fined in (270), we define the (§+1) x (§41) matrix-valued function P(O:Pr®)(z) = (lﬁj.(’%pre)(z));kzo
by

jXOpng( V=L@ (2 it QA&M%AQEE)?kzl- (277)
We denote
1 [%n ]giw) (z) ) AT
folz) = 5 /0 Wﬂt%”‘z’("”’ﬁ, (278)
P, (33)
fj(z)zl,/(w")g +;:e A1<oo>1(x%)€m¢;(mg) dz_ imL..6 219)
2mi Jo 0P (20) T—z

In D(0,79)\ [0, +00) define the (§+1) x (§ + 1) matrix-valued functions P()(z) = (Isgolz( ))j k=0
~(

=(0) O,
and P (2) = (PJ k(2 ))J k=0 DY

. : k=0andj=1,...,0
pO) Ly =  Ji2) AR 280
(%) {Pgo’pm)(z), otherwise, (280)
=(0) TkD23), j=0andk=1,...,0
Pir(z) = {f%epe) e o Y (281)
Pir (), otherwise.
It is straightforward to see that for j=1,...,0
O(1), a+7j—0>0, O(1), a >0,
PO (2) = { Ollog 2, atj-0=0, PPN(z) = { O(log2), a=0, (282)
O(E"7"), a+j—0<0, O(z7), a<0,

Then in D(0,7,) \ [0, 400) we define the (# + 1) x (6 + 1) matrix-valued function P©)(z) =
5(0
(P ()40 by

PO (z) = (PO (2)1pO)2) PV = (p0r 18 (). (283)

For all t € [C~',1 — Cn~'/2], we have that uniformly

. = (o0)

ploo) (176 P 1/6
%x”) = O(u "5 (07170), % =0 ), xel0,27].  (284)
B Py (a1l

Together with the estimate of (13(3;1/ %) by Proposition and its generalization in Proposition
we derive that there exists €/ > 0 such that for all t € [C71,1 — Cn—l/Q]’

IPO(2) — I|| < e, I1PO(2) — I|| < e¢"n-w)?, 2 € dD(0,7). (285)

Shape of 3; The shape of 3; has been determined in D(a(t),#,) and D(b(t),€) above in
this subsection. Let o, and o3, be the intersections of 31 with D (a(t), ) and dD(b(t), €),
respectively, and we let the undetermined part of £ be a contour 2{2 connecting o, and oy
such that Rp(z) > €”|2|20/0+) for 2 € S, where €” is a small positive constant that is
independent of .
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To justify the existence of contour Z , we consider two cases separately Let ¢ > 0 be a
small constant, and for ¢t € [C71,1 — ¢], the property that defines Zl is equivalent to that
%(Z)( ) >0 forall z € El , and this follows directly from Regularity Conditions and . like
in the definition of ZR at the beginning of Section we may choose ZR to be close to the
real axis. For t € [1 —¢,1 — Cn~Y2], by the property of ¢(z) in the neighbourhood of 0 as
stated in Section [2.4] and the regularity stated in Regularity Condition [L.1] we also justify the
existence of E{%.

Since we need to define 3 for all t € [C=1,1 — Cn~/?], we define f]f in a uniform way as
follows. We assume that ¢ is small relative to e, so that So, < Soy, for all t € [C~1,1—Cn~1/2].
Then let $% be a polygonal line that connects o, to vertex o’ and then to o3, such that 3o’ = Sy,
and arg(c’ — 0,) = 7/3. If € is small enough, by arguments above, we find that this definition
works.

4.3 Scalar shifted RH problem for R
= (0) ~(0)

We define the vector-valued functions U (z) = (Uéo)(z), e Ug(o)(z)) andU (2) = (U, (2),...

as

Oo(2) = Qa(2), Uo< ) = Q1 (29), € D(0,i0)\ (=79, i1, (286)

Ui(2) = Or (286" 7). Up(2) = On(z0e 72, 2 € DO,#)\ (=#%,7%), k=1,2,...,0.
(287)

It is straightforward to check that the vector-valued functions

P08 () = §(:)PO (), P iR e e

are analytic in D(0,72) \ {0}, and all their components are o(z7!) as z — 0. Hence all com-
. = (0,pre)
ponents of VP (z) and V () are analytic in D(0,79). Then let the (6 + 1)-dimensional
. . = (0) = (0) = (0)
vector-valued functions V(©)(z) = (VO(O)(Z), e 7V9(0) (z)) and V' (2) = (V (2),...,Vy (2)) be

VO (2) = U(2) PO (2)~1 = VOPre) () pOpre) (), (289)
= (0) ~ O . x(Opre)  =(0pre)
V (2)=U(R)P () =V (2)P (2). (290)

We define the 2-dimensional vector-valued functions

VO (2) = ((2), 137 (2) = Q) P9 (2) 71,

~ (a) ~ (a) ~ (a) ~

V o(2)=(V, (2),Vy (2)) = Q)P (2)7}, 2 e D(a(t), ),  (291)
VO (2) = (" (2), P (2)) = Q) PO (2)

= (b) = (b) = (b) = =) .

V()= (V) (2),Vs (2) =Q(2)P (2)7), 2 e D(b(1), ). (292)

Next we define R(z) and R(z). We first introduce some contours and domains. We set

A

S = [, a(t) — 7] ULa(t), b(t)] U b(t) + ¢, 00) UDD(0, 7,) UDD(a(t), 7,) UOD(b(t), e) USEUSE,

(293)
where 21 is defined at the end of Section and 35 = ZA){% see Figure {4 for an illustration.
Like , we divide the open disk D(0,7,) into € parts
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Figure 4: Jump contour N3

Figure 5: Jump contour £. The jump is trivial for R(s)
on the dashed part.

Wi = {2 € D0, ) \ {0} : arg z € (2 - ) (2k - DL (204)

and denote by I'y the arc boundary of YAV/C, k=1,...,0. We then define a 1 x 2 vector-valued
functions R(z) = (Ri(z), Ra(2)) and R(z) = (Ry(2), Ra(2)) such that Ri(z) and Ry(z) are
analytic in C\ % and Ry(z) and R (z) are analytic in Hy \ 5, as follows:

Q}b()Z) ZGC\{D(A() )UD(A(t), ) UD(0,7,) USEY,
5 Vi(z), zeD(b(t),e)\ [b(t) — € b(t)],
Ri(z) = . 295
O =000y 2 € D@t ) \ [6(0),(0) + 7l (295)
\V,fﬂ)(z‘g), zeWy, k=1,....0,
é%b()z), 2 € C\ {D(b(t), ) UD(a(t), i) U D(0, ) U SR},
132(,2) _ Lf%a)(z), z € D(b(t),e€) \ [b(t) — €, b(¢)], (206)
Y% (2), ze D(a(t),7n) \ [a(t),a(t) + 7],
\f/,(c )(ze), zeWi, k=1,...,0,
’Q%b()z), 2 € Hy\ {D(b(t), ) U D(a(t), ) U D(0, 7) U SE}
- V3" (2), 2 € D(b(t),€)\ [b(t) — €,b(t)],
Ro(z)= {2 297
M= V000), 2 e D). r) \ [a0). () + 7). 297)
00, = e Wi\ (0,7,
'C;?b,{z)’ z € Hy \ {D(b(t),€) UD(a(t), 7,) U D(0,7,) UL}
Bule) = Z%a)(z), z € D(b(t),e) \ [b(t) — e b(t)], (208)
Y%O)(Z)’ z € D(a(t), ) \ [a(t), a(t) + 7],
Vo (29), ze Wi\ |[0,7].

We note that both R;(z) and Ry(z) are bounded as z — 0 in C and both Ry(z) and Ry(2)
are bounded as z — 0 in Hy. Recall the function Je, ¢, (Je;(1),co(r) before the t-dependence
is suppressed) defined in with ¢;(t) and co(t) specified in Section2.4] for 1 — ¢ small, and
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Section [2.5|for ¢ € (0,1). Then we define

R(s) = {Rl( Jereo(s)), s € C\D and s ¢ L(2R), . (209)
( Cl,co(s))> seD \ [_170] and s gé 12(2 )a

Rls) = EA%MJ@% SECYﬁwﬂs¢iﬂibh (300)
Ri(Jeye0(8)), s €D\ [-1,0] and s ¢ I(2F),

Here we remark that R(s) and R(s) are well defined and analytic at s.(), sp(t), —1 = I,(0) and
—co(t)/c1(t) = 11(0). We have that R(s) satisfies a shifted RH problem that is similar to [52,

RH problem 3.19], and R(s) satisfies a shifted RH problem that is similar to [52, RH problem

4.18]. Below we state the RH problem for R(s), and omit that for R(s) for brevity. To state
it, we define

sWonSRush c e\ D, £ =hEfusd) b,
28 =1 at) — 7)) cC\D, £ = L((#.alt) — 7)) € D,
EOY = 1((b(1) + e, +00) CC\D, EX = Tp((b(t) + ¢, +00)) € D, (301)
2% .~ 1,0D(b(t),€)) c C\ D, 5% = L,0D(b(t), ) € D,
59 —t0p@w), ) ce\D, £ .=1y0D(t). 7)) C D,
5%~y b, 50 =@ cCc\D,  k=1...6
and set
50 ) [ 5L [ HER) (5@ R@R) 5B) 560 @) w1 R0 O 225/),
= 302)

as shown in Figure

Remark 4.3. By and .7 it is readily seen that the radius of the circular contour

50 U Uk, 1 Z',i ) around sq(t) and the radius of the circular contour X &0

both of the order O(—u).

We also define the following functions on each curve constituting x:

around —1 are

0Py : .
Jon(s) = 2—%(;36—@(2), se 50 (303)
Za+179P1 (Z)

J (2’)(3) = ﬁzend)(z), S € 2(2/7” U 2(2/7}%) (304)
z GPQOO (Z)
where z = Jo, 0, (5) € (7, a(t) — ) U (b(t) + €, +00),
~ (b ~ (b & (3)
JQB)(S) = P1(1)(2) -1 Jf@(?))(s) = P2(1)(Z)a sel (305)



where z = Jg, ¢, (8) € 3D(3( t),€),

J}gw')(s) = 152(3) (z) =1, J;(S,)(s) = ]51(3)(2), sex, (306)
where z = J;, ¢, (8) € 6D(3( t), €),

Ty () = PR =1, T2 () = P(2) ses, (307)
where z = J;, ¢, (s) € 0D(a(t), ),

Tn(s) = P)(2) =1, T2 (s) = PR (2), s€X, (308)
where z = J¢, ¢, (s) € 0D(a(t), ),

Jg@(S) = PP -1, S

L o(s) = PR "), s (309)

where z = J;, c,(s) €Ty and j =1,...,0,

A A . & (5)
LW<>=¢%ﬁww,J%w>=R$@% itk seX (310)

where z = Jg, ¢o(s) € T'y, k =1,...,0, and j = 0,1,...,0. In and ( .,
(Pj(,g)( ))j?k | is defined in (]265]) In (307) and (B08), P(9)(z) = (%(Z)(z))gkzl is deﬁned in

272). In and (310), P = ]5].(2) (Z))?,kzo is defined in (280)). With the aid of these

functions, we further define an operator Ay, that acts on functions defined on x by

Jﬁ(l)(s)f(a, s € £ and 5= Iy (J(s)),

T (5)f(3), se 8PP UEDP and 5 =1,(.0)),

L () () + 72 ()1 (3), se 5% and 5= L(Ju(s)),

T @) + 2y (@) se 5 and 5 =Ti((s)),

T @6+ Py6)f@),  se S and 5= D),

Apf(s) = @) + P (901G, se £ and F=Ti(u(s),
T 5 (5)1(5) + jfl F @16, se 87 and 5 =hils)e ) e L),
0. _ N U 20-k)mi

]Z:O Jﬂ,(f/)(s)f(sj)’ se X, and sop=Ix(J.(s)e” @ )eD,
5 = 1(Ju(s)e™ ™) e Iy(I;) CC\ D
for j =1,...,0, such that s, = s,

0, se s us®hysen

(311)
where f is a complex-valued function defined on X'. Hence, we can define a scalar shifted RH
problem as follows.
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RH Problem 4.4.

1. 7@(3) is analytic in C \ % and continuous up to boundary, where the contour Y is defined
in (302)).

2. For s € f], we have

A~

Ri(s) = R-(s) = AgR(s), (312)
where Ay is the operator defined in (311]).

3. As s — 00, we have R
R(s) =1+ 0(s71). (313)

Proposition 4.5. RH problem [{.4) has a unique solution.

The proof of the proposition is analogous to that of [52, Proposition 3.20], and we omit
it. The idea of the proof is that RH problem is equivalent to RH problem for Y =
(Y1,Y3) := (pn, Cpr), whose unique solvability is guaranteed by the biorthogonality.

4.4 Small norm argument

In this subsubsection, we obtain the following estimate:

Lemma 4.6. Asn — oo, we have that there exists C" > 0 that depends on C, such that for all
telC',1-Cn Y2, and all s € C\ X,

R(s) = 1] < C"n(—u)?, R(s) = 1] < C"n L (—u)?. (314)

We are only going to prove the result for 7%(5), because the proof depends on the shifted
RH problems satisfied byj%(s) and R(s), and we have only explicitly stated it for R(s). The

omission of the proof for R(s) is only for brevity, since it is analogous to the proof for R(s).
We note that there exist C’ > 0 and ¢ > 0 such that (i=1,2and k =1,...,0)

gm(s)] < el e 5, (315)
T e ()] < e s 50, T ) < e, s 550, (316)
()] < O, se 5%, L) <, se 5% @iy
\Jém(s)] <C'n Y -u)? se¢ 2(4); ;(4/)(3” <C'nY(-u)? se¢ 2'(41); (318)
T () < e e 56, P () < et e £ (319

We note that C” and €’ here may not be the same as C’ in (276]) and €” in (285)).
To show that R(s) — 1 as n — oo, we use the strategy proposed in [20] and also used in
[52]. We start with the claim that R satisfies the integral equation

R(s) =1+ C(AgR_)(s), (320)
where
_ 1 [ ;
Cy(s) = 27rz'/‘§7§—sd§’ seC\ X, (321)
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is the Cauchy transform of a function g. Indeed, due to the uniqueness of RH problem [£.4]
stated in Proposition it suffices to show that the right-hand side of (320)) satisfies the RH
problem for R and the verlﬁcatlon is straightforward. As a consequence of ([320)), it is readily
seen that

5 1 [ Ag(R-—1)( )
R(s)—lzﬁ A £ s 27”/ 5_5 £, seC\X. (322)

To estimate the two terms on the right-hand side of the above formula, we need the following
estimate of the operator Ay, which is a direct consequence of the estimates (315)—(319).

Proposition 4.7. Let A (1)(€) be the function on Y in (322) and Ay, L2(5) — L%(%) be
the operator defined in (311)). There exists a constant C" > 0 depending on C such that for all
te[Cc 11— Cn V2

185 (Dllja) < C"n(—u) 2, (323)
185l 2 < O (—u) 2, (324)

if n is large enough.

By taking the limit where s approaches the minus side of X, we obtain from (322) that

R_(s) = 1=Ca (R-—1)(s) +C_(Ag(1))(s), (325)
where
Capf() =C-(Bg(N).  Cglo) = 5 tim [ M ae (320)

and the limit s — s_ is taken when approaching the contour from the minus side. Since the
Cauchy operator C_ is bounded, we see from Proposition that the operator norm of CA2
is also uniformly O(n~'(—u)"2) as n — oo and t € [C~',1 — Cn~Y/?]. Hence, by enlarging
C' if necessary, we have that the operator 1 — Ca, is invertible for large enough n and all
t € [C~1 1~ Cn~Y?]. Then we rewrite as

R-(s) —1=(1—Ca,) " (C-(Ag(1)))(s). (327)
Combining formulas and ( gives us
Hfz_ 1|z = O~ (—u)72). (328)

At last, we prove Lemma under the condition that the distance between s and X is
bounded below by €”(—u) where ¢” > 0 is a small constant. By Remark [4.3] this covers the

(5 o (5 < (2,L
interior of the circular contours Z‘( ) U Uk 1 2,(C ) and Y ( ! To prove Lemma for all

s € C\ Z‘ we may use the argument of deformation of the contour Z‘ like in the proof of
[51, Lemma 3.16], and we omit the detail. From (322)), (323]), (328]) and the Cauchy-Schwarz
inequality, we have

R 1 N 1
R(5) =11 < 5 (185 (R = Dllpagsy + 185 Wlagsy) e lragsy
(O™ () ) + O () H2)) - O ) = O (~u)?).

- 27

This finishes the proof of Lemma [4.6]

(329)
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4.5 Proof of a technical lemma

In this subsection, we prove the following result that will be used in the proof of Theorem [1.6

Lemma 4.8. Let C be a large enough positive number and t € [C~, 1 — Cn~Y?]. Let pj(z) =
pflvfc) (), qr(x) = qg/,:) () and kj = m,%t-) be defined by . For j =k =mn, if n is large enough,

then there exists some constant C' > 0 such that for all x € [0,7y], where 7, = 7, (t) is defined

in (270),
[pn ()] < C'(—u)3~ 4" ener(e), (330)
()] < C'(—u) ™2~ R, (331)
k()] > C'Lentt, (332)

where u =t — 1.

Proof. When t € [C~',1 — Cn~1/?] and z € [O,fn], we note that Rl(:c) = Ql(:r) Then by
tracing back the transformations Y — T — S — @, we find that

pu(z) = Ry(z) PP (z)en& (@), (333)

—atl
), we prove

N

By the estimate of R in Lemma [4.6/and the estimate that ]51(00) (x) = O((—u)
(330).

Similarly, by tracing back the transformations ¥ — 7 — S — Q and using Ry () = Qy(z),

we find that (09)
4n(2?) = (@) P, (2)enBe(®), (334)

= % (00)
By the estimate of R in Lemma |4.6| and the estimate that P; (x) = (’)((—u)_%_o‘), we prove

(331])).
By ([148) and the definition of Y, we have

Y2(2) = Cpn(2) = %/@nz_(”ﬂ)e + 0z~ 5 0. (335)

On the other hand, we have
Ya(2) = Ra(2) i (2)en (68D, (336)
Letting z — oo in the above equation and using the estimate of R in Lemma we derive

B32).
O

5 Proof of Theorems [1.5 and [1.6l
5.1 Proof of Theorem [1.5]

The strategy used in this subsection is the same as that in [52, Section 5.
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Proof of Let € > 0 be a small positive number. Analogous to [52, Equation (5.4)], we
define

Ro(e™ 75 1”), arg s € (0, 77),

v(s) = { Ry(es'79), argse (— 71 0), (337)

Rl(_(_ )1+ )7 args € (m7 ]U(_Tra_gj’r_il)a
for 0 < |s| < 67”0/(9+1) en~0/(20+1) with r,, defined in (183). Since Ry and Ry are defined by
V() near the origin through (197) and (198) respectively, and V(¥ satisfies a RH problem given
in Proposition we find that v(s) can be extended analytically in the disc |s| < en=0/(20+1),

and thus admits the Taylor expansion v(s) =Y 7, cis® there. Moreover, as € is small enough,
we see from (337)), (199) and Lemma that uniformly for s in this disk

v(s) = 1+ O(n~ 251, (338)
Then analogous to [52, Equation (5.7)], we define for |s| < ef/*1p=0(0+1)/(20+1)

1 v(C) - l
= — d¢ = k=0,1,...,0
o) 271 Jicjmen—o/c0+1) CRHL(1 = 5/C0F1) ¢ l§_0: Ch+1(6+1)5 0,1,...,0,  (339)

which are analytic near the origin and v(s) = ZZ:O shug(s971) for |s| < en (%D Hence,
analogous to [52, Equation (5.9)], for £k =0,1,...,60, we have

4 (4
1= SO =S org
Z;O N (340)
= E};i;lig@lk((pn)gglz)n,(ﬁp )(z)n (Z) 1 nmk(Z)’
1=0

where M, N, N®) P©) and P, are defined in (169)), (173), (175) (184) and (187)), respectively,
and @ is the solution of the RH problem We note that

vo(s) = 1+ O(n~7@7T), vel(s) = O ), fork=1,...,0.  (341)

By tracing back the transformations Y — 7' — S — @ and (162)) and (163)), we prove .

Proof of Similar to (337)), we define

s} 1
Ri(e" s 1+’), args € (0, 757,

~ i

os) = BaleFsth),  amgse (-
Ry(—(—s)'T9), argse (;%

T 0), (342)
0+1° ] U (—71', _ﬁ)a

for () < \s\ < 67”0/ OF1) _ ¢ =0/(20+1) with ry, defined in . Since R1 and Ry are defined by

by and ([245) respectively, and V) satisfies RH problem we find that v(s) can

be extended analytlcally in the disc |s| < en~9/(20+1) " and thus admits the Taylor expansion

u(s) =Y 1y Crs" there. Moreover, as e is small enough, we see from (342), (246) and Lemma
that uniformly for s in this disk

(s) = 1+ O(n~7@D), (343)
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Then analogous to [52, Equation (5.24)], we define for |s| < e/*+1p~0(0+1)/(20+1)

Tu(s) = —— v(¢)
' 20 Jy¢jzen—o/2041) CFHI(1 — 5/C0F1)

d¢ = ZEI@H(OJA)SI: k=0,1,...,6, (344)
1=0

which are analytic near the origin and v(s) = ZZ:O sP, (s7971) for |s| < en (%D Hence,
analogous to [52, Equation (5.9)], for k =0,1,...,60, we have

2k6—1

To(s) = 1+ O(n 29 0),  G(s) = O(n?@50), k=1,...,60, (345)

i (346)
v(—z
— (pn)!/?2

041\ ~(pr

&)lk((pn)Tz)nk e) (Z)ﬁk (Z)flefnmk(z)’

where M, ]V N(pre) P© and PO are defined in (T69 , (227), (229), (234) and (237)), respec-
tively, and ® is the solution of the RH problem [3.10} By tracing back the transformations

Y—>T—>S—>Qandand -,Weprove (119).

Proof of We see from the transformations Y — 7' — S — @ and (197) and ([198]) that
for z € Hp \ [0, 00) large enough,

Ya(2) = Ry(z) P (z)e = 8(2) (347)

where the functions Ra(z), PQ(OO)(z) and g;(z) are given in (198), (154) and (102), respectively.
As z — o0, it is readily seen from the definitions of g(z) and PQ(OO)(Z), and (|155]) that
enBi(2)

_ 6 p(o0) 0y ()
ZILIEO an - 17 z1l>n(’)loz P ( ) - llm(JC(t)( )) P(S) - \/g y

(348)

where J(;) is defined in with ¢(t) given in Section and P is defined in (155). From
(199)) and Lemma we have

lim Ry(z) = lim R(Iy,(2)) = lim R(s) = 1+ O~ @), 1 - oo, (349)
z o S—

Z—00

where Io; is defined in Section and R is defined in (199)). Inserting (348) and (§ into
(347) and using (33F)), we have (20).

5.2 Proof of Theorem [1.6

In this subsection, we prove the following proposition, which then implies Theorem [I.6] directly.

Proposition 5.1. Let V satisfy the regularity condition as in Theorem [1.0, and t = 1 —
VALT/\/n, where T is in a compact subset of R and A; is defined in . Let z,y be in a
compact subset of [0,400). Suppose € > 0 is any constant.
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1. Let M be a positive constant. Then, we have

—1
- 1 s N L o = v [
nhango 02%1;1;0‘@ nVi(z Z (Vt)pn,j o7 | Gy o | =

(pn) j=ln—nn1s2] Bn,j (pn) 20

0 a/T+M/\/A71 (0)

27rx

=T
2. Let 6 = 6(€) > 0 be a small enough constant. Then for all large enough n, we have

1 a, —nVi(z 1 Vi x Vi y
(pn) 29 =0 B (pn) 29 (pn) 2

3. For any § >0, if M = M (e) is large enough, then for all large enough n, we have

1 [n—Mnt/2]-1 1 . yo
a, —nVi(z Vi Vi
s L € Vi(z) Z (Vt)p%j) < _;,_1) q;l,j) (9-&-1> < €. (352)
(pn> 20 j=|on]+1 I{n,j (pn) 26 (pn) 2
5.2.1 Proof of (350)
We note that for j =1,...,n—1,
(Vi) Vi) Vsi,)
Vi < Vi Fa Vi g
Py (@) =, " (@), ¥ (x) = ¢, (2), RO =k (353)

Let M be a positive constant and m € [[n — Mn'/?|,n — 1]. Recalling t = 1 — YAIT e have

Jn )
for large n
m m VAT VA n—m 1
="(1- —1- 4
nm < Vi ) Jm <T+ mlr) + O, (354)
and
T T B (7] (7] 3
= ——(+om V), L =Y _(+0m ).  (35)
(pn) 20 (pm) 20 (pn) 2 (pm) 2

From Theorem and (353)-(355)), we have as n — oo
v )| -
(pn) 2o

1 1 Vi T W) y0 . «
Pron | — a1 | I exp
. 5THVERR () + (’)(n‘zelﬂ)> . (356)

0 (r4-n=m)
o VAn VAn
e (¢ @) VA

and the error terms are uniform for m € [|n — Mn!'/2|,n — 1]. Since ¢(®)(z) and ¢(*)(y) are
continuous for z,y € [0,00) and o € R, the summation of the leading term on the right-hand
side of is a Riemann sum of the definite integral on the right-hand side of . Therefore,
noting that the summation of the error terms with the index m running from |n — Mn'/?] to
n — 1 is of order O(n~Y/2%+1)  we have (350).
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5.2.2 Proof of (351

Since V; satisfies Regularity Conditions and for all ¢ € (0,1), the solution of the Euler-
Lagrange equations @ and @, with V' replaced by V4, is a measure supported on an interval
[a(t), b()].

We denote vpmin = min{V(x) : € [0, +00)}. The regularity condition implies that V' (0) >
Umin. 1O see this, by Regularity Condition we have that for any ¢ € (0,1), Vi(a(t)) < V4(0),
which is equivalent to V'(a(t)) < V(0).

Next, we show that for any e > 0, there is T such that if ¢ € (0,7%), then max{V(x) :
z € [a(t),b(t)]} < vmin + €. This implies that as t — 0y, b(t) — a(t) converges to 0. To
see this, we suppose the opposite is true. Then there exists a sequence t; — 04, such that
vg := max{V () : z € [a(ty), b(tx)]} > vmin + €. We denote

Fy(a;v) = / loglz — y|2du(y) + / logl2? — 3| \du(y) + Vi(x). (357)

Then the equilibrium measure p(V%) is supported on [a(ty), b(t;)], and satisfies
Fyy (V) = —by,,, € [a(ti), b(t))- (358)

Moreover, we have that
Vi) (Vo)) / Fy (o p V) dp Vi) (2) = £y, (359)

is the minimum of {I(V9)(v) : v is a probability measure on [0, +0c0)}. However, we have

Fy(z;p)) > max Vi, (2) +log(b(ty) — alty)) ™! +log(b(ty)? — a(ty)?) ™!
z€la(ty),b(tr)]
U

= % —log[(b(tr) — a(tr)) (b(tx)? — altr)?)).

tr

(360)

When ¢, is small enough, we have F}, (x; M(Vtk)) > Umin/tx+€/tr. On the other hand, it is easy to
see that we can construct a probability measure v with max{V(z) : z € supp(v)} < Vmin + €/2,
and then when t), is small enough, F}, (x; (")) < vmin/tx + €/t by a rough estimate of ([357).
This is contradictory to the minimal property of M(Vtk), and the claim is proved.

Hence, we have a ¢* € (0,1) such that max{V(z) : z € [a(t*),b(t*)]} < Umin + €. By
choosing a possibly smaller € and ¢*, we can assume that for some ¢’ > 0, max{V(z) : z €
[a(t*) — 26", b(t*) + 28"} < Vmin + €, and min{V (z) : x € [0, 8]} > Vinin + 2¢.

Because functions {xke}Z;ll form a Chebyshev system in the sense of [45], First definition in
Section 4.4], all the zeros of py(z) in C are on R, and all the zeros of qx(2%) in Hy are on R,

By taking the transformations ¥ — T8 =@, and using and (| -, we find that
for all z € [0, a(t) — &' U [b(t) + &', +00), p%*)( ) # 0 if n is large enough. To see this, we note
that for @ € (f,,a(t) — &) U [b(t) + &', +00),

pVe) () = €8 @ PO (1) Ry (), (361)

where 7,, P\°(z) and Ry(z) are defined in ([270), ([252) and (295) with ¢ replaced by t*, and

it has a slightly different formula on [0,7,]. By the formulas of f’l(oo) (z) and R (z), we find
that they have no zeros there, and prove this claim. By a simple scaling argument, we find that

if n is large enough, p%vig(x) is nonzero on [0, a(t) — 8] U [b(t) 4+ &', +00) if m/n = t*. Then
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by the interlacing property of pg",ﬁ, we have that for all m < nt*, the zeros of pqu%(x) lie in

[a(t) — &, b(t) + ¢&']. This argument also applies to qé t)( 0.
For z € [0, ¢'], if m/n is small enough, we have

[P0 ()] < (b(t) +20)™ < ede™, Vi) ()] < (BE) +20") D™ < eden, (362)
and, if pi'i) () = [I7; (2 — cx), we define pl(z) = [[7, (2 — ¢), and have

b(t)+26' (363)
> [ @@ s
b(t)+o’ ’ ’
b(t)+26" X
= / (& = b(t) = &)™ (2" = (b(t) + &))"z " da,
b(t)+o'
and if m/n is small enough,
/1,%,1 > ¢ "(vminte), (364)

In conclusion, we have that for z,y € [0, '],

1 a —nVi(z —Llen
7 P () (y) [ e < ez, (365)
Rn.m

As a consequence, we have (351)).

5.2.3 Proof of (352))

Let z = 5(,011)‘62# and y = n(pn)_%. Let C be a large constant with C' > 6~!. Then, for any
j € [C'n,n — Cn'/?], we have It € [C—1,1 — Cn~'/?]. Therefore, from Lemma and (353]),
we have that as n — oo, for some C’ > 0 depending on C,

1 I . —nVi(z) (Vt)( ) (Vt)(y9)

—_— 2% p, Y (x)q
o+1  (V; n,J n,J
(o) 5 1y
o1 O e @ 0V @)
< C'g%(pn)~ a0 0+ (1 - Jt) ¢ ERTTELTAET  (366)
o n
For j € [C~'n,n — Cn'/?], we have, for some C” > 0 depending on C,
. —(OH-U‘TH)
(pn)~ 3o (@+D) (1 - ]t> <C'n"s. (367)
n
By Proposition and its generalization in Proposition we find that
. i \?
1,00+ 20 = Vi)~ 1y, < = (122 (36

Substituting (367) and (368) into (366]), we obtain (352), if M > C is large enough.
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6 Solvability of RH problem via vanishing lemma

In this section, we show that RH problem has a unique solution. More precisely, we prove
the following result.

Proposition 6.1. For every T € R, the following holds:
1. RH problem 1.8 is uniquely solvable.
2. The solution ®(€) = () (&) has a full asymptotic expansion in powers of E~' as follows:

0

27 (¢) ~ <I +3 Mﬂ) ding (e 77T | 0:e7®®,(360)

as & — oo, uniformly in C\ {RUiR}. Here My = My (1) are real valued and depending
on T analytically.

We remark that Proposition is only proved for 7 € R.

To prove this proposition, we follow the strategy in [25, Section 5.3] and [16], Section 2.2].
We transform RH problem [1.8 . 8/into an equlvalent RH problem for & such that the j jump matrix
for ® is continuous on the j jump contour 3 and converges exponentially to the identity matrix
as £ — oo on ¥ and such that the RH problem for & is normalized at infinity. To this end, we

define .
B(e) = | 2O HOBIN G, ] > 1,
D(EPMD ()™, €l <1,
for ¢ € C\ {R U R}, where ¢ is defined in Appendix [Bl Then ®(¢) satisfies the following
RH problem:
RH Problem 6.2. ®(€) is a (6 + 1) x ( + 1) matrix-valued function on C\ 3, where

(370)

2
S=)"%, No={":te (0,1}, Syi={it:te (l,+00)}, ¥g={it:te (—o0, 1)},

j=0
(371)
with the orientation of 3 shown in Figure @ It satisfies
1. For € € 3,
by (¢) =D (£)J5(6), where
P (Mei) (£)A6)=O(8) (Mei) (£)~1 ¢ e S,
. 1 e® - B
dMei) () A6)) ® Ip_q | (@Me) (£)eA&)) 71 € X1,
Jy(6) = ( (&)eMs)) 01 > o—1] ( (§)eM) 3 1 (372)
: 1 —e®
(@(Mel)(f)eA(f))_ 0 ) ) @Iy (@(Mel)(é) A(g))+1’ £ €S,
with 041 5
(¥) = Bri + ; sin (9 L) JETH — 27 sin <9L> =y (373)
2. ®(€) is continuous up to boundary on ¥, and
D) =I+0("), €— oo (374)

95



Figure 6: Contour S in RH problem Figure 7: Contour r (6 = 3) in the proof
of Lemma [6.4

From the relation , the solvability of RH problem is equivalent to the solvability
of RH problem By general theory of the construction of solutions of RH problems, this
is reduced to the study of the singular integral operator on the L? space of (§ + 1) x (0 + 1)
matrix-valued functions on 3

Cyp: LX) = LX(E): [ CLlf(1=J M), (375)

where C is the + boundary value of the Cauchy operator

1 f(s) o
- _
57 | st, z€C\ X (376)

Cf(z)

Suppose that I — Cy is invertible in L2(%), then there exists p € L*(2) such that (I — Cip =
Cy(I—Jg "), and
L[ (T+p(s)d = Jg(s)7)

é@y:1+§% . - ds, £€eC\% (377)

satisfies part || of RH problem in the L? sense. Furthermore, one can use the analyticity of
Jg to show that d satisfies the jump condition in the sense of continuous boundary values as
well, see [25, Step 3 of Sections 5.2 and 5.3]. Also it follows from the exponential decaying of
I - J(;l as £ — oo on S that part [2| of RH problem is also satisfied, see [25 Proposition
5.4]. Hence, RH problem is solvable if the singular integral operator I — Cj is invertible in
L2(D).

To show that I — C} is invertible, we need to check that it is a Fredholm operator with zero
index and kernel {0}. As in [25, Steps 1 and 2 of Section 5.3], one can show that I — Cy is a
Fredholm operator with zero index. To show that its kernel is trivial, we suppose ug € LQ(i])
is such that (I —Cg)po = 0. One can then show that the matrix-valued function &g defined by

o) - L [ 1)~ Jgl)
2mi Js s—¢&
is a solution to the homogeneous version of RH problem that is, with the condition
replaced by

ds, £€C\3 (378)

(&) =01, £— o0 (379)

Hence, to show the solvability of RH problem we only need to show that the associated
homogeneous version of RH problem has only a trivial solution. Equivalently, to show the
solvability of the RH problem [I.§], we only need to verify the following vanishing lemma.
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Lemma 6.3 (vanishing lemma). Let ®( be analytic on C\{RUiR} that satisfies the homogeneous
version of RH problem such that parts[1] and[3 are the same while part[3 is changed to

o) = O T(6)Rre 0. (380)
Then ®o(&) = 0.

Proof of Proposition assuming Lemma[6.5 From the discussion above, we have the solv-
ability of RH problem for 7 € R. The uniqueness is easier. Suppose ®(¢) and ®(¢) both
satisfy RH problem then ®(£)®~1(€) is analytic on C and it is T + O(&~Y+D) at oco.
Hence, by Liouville’s theorem, ®(£)®~1(¢) = I and the uniqueness is proved.

Moreover, from the analytic Fredholm alternative theorem [56, Proposition 4.3], it follows
that the solution ®(¢) = ®(7)(¢) is meromorphic for 7 € C and pole free on the real axis.
From , and the exponential decaying of I — Jc; as £ — oo on RU R, we have the
asymptotic expansion uniformly for & bounded away from the integral contour R U ¢R.
The coefficients My, (7) in (369) are analytic for 7 € R, since ®(7)(£) is analytic for 7 € R.

For 7 € R, it is straightforward to check that the function

() (T2 ® Jg—1) (381)

also solves RH problem Here Jy_; is like Jypiq1 in (222)), the row-reversed identity matrix
defined in the end of Section [l From the uniqueness of the solution to RH problem we
have

(&) = @D (&) (I @ Jp1). (382)

Substituting the large-¢ expansion (369)) into the above equation and comparing the coefficients,
we find

My (7) = My(7), (383)
for real 7. Thus, the coefficients My (7) are real valued for real 7. We complete the proof of
Proposition [6.1} O

6.1 Proof of vanishing lemma

Let ®¢ be a nontrivial solution of the homogeneous version of RH problem We assume that
d( satisfies

Dy(&) = Po(&) (o ® Jo-1)- (384)

Otherwise, if ®(€) is a nontrivial but does not satisfy (384]), we consider ®o(&)+®q(&)(I2®Jp—1)

and i(Po(&) — Po(&)(I2 @ Jp—1)). We have that both of them are solutions of the homogeneous
version of RH problem[1.8] and at least one between them is nontrivial. We can take a nontrivial

one as our Pg.

We note that to prove the vanishing result in Lemma [6.3] we can consider the rows of ®
separately, and need only to show that any of its rows are zero vectors. Before giving the proof,
we fix some notation and state a technical lemma that will be used in the proof.

Let (¢o, ¢1,- .., dg) be one row of ®. Let fP)(z) be the analytic function on C \ [0, +00)
such that

51(), g2 € (<5, —5) U (5. 5)

fae = {9E) gz € (BB BT TR g
$1(29) + P (2%),  argz € (0, 20)5
$1(2%) + e Mo (27), argz € (—3;,0),



and then let f(z) be the analytic function on C\ {0} such that

e 523, zeC
Fz) = [P (2) x { pri 5 - (386)
ez z2, zeC_
Similarly, let g(z) be the analytic function on the sectors argz € (0,7/6) U (—n/6,0) such that
Bmi 8 0 s
ez z2¢0(2%), argz € (0, %)
9(z) = _8m B g J (387)
—e” 2 z2¢p(2"), argze (—73,0).
We have that for all z € (0, +00),
s _atlg _mi
9+(x) — g-(z) = f(2), gleva)=e 7 *Mg(e” v x). (388)
We have as z — o0,
20 0
f(z) = O(zgf%)e_%(_z) FL—7(=2) 0+ 7 (389)
5_ 0 e‘gi%egiqlziﬁi+fegffzg%T argz € (0, %)
92 =02 H) X ¢ e a g nor (390)
e 20 COTT RTI4TN L gtz € (—7,0),

and as z — 0,

O h, a>60-1,
f(z)=0(), g(z) = < O(1), a<f-1, (391)
O(log 2), a=0-1.

Hence f(z) is an entire function. We have the following lemma about f(z), whose proof will
be given in the end of this section.

Lemma 6.4. If f(x) is not identically 0, then it has only finitely many zeros on the (6 — 1)
rays
2jme
Tji={e7 t:te(0,+00)}, j=1,2,...,0—1. (392)

Proof of Lemmal6.3. We prove the vanishing lemma by showing that f(z) = 0. Below we
assume that f(z) is a non-trivial entire function, and derive a contradiction.
For this purpose, we denote, for r € (0, +00), X, the wedge contour

2 (1) _ =y
. . X = ot:te(0,7)},
5= 50, SO - petie( T Ty, o St trre o) (393)
o 00 2® = {—eFt:te(—r0)]},

with counterclockwise orientation. We have, by the asymptotics of f(z) and g(z) as z — oo,
that

2jme

7 )dz = 0. (394)

r—00

0—1
lim 2%g(z) H f(ze
S, =0

To see it, we note that the integral over the Egl) and 2512) cancel each other, and the integral

over Z&O) tends to 0, since the integrand is @(z~17%/2), as r — co. From Lemma we denote
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the zeros of f(x) onrays I'1,...,['p_1 as ay,...,a, where we allow repetitions for multiplicity.
Then, similar to (394]), we have

0—1 S om
Tlggo 2%(z2) H f(ze2JT) H —dz=0. (395)
X j=0 k=1% "~ %

Now we deform ¥, into flat contours {¢t +ie: 0 <t <r}U{t —ie:0 <t <r}, where e — Oy,
the upper contour is oriented leftward and the lower one rightward. Then using the relation
(388) and letting r — oo, we derive that

0o m 0—1 2imi
/ 2 P (@) [] gz =0, W) = [ S(ee™5). (396)
0 =1 ¥ ak j=1

From (384)), we ﬁnd that both f(z) and W (z) are real on (0,+00). We also have that the
function W(z) [[,-, 9 — 7 has no zeros on (0, +00), that is, it does not change sign on (0, +00),

and it is either strictly posmve or strictly negative on (0, +00).
We note that 2% f2?(z) is non-negative on (0, +oc). Hence implies that f(z) = 0 on
(0,+00), and then f(z) =0 on C, contradictory to the assumption that f(z) is non-trivial.
Next we show that g(z) = 0. From (387), and f(z) = 0, we see that g(z) =

(6+1)8
23 g(z%) can be analytically extended to the whole complex plane. If # > 4, from the

asymptotic behaviour of g(z) near infinity, it follows that §(z) vanishes exponentially at infinity
from all directions. Hence, g(z) is identically zero. If § = 2,3, although §(z) does not vanish
exponentially if z — oo in some directions, like the positive real axis, §(z)§(—z) vanishes ex-
ponentially at infinity from all directions, and it is identically zero. We conclude that for all
0>2, wehaveg( ) 0.

By { , and -, the vanishing of f(z) and g(z) implies that the row vector
(¢, b1, .-, 00) Vamshes in the whole complex plane. This completes the proof of the vanishing
lemma.

O]

Proof of Lemmal6.4 We intend to prove the technical lemma concerning the zeros of f(z). We
note that from the definition of f(z), its zero points have no finite accumulation points. So we
only need to show that on the rays I';, it has no zeros outside a finite region.

For this purpose, we define

6+1

(1)), () € (<0 - Dt 0 - D),
F(z) =e28 © 77 x { ¢po(—20T1), argz € (=g, o417 ) (397)
d1(=2"), arg 2 € (g1 305my) Y (~ 3y —9)-
We thus need to show that F'(z) has no zeros on
- (2j+1)7i )
Iji={e o1 t:te(0,+00)}, j=1,2,...,0—-1 (398)

outside a finite region. It is clear that F'(z) is analytic in the sectors arg(—=z) € (—(0—1/2)7/(6+
1),(0—1/2)7/(0+1)) and arg z € (—37/(2(6+1)),37/(2(0 +1))) separately, and is continuous
up to the boundary in either sector. On the rays {argz = 0,£7/(0 + 1)}, F(z) is defined by
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straightforward continuation. Also we have that

F(z)=0(zh), z — 00, (399)
F(2)= O™ 8), 2= 0 in the sector arg(—2) € (—(6— 3) 57 (60— 3)57), (400)
z)=0(z z in the sector arg(—z —0—=)——, (60— =
’ 8 20+1"  2/6+1”
0('"2), a>0-1,
F(z) O(z2 log 2) 6—1 z — 0 in the sector argz € ( 51 il )
= 2 = — — .
2 ez, « ’ & 200+ 1)’ 2(0 + 1)
Oz o 2), —-l<a<b-1,
(401)
Let M, be a nonnegative integer such that
0 -l<a<d
M,={" a=v (402)
[a—0], a>0.
Then we define
. F(z), > 1,
F(z) = A(f) 12 (403)
MeF(z), |z] < 1.
We have that F'(z) is analytic on C\ I, where
2 A 3
R . . A I'y ={e2@+D¢ .t € (0,+00)},
I'= U F]a FO = {627mt 1t e (0, 1]}, Al { _ 3mi ( )} (404)
=0 Iy ={—e 20t0¢:t € (—00,0)},
see Figure [7] for the orientation of the contour.
Denote p(z) a function on I' such that
) _2m . G4l ko o - 2mt A
PR (zem Bt e 2p (17 THT)2P—r(l—e Oz zeTl and |2] > 1,
47 271
e‘ﬁmF(ze%i)e%(l_eeH)ZZ_T(l_eeH)Z, zeTyand |z| > 1,
_ Ami _ 273
p(z) = eﬁszO‘F(ze_%i)e%(l_8 o)z —r(l—e )z 2 el and lz| < 1, (405)
471 271
e,ﬁszaF(ze%i)e%(l—eﬂ-H )22 —7(1—eP+1 )z7 = f\2 and ‘Z‘ < 17
\(zMa —1)F(2) z el
Then we have
Fi(z)—F_(z2) =p(z), zel. (406)

It is seen that p(z) is continuous and bounded on I’ and it vanishes exponentially as z — co.
Therefore, we have that

F(z) = 2% A 5 (i”)zdw. (407)

From this representation of F (z), we have that if there is a minimum & such that

1
— [ wFp(w)dw = ¢, #0, (408)
2mi Jp

then as z — o0, R
F(2) = F(2) = gz ¥ 1 4+ O(27F72), (409)
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and then F(z) do not have zeros along the rays I';, when |z| is large enough, and we conclude
the proof.
Otherwise, (408) does not hold for any k > 0, and for all m > 0,

1

- [ w™p(w)dw = 0. (410)
2mi Jp

We consider the value of F(iy) where y € R and |y| > 1. We have that for any m,

F(z)= ! /fp(w) dw

T 2mi

w—2z
1 1 1-— m
- p(w)< _1-(w/z) )dw (411)
2mi Jp w—z w—z
1 1 w™
= —_— dw.
2™ 27 fp(w)w—z v

Then we show that F'(iy) vanishes faster than exponential function as y — +oo. To see it,
we note that ,
Ip(w)] < Me—cle (412)

for some M, e > 0. Then for large enough y
o0 2
Pl < [ e amdalyl (413)
0

We take m the integer such that m < 2e|y|?> < m+ 1. Then from ([413]), we derive that for large
enough y ,
|P(iy)| < el (414)

Thus, zMeF(z) is analytic and bounded in the sector arg(—z) € (—(0 — 1/4)7/(0 + 1), (0 —
1/4)m/(6+ 1)) and decays faster than exponential function at infinity along the imaginary axis.
Applying Carlson’s theorem, we have F'(z) is the zero function, which implies that f(z) is also
identically zero. We complete the proof of Lemma O

7 Proof of Theorem [1.11; Lax pair and nonlinear differential
equations

From ([28]) and Proposition we have the following asymptotic behaviours as & — oo in Cj..
To simplify the notation, we let D = diag(1,/2,2) as in (@4)), and write ([369) for 6 = 2 as

M M
®(¢) = D(I + 22 5(7) +38 5(;) +0(E3) D diag(1, —wE3, w2E3)
1 1 1 3 9 2 1 3 2 2 1 3 2 1
x 11 w w2 dlag <€4w §§—Tw§§7€—zw§f§—rw §§7e4§§7§§> 7 (415)
1 w? w

for I¢ > 0, where M (1) = (my; (T))?ijl, M(T) = (mi;(7))3 ., are analytic functions for 7 € R.

Therefore, we have that the coefficients A and B in , as matrix-valued functions in &,
are analytic in £ € C\ {0}. As £ — oo, we have the asymptotic expansion of A and B

A=2"3D (i A_k(zig)k) D', B=+2D <§: B_k(23§)k> D', (416)
k=0

k=—1
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where Ay and By are functions in 7 and analytic for real 7. Then by taking £ — 0, we find that
A=0(¢1) and B = O(1). Hence we have the expressions of A and B as given in (44). From

the asymptotic expansion (415)), we have with

@ =gy — M1y — —5=TMMas, b=mi2 — 5 T, ¢ =ms,
2 2
d = mszy — ma1 + ?T(mn —ms3), f= —mas+ —3 T, k =mg33 —maz + 3 Tmi2.
(417)
The above functions are analytic for 7 € R.
Furthermore, we have
0 00 0 00 0 2r -1
Ay = | M, 1 0 0] - |M, I 0 0)|M+|M|g 1 2.||-M
27 1 0 27 1 0 0
5T —3 T 0 0 3
mi3 0 m13 0 0
Thao — M1y Mog — g —nug | — %27 ma3 0 0
M3z — M1 M3z — Mg  —Ma3 Mgz — M1l —Mmiz  —Mi3
miz + 1 mis 0 mig 0 (418)
mog —mi1 Moz —miz+1  —miz | + QT ma3 0 0 M
mgz —m21 M3z — M2  —mgg+1 mgz —mii —miz —mMi3
3mz1 miz+3msz —3mi1 + 2my3 + 3mgs —Mm21 M11 — M22 Mi2 — M23
+3 | —ma 0 —3ma1 + ma3 + ?T —Mm31 M2l —M32 M2 — M33
—2m3; —m32 —3ma1 0 msi ms32
Since A_5 = 0, we have
2 1
(A_2)13:a+k+c(f—b—\:{CT—?)):O. (419)

Similarly, we have

(A_2)12 + (A_2)23 = masg(m11 — 2maz + ma3) + mag(miz — maz — 2) — maa(maz + 3)
+ (m32 —ma1) + @T((mll —ma3) + miz(miz + ma3))

=dtc(k—a)— (O +0f + f2)+ 2(f = b) + Ler(f —b— Ler — 3
=0. (420)

From with 6 = 2, we have that the eigenvalues of A_; are 1/2 — /3, «/6 and 1/2 + «//6.
Hence, by computing the characteristic function of A_; and comparing its linear term with that

of (z —(1/2— a/3))(z —a/6)(z—(1/2 + a/ﬁ)) we obtaln the relat10n . From (49), (419)
and -, we have (47]). Substituting (47) into , we have .

The compatlblhty of the Lax pair ylelds the Zero—curvature equation

dA B
A5 AB-BA-= 421
i dE 0 (421)

from which we derive the system of nonlinear differential equations —. Using —,
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we may express a, b, f and k in terms of ¢, ¢ and ¢’ as follows

b =4 (G h Pre) 4 b, (422)
f= ——<87+c —§76> %’y (423)
a= — 1 —%cc—gc + £ (- 372—%7-}-%)—%77, (424)
k= 40” + 2\fcc + 503 + & (27'2 +v+ %) + 3—\1/577', (425)
where v = % + 15— O‘—. From (| @ and , we have
(a\/g 3(f+b)2+3c(a— k)—*T (b+f)— %(b f)+47202+ 5 2rc(b—f)+ (a—i—k) 4‘frc+2fy
(426)
Substltutlng into , we obtain . The Chazy-I equatlon 57)) follows directly
from And the equatlon can be der1ved from ( , (422)-(425)) and the fact that
det(A_l) = —(% + % — 57) We complete the proof of Theorem 1.11
8 Asymptotics of ®)(¢) and K (z,y) as 7 — —o0
Let
P(€) = T(€) e, (427)

where Y(¢), Q4 and ©(&) are the same as in (28)). Then we denote the contour Eg) as
oD(0,(-7)"H u Zg)l U E%)Q where EE;“ = {iy : y € (771, +00)} and Zgé ={iy :y €

(=00, —771)}, such that dD(0,(—7)~1) is oriented clockwise, Zg)l upward, and Egé down-
ward. Let

: (00) (€)1 diag((—7) " 71)? )1

R — dine((mr1tae) PO (T el ()
@ (OX{<I><MCI><<—T>0+15>—1diag((—ﬂw)z07 €l < ()
(428)

where ®MeD) is defined in ([@98). Although ®()(¢) is not continuous on R and {iy : |y| <
(—7)~ 1}, it is clear that R(¢) is analytic there by simple analytic continuation. Furthermore,
R(&) satisfies the following RH problem:

RH Problem 8.1. R(§) is analytic in C\ Eg), and is continuous up to the boundary. It satisfies
1. For € € Eg),

R (&) = R_(£)Jr(E), (429)
where
Jr(§) =
(diag((—T)W <(1 b eXp (ig™ )(5))> @Ie—1>
< Q1T (€) ! diag((—r) 7)., £esy),
k — X’ _ia(T)
diag((—7)71)0_, T(£)Q_ (((1) e P expl( ig (f))) 69191)
X Q1 T(E) " ding((—7) T, . £e i,
diag((—7)7+1)]_o P (&) @M (—7)PT1e) " diag((—7) 7+ 1)]_y, ] = (=) 71,

(430)
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where

0+1 2 2 . 1
g I(€) = Z sin (9 Il) £7H — 27sin (011) £+, (431)
2. As £ — o,
R =1+0(™). (432)

_0_

It is straightforward to check that |Jgr(§) — I| = O(exp(—e(—7) +1)|§|9+1) for some € > 0
on Eg}l U Eg)g. We also have |Jg (&) — I| = O((—7)~2*tD) on dD(0, (—7)~1). To see this, we
note

k

diag((~7)77)f—gP(€) = T((~7)€)2se™ ¢, (433)
; 0k r _ _ _ 6
O ((=7)"H1) ™ diag((—7) ")z = e HOQLIT((=7)) T (I + O 7)), (434)
where A(€) is defined in (494)), and e~ ©©e=7A&) = T + O(7~2/(%+1)), Hence, by the standard
small norm argument, we have that R(¢) = I 4+ O((—7)~% @+ uniformly in &, if (—7) is large
enough. We then conclude that

0k

87 (¢) = diag((—7)71){_o(I + O((~7)"71)) diag((—) 71 )]_, @M (—r)**1¢)  (435)
for all |¢] < (—7)~ L
As a consequence, we have that for all k =0,1,...,6, and £ in a compact subset of C,
BN ((—1) e
@7 (=)

)

2

) = @0V €)1+ O((—7)"71)), (436)
b= (=) (@MD(£)) (1 + O((—r) 7)), (437)

Recall that ¢(7) is defined by the first row of ®(™), and ¢(7) is defined by the last column of
(@)=L, Also recall the relation between @(Mei) and TMei) given in ([@92)), and the relation
between (®Mei))—1 and @ (Mei) given in and ( - We have that as 7 — —oo, the
limits of ¢(™ and ¢(™ can be expressed by the ﬁrst row of WMe) and the first row of \I!(Mel)
respectively. Hence, we obtain and and prove part I 1| of Lemma m

Now we prove part (1] of Theorem For &,n € (0,00) and a large C' > 0, we divide
the integral domain on the right-hand side of that defines K(7) (z,y) into three parts:
(-7,—C)U[-C,ClU(C,+00). On (—1,—C), as T — —o0, by part [1] of Lemma [1.10}

<o ((2)7 ) 0 ((9) 7 ) (1+ O(-o) 7))o

9+1 1
— 2n0(—r)" [ [ (06 G s+ ()

)

where the error term €(C') — 0 as C' — 400, uniformly in 7. Next, we consider the integral

/ 3 (=)~ ) (=)~ % n)do (439)

for I = (C,+00) or I = [-C, C] By estimate at the end of Section [9] the integral over
(C,+0o0) is bounded by e —eC? for some € > 0. Flnally, the integral over [—C, C] is bounded.
Summing over the three estimates, we thus finish the proof.
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9 Asymptotics of & (¢) and K7 (z,y) as 7 — oo

9.1 Properties of g-functions

We use notation set up in Appendix [C] Let

M(s) = —C, |2+ 2+ L] o=l O
- 0 0 YT 204+ 1)(0 - 1)2
We introduce the g-functions go(z), g1(2),...,9¢(z) on {argz € (0,7) U (—m,0)}
go(z) = MAPO(@0)), gelm) = MEPIETE), k=10 (441)

Then, the g-functions satisfy the following properties.
Lemma 9.1. The functions gj(z),0 < k < 6 defined in (441)) satisfy the properties below.

1. go(z) is analytic on C\[1,400), g1(z) is analytic on C\ {[1,4+00)U(—00,0]}, and gi(z) are
analytic on C\(—o0,0] fork = 2,...,60, and they satisfy the relations (with go4+1(z) = g1(2)

in (3

90.+(7) = g1.%(x), € (1,00), (442)
gk,-‘r(gc) = gk—i—l,—(x)a T € (_0070)7 1< k < 9’ (443)

2. As z — oo, we have (with Cy defined in (440)))

. ~Cy (¢ (5)7 — 36— e FT (5)7 + 07T, argz € (0,7),
go\z) = T & i S
—Cy (692+1 (%) o 2(0 — 1)edrt (2) 2 + O(z_ﬁ» , arg z € (—m,0),
(444)
- -c, (eﬁﬂ (2)7T — 2(9 — 1)edsT (2)7 + O(f%)) . argz e (0,7),
1 = Uy _2 ux 3 1
—Cy (6_92+1 ()71 —2(0 —1)e o+1 ()74 4 O(z_%)) , argz € (—m,0),
(445)
and for 2 <k <40
(2k—1)mi _2 (2k—1)7i _1
guaz—@(ﬁfﬁ (3)77 — 26— 1)e o @V“+0@9%Q,amze@mm,
(446)

Moreover, all the O(z_l/(9+1)) terms have asymptotic expansions as power series of z— Y/ (0+1).

3. In a small neighbourhood of 1, we have an analytic function f(z), such that

1
4 3 230

90(2) — g1(2) = £ f(2)2, f(1) =0, f)= - 3 T (447)

3 O@—-1)3(6+1)3

4. We have
gO(Z) - gl(z) > Oa z € (07 1)a (448)
and there exists a contour I'y C C that connects 1 and i - 0o, such that

R(go(z) — q1(2)) = R(go(2) — g1(2)) <0, zeTy. (449)

65



Proof. Equation together with , implies the jump relation . The other relation
follows directly from the definition of igpre) and .

From and , we can derive the large z expansion of igpre) and igpre). Using this
and , we obtain the large z expansion of gx(z) as given in —. Similarly, from
, and , we have .

It follows from the definition of the mappings igpre) and iépre) that

A A~

179((0,1)) = (—(0+ )0~ 77, —97i1), 1P ((0,1)) = (=07 77,0). (450)

This, together with (441)), implies (448)).
The existence of a contour I'y C C. such that (449)) holds follows from the analyticity of go
and ¢ in C\ R and the behaviours of gy and g; given in (444)), (445) and (448). O

9.2 Normalization: & — T

Recall the contour I'y in Lemma Let 'y = {z € C_ : Z € T'1} be the conjugate of I'g, and
orient both of them from 1 to co. We denote I' = T';y UT'2 U (—00,0) U (0,1) U (1, +00), and
orient the real part of I' from left to right. We divide C into four infinite regions: {2; between
[1,4+00) and I'1, Qg between I'; and (—oo, 1], 3 between (—oo, 1] and I'y, and T'y between I'y
and [1,4+00). Each §; overlaps with the i-th quadrant.
Let the (60 4+ 1) x (6 + 1) matrix-valued function 7'(¢) be defined on C \ I', such that, with
¢y defined in ,
6
TPre)(g) = diag((e17)7F)0_ @ ((c17)0+1€) diag (6_7—2‘%(6)>k o (451)
for z in the intersection between §2; and the i-th quadrant for ¢ = 1,2,3,4, and by analytic

continuation in other parts of its domain.
Then, T (¢) satisfies the following RH problem:

RH Problem 9.2. 1. On T, TP (¢) satisfies, with o3 = (9}),

1 emiBem?(90(€)—g1(€))
@ Ily_1, el
0 . -1 el
1 —emiBe?(90(6)=91(8))
D 19—1) § S F27
T(0re) oy _ pre) oy 7 gney = 4 \0 1
+ (5) - 4 (5) T(§)7 T(g) - —677”"8 0
(916 -00(6)) eﬂ'ﬁ) @ Io-1, £ (0,1),
o1® ly_1, 56(1700)7
Mcyclica EeR_.
(452)
2. T(®)(¢) has the following boundary condition as & — 0
a1 _ 0
TE) (€)= ¢ BT () diag (€757, 1,69,65,...,67 ) Bdiag (e77@)
(453)

where To(pre) is analytic near £ = 0 and F the matrix defined in RH problem in the
way that E in Qo (resp. 3) here is equal to E in the second (resp. the third) quadrant
there.

66



3. T®)(¢) has the following boundary condition as & — oo

TE(¢) = (1+0(E™) T(©)2% (T+0(E 7)), (454)

where the O(£~1) has an asymptotic expansion as power series of €1, and the O(£~1/(0+1)
has an asymptotic expansion as power series of ¢~1/(+1),

From the asymptotic expansion (454)), we find that 7'(§) has an asymptotic expansion

T(€) = T()2+ (I + ZM‘@"H) , (455)

n=1

and the right-hand side, as a formal Puiseux series, satisfies the condition in Lemma|[B.I] Hence,
we can use Lemma and get a constant lower triangular matrix Co(7) that is independent
of £ whose diagonal entries are all 1, such that if we define

T(€) = Co(r)TP™)(¢), (456)

then T'(x) satisfies the following RH problem:

RH Problem 9.3. 1. T(§) satisfies part [1{of RH problem with T(®€) (¢) replaced by T'(€)
in (@52).

2. T(£) satisfies part | of RH problem with (%) (€) replaced by T'(§) and Tp(§) replaced
by To(€) := Co(r) TP (¢) in ([@52).

3. T'(¢) satisfies a stronger version of part 3| of RH problem such that

T(€) = (I+0(™) T(€)Qx. (457)

9.3 Global parametrix
Let, for j =0,...,0,

Nj(s) = (s+ (0 + 1)g 751y (

1
2
i ( G— (458)
s+ (0+1)0 741 s+ 6o+

Nj(8)=(8+(9+1)99il)j< . a) 2 <89>2 (459)
s+ (0+1)0 o1 s+ 070+t

be defined on C\ [—(0+ 1)9_%,0] such that both N;(s) and Nj(s) are s/ +O(s771) as s — oo.
Then define the (§ + 1) x (8 + 1) matrix-valued functions P(oPr)(¢) = (P(o:pre) (E))ikzo and

plocpre) (¢) = (Plocpre) (5))%:0 on C\ R by

2(k—1)mi

00, pr =(pr 1 00,pr = (pr 2k—Dme 1
PP (e) = Ny (e0)),  PP(e) = NI e o €8), k=1,...,0, (460)

2(k—1)mi

75 (0o, pre ~ 2(pre) .1 7 (oco,pre ~ ,2(pre) , 2r—lm 1
PieP(e) = N;AP(€9)),  PSOPO(e) = NP (e™ 7 €9), k=1,....0. (461)

Then we find that P(°Pr®)(¢) satisfies the following RH problem:
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RH Problem 9.4. 1. On the real axis oriented from left to right, we have

o1® Ip_q, e (1,00),

PPl () = PP () d diag(—e~ ™0, emi8) @ Ip_y, € € (0,1), (462)
Meycic € € (—00,0).
o1 P Iy_q, e (1,00),

B (g) = PP (6) ¢ diag(e™?, —e ™) @ Iy, € € (0,1), (463)
Meyeiic, € € (—,0).

2. Popre)(¢) and p(ooipre) (&) have the following boundary conditions as £ — 0

P(oo,pre) (5) _ é——z%PO(OO,pre)(é-) diag (é‘_ a+;79 1, §$7§%7 ce ,§%> E(Oo), (464)
Bloorre)(¢) = B (¢) diag <6‘§’,£E*§31, - sﬁsﬁfﬁ) (B HTE

where P(goo’pre)(f) and ﬁo(oo’pre)(f) are analytic near the origin, arg(¢) € (—m,7), 25!
is defined in , and E(®) is a constant matrix in C, and C_, such that E(®) =
I 1 ® Cyxp in Cy, where Cyyg is defined in . Moreover, P(°o:Pre) (€) and P(OO»pre)(g)
have the following boundary conditions as & — 1:

o (00,pre) o (co,pre) o (co,pre)

Pip ©=0(¢-1)""Y, Py (©O=0(-1)""Y, Py (=00

where @ =" or empty, k=0,1,...,60 and j =2,...,6.
3. PP (¢) and Pploopre) (&) have the following boundary condition as £ — oo

o (0o,pre)

(€)= (I+0(™1) T(6)02s (I Lo )) . where e = or empty.  (467)

where the O(£~1) has an asymptotic expansion as power series of €1, and the O£~/ (0+1)
has an asymptotic expansion as power series of £ —1/(6+1),

Then like (456]), we find that there exist lower triangular matrices C{, and 6(’) that are
independent of £ whose diagonal entries are all 1, such that if we define

P)(g) = Cuperr)(¢), P (g) = CyPLoPre)(¢), (468)

then P(*)(z) and P(*)(z) satisfy the following RH problem:

RH Problem 9.5. 1. P(®)(¢) and ]3(0‘1) (&) satisty part |1 of RHVproblem with P(oo:Pre) (£)
replaced by P(*)(¢) in ([@62) and PP (¢) replaced by P(>)(€) in (463).

2. P()(¢) and P (¢) satisfy part [2 of RH problem with P(Pre)(€) replaced by
P (¢) in ([@6d) and PP (¢) replaced by P° (&) := C/ PP (¢) in (@65).

3. P(>®)(¢) and p() (&) satisfy a stronger version of part [3[ of RH problem such that

P = (T+0(E) T, PP = (T+0E™) T2,  (469)

68



We note that by an argument analogous to the proof of the uniqueness part of Proposition
P(®) (&) and P(*®)(¢) are uniquely determined by RH problem
At last, we define

STy PO ()R, (470)

PEIe) = 0+1

and find that P(°)(¢) satisfies the RH problem that (P()(¢)~1)T satisfies. Hence, P(™)(¢) =
(P (&)~HT | or equivalently,

PO(€) = (0 + 1)e 7img a1 Jp PO ()25 (471)

9.4 Local parametrices

Recall the analytic function f(z) defined in a neighbourhood of 1, as defined in . Let
§ > 0 be a small enough constant, and we assume that {743 f(£) : € € T'} overlaps with I's; in
the neighbourhood D(1,6). In D(1,4), we construct a local parametrix P(M)(¢) satisfying the
following RH problem as follows.

i3 i3
e

PU(E) = B(E) (01040 (3 ()01 ding 3407 )edm @ O=mO)n) 6 1, ),

(472)
where the sign follows £ € C4, and with @éﬁ ) defined in ,
. . 7, T -1
B(§) = P ((a@gé”(r%f(s))al diag(es FVTFE, ) g 191) NCCE)

Also we define the local parametrix P©)(¢) = (P(O) (f)) =0 in D(0,6) \ R as

B+1
e 25O 2, (n) g 0Py k=0, j=0,1,....6,

Pj(,(l)c) (f) = Pj(,cl?) (f) + 2mi 0 =& ‘
0, otherwise.
(474)
9.5 Small norm argument
Finally, let
O@©, gl <,
R =T(§) x ¢ PYE),  [€-1] <4, (475)

P(Oo ()71, otherwise.

We find that R(&) is well defined and analytic in D(0, ) and D(1,d), and satisfies the following
RH problem:

RH Problem 9.6. R(£) is a matrix-valued function defined on C\T'®) where T(F) = (§,1—6)U
0D(0,6) UoD(1,6) UT 1 sUT'g 5, with I'; s = I'; \ D(1,9) for i = 1,2. Let 0D(0,6) and 0D(1,9)
be oriented clockwise, and other contours have the same orientation as I' in RH problems

and [0.3]
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e For ¢ € &)

Ry (§) = R-(£)Jr(£), where Jg(§) =

1 emiBem*(90(6)—g1(6)
P)(g) 0 , S lg_q | P, EeTyy,,
1 —e—TiBer?(90(€)~91(8))
P (¢) 0 ce ) ) @ Io1> P ()7L ¢ €Ty,
X . (476)
(0) (00) ( y—1 _
PO s @@ 1) MH) O™, £e®1-9)
P PO, HEXS
P PI (&)L, € — 1] =0.
e Asé —
R =T+0(. (477)

Since as 7 — +00, we have that Jr(¢) = O(772), we use the standard small norm argument
to find that |R(£) — I| = O(772) everywhere in C\ T, Below we use this estimate in two
regions.

Approximation in D(1,6) In this region, T(¢) = R(£)P™M(€), and by (@51)), we have that
for € € D(1,68) N Qy, if we denote Q(&) = R(£)P()(€) there, then

(I)O 1(<C1T)0+1§) + eﬁm'(I,O 0((017_)9—&—15) T, 1(5)67—290(5)
= e T 0O [ ) [eF)Q000 + (¢ F Qe A1)
—rTEf(E) [(—ie#)@(i)op + (e_%)Q(g)O,I} Ai/(T%f(g))}, (478)

and
e @ () )y + 3T (@((err) )y = ¢ I ear) T (ge T 0
 (err) O @) x {73 F(©)F [(=ie Q)55 + (—eF)QOTS] AilrF£(€)
—r O (1RO + (—eF)QOTY AV F(©) ). (479)
By direct calculation using and , we have, as £ — 1 in C; and 7 — 400,
Qo(6) = i F o~ (T51) - et 06 4ol - 1) (450)
+1 [0 % 1.1
Qi) =< Fo % (T51) - bt o) + ot - 1) (181)
and by relation , we also have
-1 1 0 i m™B B 0+1 i 1.1 _9
Al = et Fol (L) a-grtaror roe-n, asy)
7 0 . 3 [0 % 1 1
Al = et e Tt () a-ghtar o o). s
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We then have, if |€ — 1] < C7~%/3 for some C and & € Qo,

(1)0,1((017)0+1§) + €ﬁmq)0,0((617')9+1 ) = 2e7r;B f@ % 0(€)+g1(8))
6(0+1) i it [ 9259 A 1
X ( 5 ) (= (D)] (A <(9 g (1 g)) +O( )) . (484)

e HIT (@ (er7)* 1)y h e T @((err) M) ) = () O Ve T (@) )

y (9(924r 1)

9—1—1

250
Ai (1= | +0(r75) | . (485)
O—-1)3(0+1)s
Similar calculations show that (484) and (485)) hold if |€ — 1| < C7~*3 and € € Q; U Q3 U Q.

wh—‘
IS

)‘1‘ P )

Approximation in D(0,6) and (5,1 — &) For & € D(0,6), T(€) = R(E)PO(€), and for
€€ (0,1-9), T = R+(§)Pfo) (&) = R_ (f)PEOO) (£). Similar to the derivations in (478) —
[85), we have the approximation formula for (7 ((¢;7)?41€) and ¢(7) ((¢;7)?71€) when |€] < &

or £ € [6,1 —0]. We are not going to give all the details, but only state the result that for all
&neDO,1-45)U(d,1—9), there exists ¢, C > 0, such that if | — 7| < ¢, then

16 (1)) 6™ ((er7) )| < e, for all 7 > C. (486)

9.6 Proof of part [2| of Lemma and part [2| of Theorem

From (484) and (485), and their counterparts for |6 — 1| < C7~%3 and € € O U Q3 U Qy, we

derive and . Thus we prove part [2[ of Lemma m
To prove part [2] of Theorem [I.7, we divide the integral domain on the right- hand Side of

(1) that defines K (z,y) into [r,7 + €] and (T +€,+00). For o € [7' T + €], we use and
(@85) to estimate the integrand ¢(° ((017') G (1 — CoT é)x)qﬁ( )((617') o (1 — CoT g)y) and for
o € (1T +€,+00), we use - to estimate the same integrand. In this way, we prove .

A The Airy parametrix

In this subsection, let yg, y1 and yo be the functions defined by

yo(C) = V2re T Ai(Q), 51(C) = V2re TwAi(wl), 1(¢) = v2re Tw? Ai(w(), (487)

where Ai is the usual Airy function (cf. [A7, Chapter 9]) and w = €2™/3. We then define a 2 x 2
matrix-valued function WA by

((v0(Q) —u2() -
(Z/(,)(C() )—yé C()))’ arg¢ € (0, &),
—y1(6)  —w2(C o
A () = (%(C) y'z(()) , argC e (5,m),
Q) ss)
<—y2(<) yl(()) atg € (=, —22)
_?é()() ?é()() ’ ' T3 )
Yo Y1 _
x (%(C) y1(Q)) arg ¢ € (=%, 0).

It is well-known that det(¥(A)(2)) = 1 and WA (¢) is the unique solution of the following 2 x 2
RH problem; cf. [26] Section 7.6].
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RH Problem A.l.

1. WA (¢) is analytic in C \ T'a;, where the contour I's; is defined in

27 27
Fai:=e€ 3 [0,400) URUe s [0,4+00) (489)
with all rays oriented from left to right.
2. For z € T'5;, we have
(1 1
, arg( =0,
0 1 B¢
(Ai) (Ai) 10 o
\IJ—&- (C) =VvZ (C) 1 1 ) argC = :l:‘ia (490)
0 1
, arg(=m
(1 0) g¢

3. As ( = oo, we have
WA (Q) = WO+ 0 et w0 —hm (1 T et o

(AD)

4. As ¢ = 0, we have ;. (¢) = O(1), where ¢,j = 1,2.

B Hard edge local parametrix

Recall the (8 + 1) x (f + 1) matrix-valued function WM (¢) defined in [52, RH Problem 3.12]
(where the variable is denoted (). Let

. 1 .
B (6) = (2m)1 1 Y2 L dr g g)
diag (06 2”597371@%“) @ diag (e_ﬁ( 0 %)m>k ,  &£eCy, (192)
X = 492
_ migd=a=t By : 7,3( L l)7rz
dlag( fe2"'¢ 0 e 2 )@dmg(e o "2 )kZQ, £eC.
We find that ®Meipre)(¢) satisfies the boundary condition as & — oo
M) () = T(£) (I + Ans‘eil> e M), (493)
n=1
where Y (&) and Q4 are the same as in , A, are constant matrices, and
_97:1 0 i1 N0
(e m) @ diag (5%7”) , £€Cy,
1 0 ef+1 j=2
A(E) = (6+ 1ETH x (494)

Jj=2

e 0 2j=1,\0
( _m) @ diag (e o71 m) , feC_.
We note that the series in (493|) is an asymptotic expansion and does not converge.
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Entries of UMel) and Mebpre) gre expressed by Meijer G-functions. The asymptotic formula
is due to the asymptotic expansion of Meijer G-functions in [42, Theorem 5 in Section
5.7 and Theorem 2 in Section 5.10]. The leading terms of the asymptotic expansion are given
in [52, Equations (3.64), (3.79), (3.80) and (3.81)].

We have the following lemma whose proof is by term-by-term calculation:

Lemma B.1. Suppose ®y(&) is a formal Puiseuz series of a (0 + 1) x (6 + 1) matriz-valued
function

Do(€) =T+ Y Bp& o4, (495)

n=1

and it satisfies, if the power functions all take the principal branch, for x € R\ {0},

0 1
T (2)QyPo () =T _(2)Q_Pg () X (1 0
McycliCa Tz < 0,

@ Ip_q, > 0,
) o=t ¥ (496)

then there exists a constant lower triangular matriz C whose diagonal entries are all 1, such
that
CY () ®() = (I + OE )T (£)x. (497)

It is straightforward to check that the Puiseux series in (493)) satisfies (496) in Lemma
with ®q replaced by this Puiseux series. Thus we have a constant lower triangular matrix C
whose diagonal entries are all 1 as in (497)), and define

H (Mei) ) = O @ Mei,pre) (6), (498)

and it satisfies the following RH problem:

RH Problem B.2. ®Me)(¢) is a (§ 4 1) x (A + 1) matrix-valued function on C except for R and
iR. It satisfies

1. oM (g) = o™V ()7 (), where JI(¢) is defined in @7).

2. ®Me)(£) has the following boundary condition as & — oo
0

DM () = (I+0(¢™)) diag (7 7T7¢TT)  QueAO, (499)
where A(€) is defined in ({494)), and Q4 are defined in
3. ®Mei)(¢) has the following boundary condition as z — 0
D(¢) = NI (¢) diag (¢, 1,¢7,¢8,.... 67 ) B, (500)

where N(Mei) (§) is analytic at 0, and FE is the same as in RH problem In the sector
arg{ € (m/2,m), E is defined by and .

Similar to the argument above, we also define, from the (6 + 1) x (6 + 1) matrix-valued
function WMD) (¢) defined in [52, RH Problem 4.11], that

é(Mei’pre)( g 16 % % /B+1 )ﬂ'lé- \I,(Mm) (5)
AN
dlag 7”§9 e%(ﬁ-ﬁ-l) ) @ diag (eg(ﬁ-&-l)rrz) L £eC,,
Batmies 2 o g (G (501)
dlag es £5,—e 0 ) @ diag (ee )k_2’ ceC._.
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Then there exists a lower triangular matrix C whose diagonal entries are all 1, such that
M () = CHMeLPr g), (502)

and we find that it satisfies the following RH problem:

RH Problem B.3. ®Me) (¢ is a (§ + 1) x (A + 1) matrix-valued function on C except for R and
iR. It satisfies

1. a0V (e) = 8N ()19 (€), where JY(€) is defined in (218).
2. §Mei) (&) has the following boundary condition as £ — oo

SO . 0
SN (€)= (1+0(¢™)) diag (e 7171 ) 2ueh), (503)
where A(&) is defined in (494)), and Q4 are defined in
3. @(Mei) (€) has the following boundary condition as z — 0

B+20—1 B+5  B+3 B+l

PO (g) = N D (¢ ding (g—g,f 2,8 g £ ) (E7H)T=LY (504)

where N (Mei) (€) is analytic at 0, and E is the same as in RH problem In the sector
argé € (m/2,m), E is defined by and .
We note that the first row of ®™e)(£) (resp. ®Me)(€)) is the same as that of WMe)(£)(g)
(resp. WMD) (¢)),
Also, by arguments similar to those in Section we have that

SO (¢) = (0 + 1)e TTET o g (@D (6) ) TELL, (505)

C Limiting mapping J®

We consider the mapping

TP (0) = —(=0) T + (0 + 1)§7 771 (=0)7, (506)
We find that
(pre) d (pre) d2 (pre) __2 __6
J (UU) =1, %J (UO) =0, WJ (00) = — (0 + 1)0 +1, gg= — 0 +1, (507)

0+1) 0+1) .

Also we have a contour &(pre) that is from e~ ™/( -00, passing through og, and to emi/( o0,
such that 37 () = 0 for o € 4(P™). We denote @ipre) .= 4(Pr®) N C,. We also denote the
region to the right of 4 as D®r®) Tt is straightforward to check that J®*)(g) maps the
region C\ D(®re) ynivalently to C\ (1,4+0), and it maps the region Dpre) \ (0, 400) univalently
to Hy \ (1,+00). We denote the inverse mapping of J®™ (o) in these two regions igpre) and

igpre), respectively. It follows from the definition of the mappings igpre) and igpre) that

A~

1P1((1, 00)) = 4, 1P9((1, 00)) = 42 (508)

We also have, as z — 1,

[NIE
[SIES

1079 (2) = 0 — (1 — 2) 39741 2(1+"‘1 21—z

+0O(1- z)> . (509)
> (510)

igpre)(z) =00+ (1— z)%ﬁﬁ 2 (1 ol L(l - Z)% +0(1-2)
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