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Abstract

We find the universal limiting correlation kernels of the Muttalib-Borodin (MB) ensem-
bles with integer parameter θ ≥ 2 at 0 in the transitive regime between the hard edge
regime and the soft edge regime. This generalizes the previously studied hard edge to soft
edge transition in unitarily invariant random matrix theory by Its, Kuijlaars and Östensson,
which is the θ = 1 special case of our MB ensemble. The derivation is based on the vec-
tor Riemann-Hilbert (RH) problems for the biorthogonal polynomials associated with the
MB ensemble. In the analysis of the RH problems, we construct matrix-valued model RH
problems of size (θ + 1) × (θ + 1), and prove the solvability of the model RH problems by
a vanishing lemma. The new limiting correlation kernels are proved to be universal for a
large class of potential functions, and they interpolate the Meijer G-kernels for the hard
edge regime and the Airy kernel for the soft edge regime. We observe that the new limiting
correlation kernels have the integrability that is not seen in previous studies in random ma-
trix theory and determinantal point processes. In the θ = 2 case, we give a detailed analysis
of the Lax pair associated with the model RH problem, show that it results in the Chazy I
equation and the similarity reduction of the Boussinesq equation, which has a Painlevé IV
reduction, and find that the Lax pair is in the Drinfeld-Sokolov hierarchies.
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1 Introduction

We consider the Muttalib-Borodin (MB) ensemble with integer parameter θ ≥ 2 and an analytic
potential function that has transition behaviour at the edge 0. More precisely, we consider the
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system of n particles x1 < · · · < xn distributed on [0,∞) with joint probability density function

P (x1, . . . , xn) =
1

Zn

∏
1≤i<j≤n

(xi − xj)(x
θ
i − xθj)

n∏
i=1

xαe−NV (x), (1)

where Zn is the normalization constant, α > −1 and V is a real analytic function on [0,+∞)
that satisfies

lim
x→+∞

V (x)

log x
= +∞. (2)

We are interested in the limiting behaviour of the particles as n,N → ∞ and N/n → 1. We
concentrate on the limiting distribution of the smallest eigenvalues.

We refer the interested readers to [52] for a general discussion of this model. See also [6], [7],
[8], [10], [11], [13], [14], [15], [17], [19], [24], [27], [30], [31], [2], [35], [34], [38], [41], [40], [43], [44],
[53], [54], [55] for research in various aspects of this model. We note that the MB ensemble is a
typical biorthogonal ensemble, and it is a generalization of the classical Laguerre type Hermitian
matrix model eigenvalue distribution [3, 29] that is the θ = 1 special case of (1). It is known
from the general framework of biorthogonal ensembles that the MB ensemble is a determinantal

point process, so that there exists a correlation kernel Kn(x, y) = K
(V,N)
n (x, y) defined in (13)

below such that the density function can be rewritten in the following determinantal form:

1

n!
det (Kn(xi, xj))

n
i,j=1 . (3)

When V (x) is a linear function, it is shown in Borodin’s pioneering work [10] that the scaling
limit ofKn near the origin (also known as the hard edge) converges to a family of limiting kernels
depending on the parameter θ as n→ ∞. This new family of limiting kernels, which describes
the limiting distribution of the left-most particles in (1), does not occur in Hermitian matrix
models, unless θ = 1. They reduce to the classical Bessel kernel [28, 49] when θ = 1, and
reduce to the Meijer G-kernels encountered mainly in the products of random matrices and
related models (cf. [1, 5, 4, 37, 48]) when θ or 1/θ is a positive integer, as observed in [36].
The new family of limiting kernels are proved to be universal, in the sense that if V satisfies
V ′′(x)x+ V ′(x) > 0 for all x > 0. For the proof, see [34] for θ = 1/2, [43] for θ−1 ∈ Z, [52] for
θ ∈ Z and [50] for general θ ∈ R+. For this kind of V , we say that the model is in the hard edge
regime. It is shown in [19] that in the hard edge regime mentioned above, the density of the
equilibrium measure for the MB ensemble, which is the limiting empirical distribution of the
particles [27, Theorem 2.1 and Corollary 2.2] and [11, Theorem 1.2 and Corollary 1.4], blows
up at the speed of x−1/(θ+1) as x→ 0.

On the other hand, for a large class of V (x), the equilibrium measure is supported on an
interval [a, b] with a > 0, and its density function vanishes like a square root at a. It implies,
although a rigorous proof is missing in the literature, that the scaling limit of Kn near a
converges to the classical Airy kernel that defines the Tracy-Widom distribution, as in θ = 1
[25]. For this kind of V , we say that the model is in the soft edge regime.

In this paper, we consider the scaling limit of Kn at 0 when V (x) is in the transition regime
between the hard edge one and the soft edge one. We assume that θ is an integer greater than
1. In this regime, the equilibrium measure is supported on an interval [0, b], and its density
function vanishes at the speed of x(θ−1)/(θ+1) as x→ 0. For example,

V (x) = x2 + ρx, with ρ = −2
√
2√
θ
, (4)

is in the transition regime. If θ = 2, the limiting empirical distribution of particles is shown in
Figure 1 [19, Figure 6] when ρ in (4) changes around 2.
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Figure 1: The equilibrium measure of the MB ensemble with θ = 2 and V (x) = x2 + ρx with
ρ = 0, −1.8, −2 and −2.5. When ρ = 0 and −1.8, the ensemble is in the hard edge regime in
the sense that the density of the equilibrium measure blows up like x−1/3. When ρ = 0, it is
proved in [52] that the left-most particles are around 0 and their limiting distribution is given
by the Meijer G-kernel. It is expected to hold also when ρ = −1.8. When ρ = −2.5, the density
of the equilibrium measure vanishes like a square root at the left-end point of the support of
the equilibrium measure, and we expect the left-most particles to be there and their limiting
distribution to be the Tracy-Widom distribution given by the Airy kernel. When ρ = −2, the
density of the equilibrium measure vanishes at the new speed of x1/3 at 0. Courtesy of Tom
Claeys.

In this paper, we show that the correlation kernel of the MB ensemble converges to a new
limit in the transition regime, and study the properties of the new limiting kernel.

1.1 Statement of main results

Before stating the main results, we need to impose some conditions on the potential function
V and introduce some other functions. The equilibrium measure associated with V is the
probability measure on [0,+∞) that minimizes the energy functional

I(V )(ν) :=
1

2

∫∫
log

1

|x− y|dν(x)dν(y) +
1

2

∫∫
log

1

|xθ − yθ|dν(x)dν(y) +
∫
V (x)dν(x). (5)

By an argument similar to that in [26, Section 6.6], we have that the equilibrium measure
µ = µ(V ) is characterized by the following Euler-Lagrange conditions:∫

log|x− y|dν(y) +
∫

log|xθ − yθ|dν(y)− V (x) = ℓ, x ∈ supp(ν), (6)∫
log|x− y|dν(y) +

∫
log|xθ − yθ|dν(y)− V (x) ≤ ℓ, x ∈ [0,+∞) \ supp(ν), (7)

where ℓ is a real constant.
Throughout this paper, we assume that the equilibrium measure satisfies the following reg-

ularity condition:

Regularity Condition 1.1. (One-cut regularity condition away from the left-end point) The
equilibrium measure µ = µ(V ) is supported on an interval [a, b] with continuous density, where
0 ≤ a < b <∞, such that

dµ(x) = ψ(x)dx, x ∈ (a, b), (8)

where ψ(x) is a continuous function on (a, b), and for small positive numbers ϵ1 and ϵ2, the
following hold:

1. ψ(x) > 0 strictly for all x ∈ (a+ ϵ1, b− ϵ2).
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2. There is a positive number d2 = d
(V )
2 and δ2 > 0 depending on ϵ2, such that

ψ(x) = d2(b− x)
1
2 (1 + h2(x)), x ∈ (b− ϵ2, b), (9)

h2(x) → 0 as x→ b− and |h2(x)| ≤ δ2 for all x ∈ (b− ϵ2, b). Also (7) holds strictly for all
x ∈ (b− ϵ2, b).

3. With dµ(x) = ψ(x)dx supported on [a, b], inequality (7) holds strictly for x ∈ (b,+∞)
and, if a > 0, also for x ∈ (0, a).

Like the Laguerre type Hermitian matrix model, whose eigenvalue distribution is the θ = 1
specialization of (1), the equilibrium measure of the Muttalib-Borodin ensemble has two typical
behaviours at the left end point of its support:

Regularity Condition 1.2. (Hard edge regime condition) The equilibrium measure µ = µ(V )

satisfies Regularity Condition 1.1 with a = 0, and the density function ψ(x) blows up like

x−
1

θ+1 as x→ 0+.

Regularity Condition 1.3. (Soft edge regime condition) The equilibrium measure µ = µ(V )

satisfies Regularity Condition 1.1 with a > 0, and the density function ψ(x) vanishes like

(x− a)
1
2 as x→ a+.

In this paper, we require that V is one-cut regular in the transition regime. We split the
regularity condition into two parts, the one-cut regularity (away from the left-end point) given
in Regularity Condition 1.1 and the transition regime condition below:

Regularity Condition 1.4. (Transition regime condition) The equilibrium measure µ = µ(V )

satisfies the one-cut regular condition 1.1 with a = 0, and on an interval [0, ϵ1]

ψ(x) = d1x
θ−1
θ+1 (1 + h1(x)), x ∈ (0, ϵ1), (10)

such that d1 = d
(V )
1 is a positive number, h1(x) → 0 as x → 0+ and |h1(x)| ≤ δ1, a positive

constant, for all x ∈ (0, ϵ1).

This is the transition regime between the hard-edge and the soft edge universality classes.
One concrete example is given by (4). If ρ < −2

√
2/
√
θ, V (x) in (4) is in the soft edge regime,

and if ρ > −2
√
2/

√
θ, V (x) in (4) is in the hard edge regime, see [19, Section 4.5.2] and

Figure 1 for θ = 2. When θ = 1, the MB ensemble becomes the Hermitian matrix model, and
the transition regime has been studied in [33], [32], [18]. We find and analyse new limiting
correlation kernels in the transition regime for θ ≥ 2.

Let t ∈ (0,∞) and define

Vt(x) =
1

t
V (x), t > 0. (11)

We define two sequences of monic polynomials {pj(x) = p
(Vt)
n,j (x)}∞j=0 and {qk(x) = q

(Vt)
n,k (x)}∞k=0

by the biorthogonal conditions∫ ∞

0
pj(x)qk(x

θ)xαe−nVt(x)dx = κjδj,k, (12)

where pj(x) is of degree j, qk(x) is of degree k, and κj = κ
(Vt)
n,j ̸= 0. The existence and uniqueness

of the {pj(x)} and {qk(x)} are guaranteed by the fact that functions {xkθ}n−1
k=1 form a Chebyshev

system in the sense of [45, First definition in Section 4.4]. The functions pn(z) and qn(z
θ) can

be interpreted as the averages over the Muttalib-Borodin ensemble, see [52, Equation (1.14)].

5



Also they are building blocks of the correlation kernel of the Muttalib-Borodin ensemble, since
the correlation kernel introduced in (3) is

K(V ;N)
n (x, y) = xαe−nVt(x)

n−1∑
j=0

p
(Vt)
n,j (x)q

(Vt)
n,j (yθ)

κ
(Vt)
n,j

, t =
n

N
. (13)

Let V be a potential that is one-cut regular in the transition regime, that is, its equilibrium
measure µ(V ) satisfies both Regularity Conditions 1.1 and 1.4. Let

c = bθ/(1 + θ)1+1/θ (14)

be a positive number depending on V , where b is the right end of the support of µ(V ) as in (8).
We denote

ρ = ρ(V ) = πd1

/
sin

(
2π

θ + 1

)
, A1 = c

2θ
θ+1 ρ, (15)

where d1 is the same as in (10).
Our first main result of this paper is the limit of the biorthogonal polynomials.

Theorem 1.5. Suppose V satisfies Regularity conditions 1.1 and 1.4. In addition, suppose
A2 ̸= 0, where A2 is determined by V through (75). Let τ be in a compact subset of R, x be in
a compact subset of C, and y be in a compact subset of Hθ, where

Hθ = {z ∈ C : z = 0 or arg z ∈ (−π
θ
,
π

θ
)}. (16)

Let

t = tn = 1−
√
A1

n
τ (17)

that depends on n. Let pj(x) = p
(Vt)
n,k (x), qk(x) = q

(Vt)
n,k (x) and κj = κ

(Vt)
n,j be defined by (12). As

n→ ∞ and j = k = n, we have the asymptotic formulas

pn

(
x

(ρn)
θ+1
2θ

)
=

√
θ

θ + 1
c
2(α+1)−θ
2(θ+1) (ρn)

1
2
(α+1

θ
− 1

2
) (−1)n exp

(
nVt

(
x

(ρn)
θ+1
2θ

))
en(ℓt−ℜg̃t(0))

×
(
ϕ(τ)(x) +O(n

− 1
2(2θ+1) )

)
, (18)

qn

(
yθ

(ρn)
θ+1
2

)
=

√
θ + 1c

(α+1/2)θ
θ+1 (ρn)

1
2
(α+ 1

2
) (−1)nenℜg̃t(0)(ϕ̃(τ)(y) +O(n

− 1
2(2θ+1) )), (19)

κn = 2πθ−1/2cα+1enℓt
(
1 +O(n

− 1
2(2θ+1) )

)
, (20)

where the limit functions ϕ(τ)(x) and ϕ̃(τ)(y) are defined in (35) and (36) below, the constants
ℜg̃t(0) and ℓt are defined in (102) and (103) below, and the error terms are uniform in τ and
x.

We remark that the technical condition A2 ̸= 0 is probably unnecessary for Theorem 1.5 to
hold. But the proof in our paper requires it.

Our next main result is the limit of K
(V ;N)
n (x, y).
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Theorem 1.6. Suppose V satisfies Regularity Conditions 1.1 and 1.4 and also A2 ̸= 0 as
in Theorem 1.5. Furthermore, suppose for all t ∈ (0, 1), the potential Vt satisfies Regularity
Conditions 1.1 and 1.3.

Let τ be in a compact subset of R and let x and y be in a compact subset of [0,+∞). Let
n→ ∞ and N = N(n) → ∞, in such a way that limn→∞(N − n)/

√
n = −√

A1τ where and A1

is defined in (15). Then we have the limit of the correlation kernel defined in (13)

lim
n→∞

1

(ρn)
θ+1
2θ

K(V ;N)
n

(
x

(ρn)
θ+1
2θ

,
y

(ρn)
θ+1
2θ

)
= K(τ)(x, y) :=

θ

2π
xα
∫ ∞

τ
ϕ(σ)(x)ϕ̃(σ)(y)dσ. (21)

We remark that all conditions in Theorem 1.6 are satisfied for the quadratic V in (4). The
condition for Vt (t ∈ (0, 1)) might be avoided if we could make use of the Christoffel-Darboux
type formula [19, Theorem 1.1] for the biorthogonal polynomials. This improvement will be
investigated in a further publication. The advantage of our proof of Theorem 1.6 that does not
rely on the Christoffel-Darboux type formula is its potential to be generalized to all θ ∈ R+.

The theorem below shows that the limiting correlation kernel in Theorem 1.6 interpolates
the limiting correlation kernels in the hard edge regime and that in the soft edge regime.

Theorem 1.7. 1. As τ → −∞, for any x, y ∈ [0,+∞), we have

lim
τ→−∞

(−τ)− θ+1
θ K(τ)

(
(−τ)− θ+1

θ x, (−τ)− θ+1
θ y
)
= K(Mei)(x, y), (22)

where

K(Mei)(x, y) = θ2
∫ 1

0
(ux)αϕ(Mei)(ux)ϕ̃(Mei)(uy)du (23)

is the limiting kernel K(α,θ)(x, y) in [52, Theorem 1.3] that defines the hard edge univer-
sality of the MB ensemble. Here ϕ(Mei) and ϕ̃(Mei) are expressed in Meijer G-functions,
as in (37) and (38).

2. As τ → +∞, for any x, y ∈ R, we have

lim
τ→+∞

f(x; τ)

f(y; τ)
(c1τ)

θ+1
θ c2τ

− 4
3K(τ)

(
(c1τ)

θ+1
θ (1− c2τ

− 4
3x), (c1τ)

θ+1
θ (1− c2τ

− 4
3 y)
)

= K(Ai)(x, y) =

∫ ∞

0
Ai(x+ u)Ai(y + u)du, (24)

where K(Ai) is the Airy kernel that defines the soft edge universality of Hermitian matrix
models [26],

c1 =
θ2

θ2 − 1
θ−

1
θ+1 , c2 =

(θ − 1)
2
3 (θ + 1)

5
3

2
1
3 θ2

, f(x; τ) = e
τ2

2
(g0(ξ)+g1(ξ)), (25)

such that g0 and g1 are defined in (441), and ξ = 1− θc2τ
−4/3x.

Here we remark that the conjugation of K(τ) by f(x; τ)/f(y; τ) does not change the proba-
bility property of K(τ).

The limit functions ϕ(τ) and ϕ̃(τ) in Theorems 1.5 and 1.6 are expressed by a model Riemann-
Hilbert (RH) problem that is stated in the next subsection.
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1.2 Model Riemann-Hilbert problem and the limit functions ϕ(τ) and ϕ̃(τ)

We denote for θ ∈ N, the (θ + 1)× (θ + 1) matrix

Mcyclic = I1 ⊕


0 0 · · · 0 1
1 0 · · · 0 0

0 1
. . . 0 0

...
. . .

. . .
. . .

...
0 · · · 0 1 0

 . (26)

Here and below, by Im, m ∈ N, we mean the identity matrix of size m, and for two matrices
A and B, A⊕ B is the matrix (A 0

0 B ). Below we state the following model RH problem: (with

β = θ−2(α+1)
1+θ )

RH Problem 1.8. Φ(ξ) := Φ(τ)(ξ) is a (θ + 1)× (θ + 1) matrix-valued function on C except for
R and iR.

1. Φ(ξ) satisfies the following jump conditions: with R+ and R− oriented from left to right,
{it : t ∈ R+} oriented upwards, and {−it : t ∈ R+} oriented downwards, as shown in
Figure 3 in Section 3.1.2,

Φ+(ξ) = Φ−(ξ)J
(θ)
Φ (ξ), where J

(θ)
Φ (ξ) =



(
1 eβπi

0 1

)
⊕ Iθ−1, arg ξ = π

2 ,(
1 −e−βπi

0 1

)
⊕ Iθ−1, arg ξ = −π

2 ,(
0 1

1 0

)
⊕ Iθ−1, ξ ∈ R+,

Mcyclic, ξ ∈ R−.

(27)

2. Φ(ξ) has the following boundary condition: as ξ → ∞ for ξ ∈ C±

Φ(ξ) =
(
I +O(ξ−1)

)
Υ(ξ)Ω±e−Θ(ξ), (28)

where

Θ(ξ) =



diag
(
θ+1
2θ e

−2πi
θ+1 ξ

2
θ+1 − τe

−πi
θ+1 ξ

1
θ+1 , θ+1

2θ e
2πi
θ+1 ξ

2
θ+1 − τe

πi
θ+1 ξ

1
θ+1

)
⊕diag

(
θ+1
2θ e

2(2k−1)πi
θ+1 ξ

2
θ+1 − τe

(2k−1)πi
θ+1

ξ
1

θ+1

)θ

k=2

, ξ ∈ C+,

diag
(
θ+1
2θ e

2πi
θ+1 ξ

2
θ+1 − τe

πi
θ+1 ξ

1
θ+1 , θ+1

2θ e
−2πi
θ+1 ξ

2
θ+1 − τe

−πi
θ+1 ξ

1
θ+1

)
⊕diag

(
θ+1
2θ e

2(2k−1)πi
θ+1 ξ

2
θ+1 − τe

(2k−1)πi
θ+1

ξ
1

θ+1

)θ

k=2

, ξ ∈ C−,

(29)

Υ(ξ) = diag
(
e−

k
θ+1

πiξ
k

θ+1

)θ
k=0

, Ω+ =
(
e

2jk
θ+1

πi
)θ
j,k=0

, Ω− = Ω+

((
0 1
1 0

)
⊕ Iθ−1

)
.

(30)

3. Φ(ξ) has the following boundary condition as ξ → 0

Φ(ξ) = N(ξ)ξ−
β
2θ diag

(
ξ−

α+1−θ
θ , 1, ξ

1
θ , ξ

2
θ , . . . , ξ

θ−1
θ

)
E, (31)
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where N(ξ) = N (τ)(ξ) is analytic at 0, and E is a constant (except for possibly one log ξ
entry) matrix in each region between the rays. In the sector arg ξ ∈ (π/2, π), E is defined
by

E =

(
1 0⃗T

u⃗ Cθ×θ

)
, where

Cj,k = e
2j−2−β

θ
(k−1)πi, j, k = 1, . . . , θ,

uj =
1

eβπi + e
2j−2−β

θ
πi
, j = 1, . . . , θ,

(32)

if α /∈ Z. Otherwise, for a unique j ∈ {1, 2, . . . , θ}, eβπi + e
2j−2−β

θ
πi = 0. Then the j-th

entry of u⃗ in (32) is replaced by

uj = −e
−βπi

2πi
log ξ, (33)

and all other entries of E remain the same.

We have the following result:

Theorem 1.9. RH problem 1.8 has a unique solution for all τ ∈ R.

We also note that since

detΦ(ξ) = ±(θ + 1)
θ+1
2 e−

θ(θ+1)
4

πiξ
θ
2 , ξ ∈ C±, (34)

Φ−1(ξ) is well defined.
We denote the analytic function ϕ(τ)(z) on C and the analytic function ϕ̃(τ)(z) on Hθ by

ϕ(τ)(z) = (−z)β
2 ×


Φ0,k(z

θ), k = 2, . . . , θ, and arg z ∈ (2k−3
θ π, 2k−1

θ π)

or k = 1 and arg z ∈ ( π
2θ ,

π
θ ) ∪ (−π

θ ,− π
2θ ),

Φ0,1(z
θ) + eβπiΦ0,0(z

θ), arg z ∈ (0, π
2θ ),

Φ0,1(z
θ) + e−βπiΦ0,0(z

θ), arg z ∈ (− π
2θ , 0),

(35)

ϕ̃(τ)(z) = z
θ
2
(1+β) ×


e−

1
2
(1+β)πi(Φ(zθ))−1

0,θ, arg z ∈ ( π
2θ ,

π
θ ),

e−
1
2
(1+β)πi(Φ(zθ))−1

0,θ + e
1
2
(1+β)πi(Φ(zθ))−1

1,θ, arg z ∈ (0, π
2θ ),

e
1
2
(1+β)πi(Φ(zθ))−1

0,θ, arg z ∈ (−π
θ ,− π

2θ ),

e
1
2
(1+β)πi(Φ(zθ))−1

0,θ + e−
1
2
(1+β)πi(Φ(zθ))−1

1,θ, arg z ∈ (− π
2θ , 0).

(36)

We have the following limit results for ϕ(τ) and ϕ̃(τ):

Lemma 1.10. Suppose x is in a compact subset of C and y is in a compact subset of Hθ.

1. As τ → −∞, we have

ϕ(τ)((−τ)− θ+1
θ x) = (−τ)− θ+1

2θ
β(2π)1−

θ
2

√
θ + 1ϕ(Mei)(x)(1 +O((−τ)− 2

θ+1 )), (37)

ϕ̃(τ)((−τ)− θ+1
θ y) = (−τ)θ− θ+1

2
(1+β)(2π)

θ
2

√
θ + 1ϕ̃(Mei)(y)(1 +O((−τ)− 2

θ+1 )), (38)

where ϕ(Mei) and ϕ̃(Mei) are the limit functions in [52, Theorem 1.1]

ϕ(Mei)(x) = zθ−α−1Gθ,0
0,θ+1

( −
α−θ+1

θ , α−θ+2
θ , . . . , α−1

θ , αθ , 0

∣∣∣∣xθ) , (39)

ϕ̃(Mei)(y) = G1,0
0,θ+1

( −
0,−α

θ ,
1−α
θ , . . . , θ−1−α

θ

∣∣∣∣ yθ) , (40)

where Gθ,0
0,θ+1

( ∣∣ ·) and G1,0
0,θ+1

( ∣∣ ·) are Meijer G-functions defined in [42, Chapter V].
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2. As τ → +∞, we have (with β̃ = −2α+1
1+θ )

ϕ(τ)
(
(c1τ)

θ+1
θ (1− c2τ

− 4
3x)
)
= (c1τ)

θ+1
θ

β
2 2

√
πθ−

β+1
2

(
θ + 1

2

) 1
4

c
− 1

4
2 τ

1
3 f(x; τ)

× (Ai(x) +O(τ−
2
3 )), (41)

ϕ̃(τ)
(
(c1τ)

θ+1
θ (1− c2τ

− 4
3x)
)
= (c1τ)

(θ+1)β̃ 2
√
π

θ + 1
θ

β̃
2

(
θ + 1

2

) 1
4

c
− 1

4
2 τ

1
3 f(x; τ)−1

× (Ai(x) +O(τ−
2
3 )), (42)

where c1, c2 and f(x; τ) are defined in (25).

RH problem 1.8 has interesting integrable properties. In this paper, we consider only the
θ = 2 case and leave the general case to a further publication.

We have the following Lax pair for Φ = Φ(τ), whose compatibility is described by the Chazy-I
equation [22, Equation (A4)].

Theorem 1.11. Let Φ be defined in RH problem 1.8 with θ = 2. We have the Lax pair

d

dξ
Φ = AΦ,

d

dτ
Φ = BΦ, (43)

where, with D = diag(1,
√
2, 2),

A = D(2−
3
2A0 + ξ−1A−1)D

−1, B = D(
1

2
ξB1 +

√
2B0)D

−1, (44)

with

A0 =

 0 0 0
1 0 0

−
√
2
3 τ 1 0

 , A−1 =

b c+
√
2
3 τ −1

a −b− f + 1
3 −c+

√
2
3 τ

d k f + 2
3

 , (45)

B1 =

 0 0 0
0 0 0
−1 0 0

 , B0 =

 −c 1 0

f −
√
2
3 τc 0 1√

2
3 τ(b+ f)− (a+ k) b+

√
2
3 τc c

 . (46)

Here a, b, c, d, f, k are analytic for τ ∈ R and satisfy the relations

f − b−
√
2

3
cτ + γ = 0, (47)

a+ k − c(γ +
1

3
) = 0, (48)

and

d+ c(k − a)−
√
2

3
τ(a+ k)− (b2 + bf + f2) +

1

3
(b− f)− γ = 0, (49)
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with γ = 1
36 + α

12 − α2

12 . The compatibility of the Lax pair is equivalent to the following system
of differential equations

c′√
2
= − c2 − b− f, (50)

b′√
2
= − cf − k +

√
2

3
τ(b+ c2) +

2

9
τ2c, (51)

f ′√
2
= − bc+ a−

√
2

3
τ(f + c2) +

2

9
τ2c, (52)

a′√
2
= 2bf + f2 − ck + d− 1

3
f −

√
2

3
τ(bc− a− k − 1

3
c)− 2

9
τ2(b+ f), (53)

k′√
2
= − b2 − 2bf − ac− d− 1

3
b−

√
2

3
τ(cf + a+ k +

1

3
c) +

2

9
τ2(b+ f), (54)

d′√
2
= 2cd− bk + af +

2

3
a+

2

3
k −

√
2

3
τ(f2 − b2 − ac− ck +

2

3
b+

2

3
f). (55)

Using (47)-(52) to express a, b, d, f and k in terms of c, c′ and c′′, we obtain from (53) and
(54) a third order differential equation

c′′′ + 3 · 2 3
2 c′2 +

4

3
τ2c′ + 4τc+

√
2

9
(1 + 3α− 3α2) = 0. (56)

Let y(τ) = c( τ√
2
) + τ3

108 , then y satisfies the Chazy-I equation

y′′′ + 6y′2 + τy − 1

72
τ4 +

1

6
(α− α2) = 0. (57)

Furthermore, let u(τ) =
√
2c(τ) + 4

27τ
3, we have

(u′′)2 + 4(u′)3 − 4(τu′ − u)2 +
4

3
(α− α2 − 1)u′ +

4

27
(α+ 1)(2α− 1)(α− 2) = 0, (58)

which is a second-degree Chazy equation [23, Equation (5.6)] and can be solved in terms of the
Painlevé IV equation via the correspondence given in [23, Equations (5.41)-(5.44)].

Remark 1.12. Let v(τ) = 3
√
6c′
(
3

1
4 τ/2

)
, by differentiating (56) twice, we have

v(4) + v′2 + vv′′ +
τ2v′′

4
+

7τv′

4
+ 2v = 0, (59)

which is the similarity reduction of the Boussinesq equation [21, Equations (2.9)]. This equation
(59) has also been derived from the similarity reduction of the Drinfeld-Sokolov hierarchies

associated to the affine Kac-Moody algebra of type A
(1)
2 in [39, Equation (5.18)]. After some

gauge transformation, the Lax pair (43) can be expressed in the form presented in [39, Example

5.4]. It is worth mentioning that the similarity reductions of type A
(1)
1 give the Painlevé II and

Painlevé XXXIV equations [39, Example 5.3], and in the transition regime of the MB ensemble
with θ = 1, it has been shown in [18], [33] and [32] that the Lax pair of the model RH problem
yields the Painlevé XXXIV equation. In [39], the similarity reductions of the Drinfeld-Sokolov
hierarchies associated to the other types of affine Kac-Moody algebra are also considered; see
also [46]. For integer θ > 2, we expect that the solution Φ(ξ) for the model RH problem 1.8

would be related to similarity reductions of the Drinfeld-Sokolov hierarchies of type A
(1)
θ , and

it will be the subject of further work.
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1.3 Strategy and organization

The main technique in the proof of Theorem 1.5 is the analysis of vector-valued Riemann-Hilbert
problems, like the proof of the hard edge universality for integer θ in [52]. The new feature in
our paper is that for each θ ≥ 2, the (θ+1)×(θ+1) model RH problem for the local parametrix
at 0, the left-end point of the equilibrium measure, is new and has new integrability, see Remark
1.12. The solvability of the new model RH problem is non-trivial, since it does not have an
explicit construction as for the hard edge model RH problems in [52] by Meijer G-functions. We
prove a vanishing lemma to guarantee the solvability. We remark that the vanishing lemmas
for RH problems of dimension greater than 2 are rare. To our limited knowledge, we only know
that Charlier and Lenells have worked out one vanishing lemma for a 3 × 3 RH problem in a
quite different setting [12].

This paper is organized as follows. Section 2 provides results about the equilibrium measure
that will be used in Sections 3 and 4. Section 3 contains the RH problems for the proof of
Theorem 1.5. Section 4 contains the additional RH problems for the proof of Theorem 1.6.
Then in Section 5 the two theorems are proved. Theorem 1.9 is proved in Section 6. Theorem
1.11 is proved in Section 7. Finally, Theorem 1.7 is proved in Sections 8 and 9.

Notations Throughout this paper, the following notations are frequently used. We denote
by C± = {z ∈ C | ±ℑz > 0}, by D(z0, δ) the open disc centred at z0 with radius δ > 0, i.e.,

D(z0, δ) := {z ∈ C : |z − z0| < δ}, (60)

We use Jn to denote the n dimensional reversed identity matrix (δj,n−1−k)
n−1
j,k=0.
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2 Equilibrium measure in transition regime and soft edge regime

For any u, v, w ∈ R+, let, with the power function taking the principal branch,

Ju,v(s) = (us+ v)

(
s+ 1

s

) 1
θ

, and Jw(s) = Jw,w(s). (61)

2.1 Equilibrium measure in transition regime without deformation

We assume that the potential V satisfies Regularity Conditions 1.1 and 1.4, such that the
support of its equilibrium measure is [0, b]. Recall c defined by (14).

The equilibrium measure for V is described by Jc(s), as shown in [19, Theorem 1.11]. Here
we recall the results there and set up the notation to be used later. Let γ1 ⊆ C+ be the curve
connecting −1 to 1/θ such that Jc maps γ1 to the interval [0, b]. Then let γ2 = γ1 ⊆ C− and
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γ = γ1 ∪ γ2 be the closed contour oriented counterclockwise and D be the region enclosed by γ.
Recall that Jc maps C \D to C \ [0, b] and D \ [−1, 0] to Hθ \ [0, b] univalently. Then we define
I1(z) and I2(z) to be the inverses of Jc(z) on C \D and D \ [−1, 0] respectively. Also we define
I+(x) (resp. I−(x)) to be the inverse of the map Jc(s) from γ1 (resp. γ2) to [0, b]. We have as
z → 0 [52, Equations (3.26) and (3.27)]

I1(z) = − 1 + c−
θ

θ+1 ×
{
e

πi
θ+1 z

θ
θ+1 (1 +O(z

θ
θ+1 )), arg z ∈ (0, π),

e−
πi
θ+1 z

θ
θ+1 (1 +O(z

θ
θ+1 )), arg z ∈ (−π, 0),

(62)

I2(z) = − 1 + c−
θ

θ+1 ×
{
e−

πi
θ+1 z

θ
θ+1 (1 +O(z

θ
θ+1 )), arg z ∈ (0, πθ ),

e
πi
θ+1 z

θ
θ+1 (1 +O(z

θ
θ+1 )), arg z ∈ (−π

θ , 0).
(63)

We denote the so-called g-functions and their derivatives [19, Equations (4.4), (4.5) and
(4.9)]

g(z) =

∫ b

0
log(z − y)ψ(y)dy, g̃(z) =

∫ b

0
log(zθ − yθ)ψ(y)dy, G(z) = g′(z), G̃(z) = g̃′(z),

(64)

where the functions g(z) and g̃(z) are analytic in C\ (−∞, b] and Hθ \ [0, b] respectively. We let

ϕ(z) = g(z) + g̃(z)− V (z)− ℓ, ℓ = (g)±(0) + (g̃)∓(0)− V (0), (65)

where ℓ is the same as in (6) and (7).
We define [19, Equation (4.12)]

N(s) =

{
Nin(s) =

1
2πi

∮
γ

U(Jc(ξ))
ξ−s dξ − 1, s ∈ D \ [−1, 0],

Nout(s) = − 1
2πi

∮
γ

U(Jc(ξ))
ξ−s dξ + 1, s ∈ C \D,

where U(z) = zV ′(z). (66)

Since Jc(s) is analytic in C \D, we can enlarge γt to a contour γout that encloses γ and use this
contour instead of γ to evaluate the integral for Nin(s) in (66), and we find in particular that
Nin(s) is analytic in neighbourhoods of −1 and θ−1.

By [19, Equations (4.10) and (4.11)], G(z) and G̃(z) in (64) can be defined by N(s) by

N(s) =

{
Jc(s)G(Jc(s)), s ∈ C \D,
Jc(s)G̃(Jc(s)), s ∈ D \ [−1, 0],

(67)

and then the density function ψ(x) in (8) satisfies

ψ(x) =
1

2πi
(G̃−(x)− G̃+(x)) =

x−1

2πi
(Nin(I+(x))−Nin(I−(x)))

=
1

2πi
(G−(x)−G+(x)) =

x−1

2πi
(Nout(I−(x))−Nout(I+(x))).

(68)

The limit behaviour of ψ(x) as x→ 0 stated in (10) implies

N ′
in(−1) =

1

2πi

∮
γout

U(Jc(s))

(s+ 1)2
ds = 0, N ′′

in(−1) =
2

2πi

∮
γout

U(Jc(s))

(s+ 1)3
ds = 2A1, (69)

where A1 is a positive number determined by d1 in (15).
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Since the density ψ(x) and related functions are expressed by N(s), Regularity Condition
1.1 can be expressed as conditions on N(s). For example, part 2 of Regularity Condition 1.1 is
equivalent to

N ′
in(θ

−1) =
1

2πi

∮
γout

U(Jc(s))

(s− θ−1)2
ds > 0, (70)

and part 3 is equivalent to
ϕ(x) > 0, x ∈ (b,+∞), (71)

which is a property of N(s) since ϕ(z) is related to N(s) by (64), (65) and (67).

2.2 Deformation of the equilibrium measure: algebraic setup

Now we consider the deformation of the equilibrium measure when the potential function V (x)
is replaced by Vt(x) such that t is close to 1.

Recall the contour γout defined in Section 2.1. We define real-valued functions

E(u, v) =
1

2πi

∮
γout

U(Ju,v(s))

s+ 1
ds, F (u, v) =

1

2πi

∮
γout

U(Ju,v(s))

s
ds, (72)

We want to solve, for t in a small neighbourhood of 1, the equation that

F (u, v) = (1 + θ)t, E(u, v) = t, (73)

such that u, v are in the vicinity of c.
To solve (73), we need some preliminary results. By [19, Equations (1.27), (1.41) and (1.42)],

we have

F (c, c) = 1 + θ, E(c, c) = 1. (74)

Next, we denote

A2 =
1

2πi

∮
γout

J2
c (s)V

′′(Jc(s))
1

(s+ 1)2
ds =

1

2πi

∮
γout

Jc(s)U
′(Jc(s))

1

(s+ 1)2
ds, (75)

A3 =
1

2πi

∮
γout

J2
c (s)V

′′(Jc(s))
1

s+ 1
ds =

1

2πi

∮
γout

Jc(s)U
′(Jc(s))

1

s+ 1
ds− 1, (76)

where the second identity in (75) is due to (69), and the second identity in (76) is due to (74).
Using the integral representations of A2 and A3 involving U ′(Jc(s)), we have that

A3 + 1− θ + 1

θ
A2 =

1

2πi

∮
γout

U ′(Jc(s))Jc(s)
s− θ−1

(s+ 1)2
ds =

1

2πi

∮
γout

U ′(Jc(s))J ′
c(s)

s

s+ 1
ds

= − 1

2πi

∮
γout

U(Jc(s))
1

(s+ 1)2
ds = 0, (77)

where the last step is due to (69).
Also we define

H(u, v) = (1 + θ−1)E(u, v)− θ−1F (u, v). (78)

For any x ∈ R+,

H(x, x) =
θ−1

2πi

∮
γout

U(Jx(s))

(
θ + 1

s+ 1
− 1

s

)
ds =

1

x

1

2πi

∮
γout

V ′(Jx(s))J ′(s)ds = 0. (79)
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By (78), the solution (u, v) of (73) also satisfies H(u, v) = 0. We have that, for any x ∈ R+,

∂H

∂u

∣∣∣∣
u=v=x

+
∂H

∂v

∣∣∣∣
u=v=x

=
1

x

1

2πi

∮
γout

U ′(Jx(s))J ′(s)ds = 0, (80)

and also by (69)

∂H

∂v

∣∣∣∣
u=v=c

=
1

c

1

2πi

∮
γout

U ′(Jc(s))J ′(s)
1

s+ 1
ds =

1

c

1

2πi

∮
γout

U(Jc(s))
1

(s+ 1)2
ds = 0. (81)

Hence, (u, v) = (c, c) is a critical point of H(u, v). The Hessian of H(u, v) at (c, c) is

HH =

(
∂2H
∂u2

∂2H
∂u∂v

∂2H
∂u∂v

∂2H
∂v2

)
=

1

c2

(
h2 h1
h1 h0

)
, (82)

where

hk =
1

2πi

∮
γout

d

ds

(
J2
c (s)V

′′(Jc(s))
) sk

(s+ 1)2
ds, k = 0, 1, 2. (83)

Using (69), we have

A2 −
θ + 1

θ
(A1 +

1

2
h0)

=
1

2πi

∮
γout

U ′(Jc(s))Jc(s)
1

(s+ 1)2
ds− θ + 1

θ

1

2πi

∮
γout

U ′(Jc(s))Jc(s)
1

(s+ 1)3
ds

=
1

2πi

∮
γout

d

ds
(U(Jc(s)))

s

(s+ 1)2
ds

=
1

2πi

∮
γout

U(Jc(s))
1

(s+ 1)2
ds− 1

2πi

∮
γout

U(Jc(s))
2

(s+ 1)3
ds

= 0− 2A1 = −2A1,

(84)

Hence, we derive that

h0 =
2θ

θ + 1
A2 +

2(θ − 1)

θ + 1
A1. (85)

Noting that

h2 + 2h1 + h0 =
1

2πi

∮
γout

d

ds

(
J2
c (s)V

′′(Jc(s))
)
ds = 0, (86)

h1 + h0 =
1

2πi

∮
γout

d

ds

(
J2
c (s)V

′′(Jc(s))
) 1

s+ 1
ds =

1

2πi

∮
γout

J2
c (s)V

′′(Jc(s))
1

(s+ 1)2
ds = A2,

(87)

we have that

h2 = − 2

θ + 1
A2 +

2(θ − 1)

θ + 1
A1, h1 = − θ − 1

θ + 1
A2 −

2(θ − 1)

θ + 1
A1. (88)

We find that det(HH) = −c−4A2
2. Assuming the technical condition in Theorem 1.5 that A2 ̸= 0,

we see that there are exactly two directions, along which the vectors v⃗i satisfy v⃗iHH v⃗
T
i = 0. It

is easy to find that these two directions are represented by

v⃗1 = (1, 1), v⃗2 = ((θ − 1)A1 + θA2, (θ − 1)A1 −A2). (89)
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Then for u, v around c, the solutions to H(u, v) = 0 lie on two curves C1, C2 which pass (c, c)
and they have tangent vectors v⃗1 and v⃗2, respectively. Moreover, by (80), we have that C1 is
the straight line {uv⃗1 : u ∈ R}.

Along C1, let us denote the solution to (73) locally around (c, c) by (c(t), c(t)). Then c(t) is
analytic around t = 1, and its derivative at t = 1 satisfies

1 =
dE(c(t), c(t))

dt

∣∣∣∣
t=1

=
c′(1)
c

1

2πi

∮
γout

U ′(Jc(s))Jc(s)
s+ 1

ds. (90)

Since by (76) and (77)

1

2πi

∮
γout

U ′(Jc(s))Jc(s)
s+ 1

ds = 1 +A3 =
θ + 1

θ
A2, (91)

we conclude that

c′(1) =
c

1 +A3
=

θc

(θ + 1)A2
. (92)

Along C2, let us denote the solution to (73) locally around (c, c) by (c1(t), c0(t)). Then c1(t)
and c0(t) are analytic around t = 1, and their derivatives at t = 1 satisfy

c′1(1) = ((θ − 1)A1 + θA2)w, c′0(t) = ((θ − 1)A1 −A2))w (93)

for some w. We have

w =
θc

(θ2 − 1)A1A2
, (94)

because we have, with the help of (76), (77) and (75)

1 =
dE(c1(t), c0(t))

dt

∣∣∣∣
t=1

=
w

c

1

2πi

∮
γout

U ′(Jc(s))Jc(s)
((θ − 1)A1 + θA2)s+ ((θ − 1)A1 −A2)

(s+ 1)2
ds

=
w

c

[
(θ − 1)A1 + θA2

2πi

∮
γout

U ′(Jc(s))Jc(s)
1

s+ 1
ds− (θ + 1)A2

2πi

∮
γout

U ′(Jc(s))Jc(s)
1

(s+ 1)2
ds

]
=
w

c

θ2 − 1

θ
A1A2.

(95)

2.3 Deformation along C1 when |t− 1| is small

In this subsection and the next, we assume that t is in the vicinity of 1, and denote u = t− 1.
Recall c(t) defined in Section 2.2. We let b(t) = c(t)(1 + θ)1+1/θ/θ. Then Jc(t) maps C \D

to C \ [0, b(t)] and D \ [−1, 0] to Hθ \ [0, b(t)] univalently. We define I1,t(z) and I2,t(z) to be the
inverses of Jc(t)(z) on C \D and D \ [−1, 0] respectively. Also we define I+,t(x) (resp. I−,t(x))
to be the inverse map of Jc(t)(s) from γ1 (resp. γ2) to [0, b(t)]. We have

Jc(t)(s) =
c(t)

c
Jc(s), I∗,t(z) = I∗

(
c

c(t)
z

)
, ∗ = 1, 2,+,−. (96)

Let, analogous to (66),

Nt(s) =

{
Nt,in(s) =

1
2πi

∮
γ

Ut(Jc(t)(ξ))

ξ−s dξ − 1, s ∈ D \ [−1, 0],

Nt,out(s) = − 1
2πi

∮
γ

Ut(Jc(t)(ξ))

ξ−s dξ + 1, s ∈ C \D,
where Ut(z) = zV ′

t (z).

(97)
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Like in the formula (66) for Nin(s) in Section 2.1, we can use γout instead of γ to evaluate
Nt,in(s). We find that Nt,in(s) is analytic in neighbourhoods of −1 and θ−1.

Since (c(t), c(t)) satisfies (73), we have that

Nt,in(−1) =
1

t
E(c(t), c(t))− 1 = 0, Nt,in(0) =

1

t
F (c(t), c(t))− 1 = θ. (98)

We define the functions Gt(z) and G̃t(z), which are analytic functions on C \ [0, b(t)] and
Hθ \ [0, b(t)] respectively, by

Nt(s) =

{
Jc(t)(s)Gt(Jc(t)(s)), s ∈ C \Dt,

Jc(t)(s)G̃t(Jc(t)(s)), s ∈ Dt \ [−1, 0].
(99)

Like (68), for all x ∈ (0, b(t)),

(G̃t)−(x)− (G̃t)+(x) = x−1(Nt,in(I+,t(x))−Nt,in(I−,t(x)))

= x−1(Nt,out(I−,t(x))−Nt,out(I+,t(x))) = (Gt)−(x)− (Gt)+(x),
(100)

and then we define

ψt(x) =
1

2πi
((Gt)−(x)− (Gt)+(x)) =

1

2πi
((G̃t)−(x)− (G̃t)+(x)), (101)

and define the functions gt(z) and g̃t(z), which are analytic functions on C \ (−∞, b(t)] and
Hθ \ [0, b(t)] respectively, by

g′
t(z) = Gt(z), g̃′

t(z) = G̃t(z), and lim
z→∞

gt(z)− log z = lim
z→∞

g̃t(z)− log zθ = 0. (102)

Then let

ϕt(z) = gt(z) + g̃t(z)− Vt(z)− ℓt, ℓt = (gt)±(x) + (g̃t)∓(x)− Vt(x) for x ∈ (0, b(t)). (103)

We note that∫ b(t)

0
ψt(x)dx =

1

2πi

∫ b(t)

0
(Gt)−(x)− (Gt)+(x)dx =

1

2πi

∫ b(t)

0
(G̃t)−(x)− (G̃t)+(x)dx

=
−1

2πi

∮
γ
G̃t(Jc(t)(s))dJc(t)(s)

= θ−1 1

2πi

∮
γout

Nt,in(s)

s
ds− (1 + θ−1)

1

2πi

∮
γout

Nt,in(s)

s+ 1
ds

= θ−1Nt,in(0)− (1 + θ−1)Nt,in(−1) = 1.

(104)

When t = 1, all these notions above coincide with those defined in Section 2.1 without
t. Since Jc(t)(s) depends on t analytically, we find that if |t − 1| is small enough, Regularity
Condition 1.1 still holds. Although we have not verified that ψt(x) defines an equilibrium
measure, by the discussion at the end of Section 2.1, Regularity Condition 1.1 can be expressed
as conditions on N(s), and we find that these conditions hold on Nt(s) if |t−1| is small enough.
To be precise, we have

Regularity Condition 2.1. Let ϵ1 and ϵ2 be small enough positive numbers. There is δ1 > 0,
such that for all t ∈ [1− δ1, 1 + δ1],

1. ψt(x) > 0 strictly for all x ∈ [ϵ1, b(t)− ϵ2].
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2.

N ′
t,in(θ

−1) =
1

2πi

∮
γout

Ut(Jc(t)(s))

(s− θ−1)2
ds > 0, (105)

or equivalently, there is a positive number d2,t = d
(Vt)
2,t and δ2 > 0 depending on ϵ2, such

that
ψt(x) = d2,t(b(t)− x)

1
2 (1 + h2,t(x)), x ∈ (b(t)− ϵ2, b(t)), (106)

such that h2,t(x) → 0 as x→ b(t)− and |h2,t(x)| ≤ δ2 for all x ∈ (b(t)− ϵ2, b(t)).

3.
ϕt(x) > 0, x ∈ (b(t),+∞). (107)

The function Nt,in(s) depends on t analytically. From (69) we have that N ′
1,in(−1) = 0. We

also have, by (69), (75) and (92),

d

dt
N ′

t,in(−1)

∣∣∣∣
t=1

=
1

2πi

∮
γout

d
dtUt(Jc(t)(s))

∣∣
t=1

(s+ 1)2
ds

=

(
c′(1)
c

− 1

)
1

2πi

∮
γout

U(Jc(s))

(s+ 1)2
ds+

c′(1)
c

1

2πi

∮
γout

Jc(s)
2V ′′(Jc(s))

ds

(s+ 1)2

=

(
c′(1)
c

− 1

)
· 0 + c′(1)

c
A2 =

θ

θ + 1
.

(108)

By (98), (69) and (108), we have that when |t− 1| is small,

Nt,in(s) =
θ

θ + 1
u(s+1)+A1(s+1)2+O(u2(s+1))+O(u(s+1)2)+O((s+1)3), s→ −1. (109)

and Nt,out(s) has a similar asymptotic expansion since for s in the domain of Nt,out(s) and s is
close to −1,

Nt,out(s) = Ut(Jc(t)(s))−Nt,in(s). (110)

We have that as z → 0, the limits of I1,t(z) and I2,t(z) are analogous to those of I1(z) and
I2(z) given in (62) and (63), with c replaced by c(t) there. Noting that c(t) = c+O(u), we have
(ρ is defined in (15))

Gt(z) = Gt(Jc(t)(I1,t(z))) =
1

z
Nt,out(I1,t(z))

= V ′
t (z)−


ρe

2πi
θ+1 z

θ−1
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

+ θ
θ+1uc

− θ
θ+1 e

πi
θ+1 z

−1
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (0, π),

ρe−
2πi
θ+1 z

θ−1
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

+ θ
θ+1uc

− θ
θ+1 e−

πi
θ+1 z

−1
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (−π, 0),

(111)

G̃t(z) = G̃t(Jc(t)(I2,t(z))) =
1

z
Nt,in(I2,t(z))

=


ρe−

2πi
θ+1 z

θ−1
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

+ θ
θ+1uc

− θ
θ+1 e−

πi
θ+1 z

−1
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (0, πθ ),

ρe
2πi
θ+1 z

θ−1
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

+ θ
θ+1uc

− θ
θ+1 e

πi
θ+1 z

−1
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (−π

θ , 0).

(112)
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From the asymptotic expansions of Gt and G̃t, we have that for x close to 0,

ψt(x) = d1x
θ−1
θ+1 (1 +O(u) +O(x

θ
θ+1 )) +

θu

(θ + 1)π
c

−θ
θ+1 sin

(
π

θ + 1

)
x

−1
θ+1 (1 +O(u) +O(x

θ
θ+1 )).

(113)

Remark 2.2. Given a small enough ϵ1 > 0, if u = t − 1 is a small enough positive number,
we have that ψt(x) is positive on (0, ϵ1) and ψt(x) blows up as x−θ/(θ+1) at 0. Hence, by [19,
Theorem 1.11], dµ(Vt) = ψt(x)dx supported on [0, b(t)] is the equilibrium measure of Vt, and
it satisfies Regularity Condition 1.2. However, if u = t − 1 is a negative number with small
magnitude, ψt(x) is not the equilibrium measure for Vt(x). It is not even a probability measure
since it is negative in the vicinity of 0.

Equation (104) implies (gt)+(0)− (gt)−(0) = (g̃t)+(0)− (g̃t)−(0) = 2πi. Then we have the
asymptotic expansions for gt(z) and g̃t(z) defined in (102)

gt(z) = ℜ(gt)+(0) + Vt(z)− Vt(0)

−


−πi+ θ+1

2θ ρe
2πi
θ+1 z

2θ
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

+uc−
θ

θ+1 e
πi
θ+1 z

θ
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (0, π),

πi+ θ+1
2θ ρe

− 2πi
θ+1 z

2θ
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

+uc−
θ

θ+1 e−
πi
θ+1 z

θ
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (−π, 0),

(114)

g̃t(z) = ℜ(g̃t)+(0) +


πi+ θ+1

2θ ρe
− 2πi

θ+1 z
2θ
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

+uc−
θ

θ+1 e−
πi
θ+1 z

θ
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (0, πθ ),

−πi+ θ+1
2θ ρe

2πi
θ+1 z

2θ
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

+uc−
θ

θ+1 e
πi
θ+1 z

θ
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (−π

θ , 0),

(115)

where (gt)±(0) (resp. (g̃t)±(0)) is the limit of gt(z) (resp. g̃t(z)) as z → 0 from C± (resp. (Hθ)±).
Then ϕt(z) in (103) has the asymptotic expansions

ϕt(z) =


2πi− θ+1

θ πd1iz
2θ
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

−2uc−
θ

θ+1 sin
(

π
θ+1

)
iz

θ
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (0, πθ ),

−2πi+ θ+1
θ πd1iz

2θ
θ+1 (1 +O(u) +O(z

θ
θ+1 ))

+2uc−
θ

θ+1 sin
(

π
θ+1

)
iz

θ
θ+1 (1 +O(u) +O(z

θ
θ+1 )), arg z ∈ (−π

θ , 0).

(116)

Similarly, from (105) and (106), let ϵ, δ be small enough positive numbers, we have for
t ∈ [1− δ, 1 + δ] and z ∈ D(b(t), ϵ) \ [0, b(t)],

ϕt(z) = −4π

3
d2,t(z − b(t))

3
2 (1 +O(z − b(t))), (117)

where the term O(z − b(t)) is analytic there.

Remark 2.3. This result of the equilibrium measure holds for all θ > 1, and essentially also holds
for θ ∈ (0, 1). However, it does not hold for θ = 1. For θ = 1, in the hard-soft edge transition,
the behaviour of the density near the edge is not O(x(θ−1)/(θ+1)) = O(1), but O(x1/2), see [33],
[32].
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2.4 Deformation along C2 when 1− t is small positive

For Vt(x) defined in (11) with u = t− 1 < 0, and |u| small, by (93) and (94) we have that

c1(t) = c+
θc

θ2 − 1

(θ − 1)A1 + θA2

A1A2
u+O(u2), c0(t) = c+

θc

θ2 − 1

(θ − 1)A1 −A2

A1A2
u+O(u2).

(118)

We define, like [19, Equations (1.38) and (1.39) and Theorem 1.12],

sa(t) = − θ − 1

2θ
− 1

2θc1(t)

√
4θc0(t)c1(t) + (θ − 1)2c21(t), â(t) = Jc1(t),c0(t)(sa(t)), (119)

sb(t) = − θ − 1

2θ
+

1

2θc1(t)

√
4θc0(t)c1(t) + (θ − 1)2c21(t), b̂(t) = Jc1(t),c0(t)(sa(t)), (120)

and have

sa(t) = − 1 +
θu

(θ2 − 1)A1
+O(u2), â(t) = θc

(
θ

θ2 − 1

−u
A1

)1+ 1
θ

(1 +O(u)), (121)

sb(t) =
1

θ
− θu

(θ2 − 1)A1
+O(u2) b̂(t) = b+ (θ + 1)

1
θ
c

A2
u+O(u2). (122)

We define, for such t, γ̂1,t to be the curve connecting sa(t) to sb(t) such that Jc1(t),c0(t) maps

γ̂1,t to the interval [â(t), b̂(t)], and then γ̂2,t = γ̂1,t ⊆ C− and γ̂t = γ̂1,t ∪ γ̂2,t to be the closed
contour oriented counterclockwise and D̂t to be the region enclosed by γ̂t. Then Jc1(t),c0(t) maps

C \ D̂t to C \ [â(t), b̂(t)] and D̂t \ [−1, 0] to Hθ \ [â(t), b̂(t)] univalently. Then we define Î1,t(z),

Î2,t(z) to be the inverses of Jc1(t),c0(t)(z) on C \ D̂t and D̂t \ [−1, 0] respectively. Also we define

Î+,t(x) (resp. Î−,t(x)) to be the inverse map of Jc1(t),c0(t)(s) from γ̂1,t (resp. γ̂2,t) to [â(t), b̂(t)].
Let, analogous to (66) and (97), with Ut defined in (97),

N̂t(s) =

N̂t,in(s) =
1

2πi

∮
γ̂t

Ut(Jc1(t),c0(t)(ξ))

ξ−s dξ − 1, s ∈ D̂t \ [−1, 0],

N̂t,out(s) = − 1
2πi

∮
γ̂t

Ut(Jc1(t),c0(t)(ξ))

ξ−s dξ + 1, s ∈ C \ D̂t.
(123)

Like in Sections 2.1 and 2.3, we can deform γ̂t to a slightly larger contour γout that encloses γ̂t
in the evaluation of N̂t,in(s) in (123). For t close to 1, we can take γout the same as in Sections
2.1 and 2.3, independent of t. In this way we find that N̂t,in(s) is analytic in a neighbourhood
of −1 including sa(t), and a neighbourhood of θ−1 including sb(t).

Since c1(t), c0(t) satisfy (73), we have that, like (98),

N̂t,in(−1) =
1

t
E(c1(t), c0(t))− 1 = 0, N̂t,in(0) =

1

t
F (c1(t), c0(t))− 1 = θ. (124)

By the identity

1

2πi

∮
γout

Ut(Jc1(t),c0(t)(ξ))

 1

ξ + c0(t)
c1(t)

+
θ−1

s+ 1
− θ−1

s

 dξ =
1

2πi

∮
γout

d

dξ
Vt(Jc1(t),c0(t)(ξ))dξ = 0,

(125)
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we derive that

N̂t,in(−
c0(t)

c1(t)
) =

1

2πi

∮
γout

Ut(Jc1(t),c0(t)(ξ))
1

ξ + c0(t)
c1(t)

dξ − 1

=
1

2πi

∮
γout

Ut(Jc1(t),c0(t)(ξ))

(
− θ−1

s+ 1
+
θ−1

s

)
dξ − 1

=
1

θt
(−E(c1(t), c0(t)) + F (c1(t), c0(t)))− 1

= 0.

(126)

We define the functions Ĝt(z) and
˜̂
Gt(z), which are analytic functions on C \ [â(t), b̂(t)] and

Hθ \ [â(t), b̂(t)] respectively, by

N̂t(s) =

{
Jc1(t),c0(t)(s)Ĝ(Jc1(t),c0(t)(s)), outside γ̂t,

Jc1(t),c0(t)(s)
˜̂
G(Jc1(t),c0(t)(s)), inside γ̂t.

(127)

Like (68) and (100), for all x ∈ (â(t), b̂(t)),

(Ĝt)−(x)− (Ĝt)+(x) = x−1(N̂t,in(Î+,t(x))− N̂t,in(Î−,t(x)))

= x−1(N̂t,out(Î−,t(x))− N̂t,out(Î+,t(x))) = (
˜̂
Gt)−(x)− (

˜̂
Gt)+(x),

(128)

and then we define

ψ̂t(x) =
1

2πi
((Ĝt)−(x)− (Ĝt)+(x)) =

1

2πi
((
˜̂
Gt)−(x)− (

˜̂
Gt)+(x)). (129)

Then we define the functions ĝt(z) and ˜̂gt(z), which are analytic functions on C \ (−∞, b̂(t)]
and Hθ \ [0, b̂(t)] respectively, by

ĝ′
t(z) = Ĝt(z), ˜̂g′

t(z) = Ĝt(z), and lim
z→∞

ĝt(z)− log z = lim
z→∞

˜̂gt(z)− log zθ = 0. (130)

From the formulas of Ĝt(z) and
˜̂
Gt(z), we can find the expressions of ĝt(z) and ˜̂gt(z) by

integration. At last, we define

ϕ̂t(z) = ĝt(z)+ ˜̂gt(z)−Vt(z)− ℓ̂t, ℓ̂t = (ĝt)±(x)+(˜̂gt)∓(x)−Vt(x) for x ∈ (â(t), b̂(t)). (131)

We note that, like (104),∫ b̂(t)

â(t)
ψ̂t(x)dx =

1

2πi

∫ b̂(t)

â(t)
(Ĝt)−(x)− (Ĝt)+(x)dx =

1

2πi

∫ b̂(t)

â(t)
(
˜̂
Gt)−(x)− (

˜̂
Gt)+(x)dx

=
−1

2πi

∮
γ̂t

˜̂
Gt(Jc1(t),c0(t)(s))dJc1(t),c0(t)(s)

= θ−1 1

2πi

∮
γout

N̂t,in(s)

s
ds− θ−1 1

2πi

∮
γout

N̂t,in(s)

s+ 1
ds− 1

2πi

∮
γout

N̂t,in(s)

s+ c0(t)
c1(t)

ds

= θ−1N̂t,in(0)− θ−1N̂t,in(−1)− N̂

(
−c0(t)
c1(t)

)
= 1.

(132)

When t = 1, the notions sa(t), sb(t), â(t), b̂(t), γ̂1,t, γ̂2,t,γ̂t, D̂t, N̂t,in, N̂t,out, N̂t, Ĝt,
˜̂
Gt and

ψ̂t above coincide with −1, θ−1, 0, b, γ1, γ2,γ, D, Nin, Nout, N , G, G̃ and ψ occurring in Section
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2.1 respectively. Since Jc1(t),c0(t)(s) depends on t analytically, we find that if −u = 1 − t is a
small enough positive number, the Regularity Condition 1.1 still holds, except for the strict
negativity of (7) on (0, â(t)) which will be discussed in part 1 of Proposition 2.5. To be precise,
we have

Regularity Condition 2.4. Let ϵ1 and ϵ2 be small enough positive numbers. There is δ1 > 0,
such that for all t ∈ [1− δ1, 0],

1. ψ̂t(x) > 0 strictly for all x ∈ [â(t) + ϵ1, b̂(t)− ϵ2].

2.

N̂ ′
t,in(sb(t)) =

1

2πi

∮
γout

Ut(Jc1(t),c2(t)(s))

(s− sb(t))2
ds > 0, (133)

or equivalently, there is a positive number d̂2,t = d̂
(Vt)
2,t and δ2 > 0 depending on ϵ2, such

that
ψ̂t(x) = d̂2,t(b̂(t)− x)

1
2 (1 + ĥ2,t(x)), x ∈ (b̂(t)− ϵ2, b̂(t)), (134)

such that ĥ2,t(x) → 0 as x→ b̂(t)− and |ĥ2,t(x)| ≤ δ2 for all x ∈ (b̂(t)− ϵ2, b̂(t)).

3.
ϕ̂t(x) > 0, x ∈ (b̂(t),+∞). (135)

Since the function N̂t,in(s) depends on t analytically, we have N̂t,in(s) = Nin(s) if t = 1.
Also we have (noting that Jc(1),c(1)(s) = Jc(s))

d

dt
N̂ ′

t,in(−1)

∣∣∣∣
t=1

=
1

2πi

∮
γout

d
dtUt(Jc1(t),c0(t)(s))

∣∣
t=1

(s+ 1)2
ds

=
−1

2πi

∮
γout

U(Jc(s))

(s+ 1)2
ds+

c′1(1)
c

1

2πi

∮
γout

Jc(s)U
′(Jc(s))

(s+ 1)2
ds

+
c′0(1)− c′1(1)

c

1

2πi

∮
γout

Jc(s)U
′(Jc(s))

(s+ 1)3
ds

=
c′1(1)
c

A2 +
c′0(1)− c′1(1)

c

(
θ

θ + 1
A2 +

2θ

θ + 1
A1

)
= − θ

θ − 1
.

(136)

By (124), (69) and (136), we have that

N̂t,in(s) = − θ

θ − 1
u(s+1)+A1(s+1)2+O(u2(s+1))+O(u(s+1)2)+O((s+1)3), s→ −1. (137)

when t is small, and N̂t,out(s) has a similar asymptotic expansion since for s in the domain of
Nt,out(s) and s is close to −1,

N̂t,out(s) = Ut(Jc1(t),c0(t)(s))− N̂t,in(s). (138)

Now we consider the behaviour of Î1,t(z) and Î2,t(z) around 0 and â(t). To this end, we use

the functions defined in Appendix C, namely J (pre) defined in (506) and Î
(pre)
1 and Î

(pre)
2 as the

inverse functions of J (pre). We denote, for u = t− 1 < 0,

k(u) =
θ2 − 1

θ1+
θ

θ+1

A1

−u, K(u) = θc

(
θ

θ2 − 1

−u
A1

) θ+1
θ

. (139)
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We have that if (−u) is small and |s + 1| is small, then K(u)J (pre)(k(u)(s + 1)) is an approx-

imation of Jc1(t),c0(t)(s). Hence, −1 + k(u)−1Î
(pre)
1 (K(u)−1z) and −1 + k(u)−1Î

(pre)
1 (K(u)−1z)

are approximations of Î1,t(z) and Î2,t(z), respectively. To be precise, if ϵ′ < 0 is a small positive
number, C be a large positive number, and for all t such that (1− t)C < ϵ, we have

Î1,t(z) = − 1 + k(u)−1f
(1)
0

(
I
(pre)
1

(
g
(1)
0 (K(u)−1z)

))
, z ∈ C \ (â(t), b̂(t)) and |z| < ϵ′, (140)

Î2,t(z) = − 1 + k(u)−1f
(2)
0

(
I
(pre)
2

(
g
(2)
0 (K(u)−1z)

))
, z ∈ Hθ \ (â(t), b̂(t)) and |z| < ϵ′,

(141)

where g
(1)
0 is a conformal mapping from D(0,K(u)−1ϵ′) to C, g(2)0 (z) is a conformal mapping

from D(0,K(u)−1ϵ′)∩Hθ to Hθ, f
(1)
0 (s) is a conformal mapping from D(0, k(u)ϵ′′)∩ (C\ D̂(pre))

to C, and f (2)0 (s) is a conformal mapping from D(0, k(u)ϵ′′)∩D̂(pre) to C, where D̂(pre) is defined
in Appendix C, and ϵ′′ > 0 is a constant depending on ϵ′. All the four conformal mappings are
close to the identity mapping, in the sense that for i = 1, 2, there is C ′ > 0 and δ′ ∈ (0, 1) that

for z, s in the domains of g
(i)
0 and f

(i)
0 stated above,

|g(i)0 (z)− z| ≤ (−u)C ′|z|, |f (i)0 (s)− s| ≤ (−u)C ′|s|, |z|, |s|≤ C, (142)

|g(i)0 (z)− z| ≤ δ′|z|, |f (i)0 (s)− s| ≤ δ′|s|, |z|, |s|≥ C. (143)

From the asymptotics of Î1,t(z) and Î2,t(z) in (140) and (141) and the asymptotics of N̂t,in(s)

in (137), we derive the asymptotics of Ĝt(z),
˜̂
Gt(z), ĝt(z) and ˜̂gt(z) from (130) and (127), and

also the asymptotics of ϕ̂t(z) in (131), if z is close to 0. We are not going to state the detailed
results of their asymptotic expansions, and only state the following rough estimates:

Proposition 2.5. Let ϵ, ϵ′ be two small enough constants. For all t ∈ (1 − ϵ, 1), dµ̂(Vt)(x) =
ψ̂t(x)dx with support [â(t), b̂(t)] is the equilibrium measure for Vt, and satisfies Regularity Con-
ditions 1.1 and 1.3. Also there is δ > 0 depending on ϵ and ϵ′, such that

1. For all x ∈ [0, â(t)− ϵ′(−u) θ+1
θ ],

ℜϕ̂t(x) < −δ(−u)2. (144)

2. For all x, y ∈ [0, ϵ′(−u) θ+1
θ ],

ĝt(x) + ˜̂gt(y)− Vt(x)− ℓ̂t < −δ(−u)2. (145)

3. For z ∈ D(b̂(t), ϵ) \ [â(t), b̂(t)] and z ∈ D(â(t), ϵ(−u)(θ+1)/θ) \ [â(t), b̂(t)],

ϕ̂t(z) = − 4π

3
d̂2,t(z − b̂(t))

3
2 (1 +O(z − b̂(t))), (146)

ϕ̂t(z) = ± i
4π

3
(−u)2d̂1,t((−u)−

θ+1
θ (z − â(t)))

3
2 (1 +O((−u)− θ+1

θ (z − â(t)))± 2πi, (147)

where d̂1,t and d̂2,t are positive for all t, the term O(z− b̂(t)) is analytic in D(b̂(t), ϵ), and

the term O((−u)− θ+1
θ (z − â(t))) is analytic in D(â(t), ϵ(−u)(θ+1)/θ).
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2.5 Deformation along C2 when t ∈ (0, 1)

Generally, the local argument in Section 2.4 cannot say much about the equilibrium measure
for Vt if t < 1 is not close to 1. In this subsection, we take the assumption that Vt is one-cut
regular in the soft edge regime, and its equilibrium measure µ̂(Vt) satisfies Regularity Conditions
1.1 and 1.3, as in Theorem 1.6. In other words, the equilibrium measure µ̂(Vt) constructed in
Section 2.4 for t ∈ (1− ϵ, 1) can be extended to t ∈ (0, 1). We note that by [19, Theorem 1.11],
the equilibrium measure µ̂(Vt) is determined by c1(t), c0(t) that are solutions to (73) for u, v
respectively. The assumption implies the following result.

Proposition 2.6. Suppose Vt satisfies Regularity Conditions 1.1 and 1.3. For all t ∈ (0, 1),
there are c1(t) and c0(t) that depend on t continuously and coincide with c1(t) and c0(t) obtained
in Section 2.4 when 1− t is small positive, such that if we use (119), (120), (123), (127), (129),

(130), (131) to define sa(t), sb(t), â(t), b̂(t), Ĝt,
˜̂
Gt, ψ̂t, ĝt, ˜̂gt, ℓ̂t, and then define dµ̂(Vt) = ψ̂t(x)dx

supported on [â(t), b̂(t)], then µ̂(Vt) is the equilibrium measure associated to Vt.
Furthermore, Proposition 2.5 and (146), (147) hold uniformly for all t ∈ (ϵ, 1), where ϵ is

any small positive number.

3 Asymptotic analysis of the RH problems for pn and qn in the
transition regime

As mentioned in Section 1.3, we prove Theorem 1.5 by studying the asymptotics of vector-
valued Riemann-Hilbert problems for the biorthogonal polynomials defined in (12); see [52] for
a similar strategy for the hard edge universality of Muttalib-Borodin ensemble. In the transition
regime considered in this section, we focus on the construction of the local parametrix near the
origin by using the solution of the new model RH problem 1.8.

In this section, we assume that (t− 1) = O(n−1/2), and let t be expressed by τ ∈ R in (17).
We abuse the notation to write c, g, g̃, ℓ, ϕ, b, I1, I2, V and Jc to mean c(t), gt, g̃t, ℓt, ϕt,
b(t), I1,t, I2,t, Vt and Jc(t) that are defined in Sections 2.2 and 2.3. When t = 1, these notations
become identical to those in Section 2.1. We suppress the t dependence in these symbols, not
only to shorten the expressions, but also to make our presentation parallel to that in [52] so
that we can refer arguments there more easily.

3.1 Asymptotic analysis of the RH problem for pn

3.1.1 Transformations Y → T → S → Q, and local parametrix around b

This section is parallel to [52, Sections 3.1–3.5]. When we implement ideas from [52], we only
give details when it differs from their counterparts in [52], and refer the reader to corresponding
sections and equations in [52] for details.

Let pn(x) be the monic biorthogonal polynomial defined in (12), we define its Cauchy-like
transform [52, Equation (2.24)]

Cpn(z) =
1

2πi

∫ ∞

0

pn(x)

xθ − zθ
xαe−nV (x)dx, z ∈ Hθ \ [0,+∞), (148)

and denote the vector form Y = (Y1, Y2) := (pn, Cpn) as in [52, Equation (2.23)]. Then it is
known that Y satisfies the following vector RH problem; see [52, RH problem 2.2].

RH Problem 3.1. Y = (Y1, Y2) is a vector-valued function defined and analytic in (C,Hθ \
[0,+∞)).
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1. Y satisfies the jump condition

Y+(x) = Y−(x)
(
1 1

θx
α+1−θe−nVt(x)

0 1

)
, x > 0. (149)

2. As z → ∞ in C, we have Y1(z) = zn + O(zn−1), and as z → ∞ in Hθ, we have Y2(z) =
O(z−(n+1)θ).

3. As z → 0 in C, we have Y1(z) = O(1), and as z → 0 in Hθ, we have

Y2(z) =


O(1), α+ 1− θ > 0,

O(log z), α+ 1− θ = 0,

O(zα+1−θ), α+ 1− θ < 0.

(150)

4. For x > 0, we have the boundary condition Y2(e
πi
θ x) = Y2(e

−πi
θ x).

Recall the functions g, g̃ and constant ℓ (gt, g̃t and ℓt before the t-dependence is suppressed)
defined in (102) and (103). Let [52, Equation (3.1)]

T (z) = (T1(z), T2(z)) := (Y1(z)e
−ng(z), Y2(z)e

n(g̃(z)−ℓ)). (151)

Recall number b and function ϕ (b(t) and ϕt before the t-dependence is suppressed) defined in
the beginning of Section 2.3 and equation (103), respectively. Let Σ1 ∈ (Hθ ∩C+) be a contour
connecting 0 and b, Σ2 = Σ1 ⊆ (Hθ ∩ C−) like in [52, Figure 2], and let Σ = [0,+∞) ∪ Σ1 ∪ Σ2

like in [52, Equation (3.7)]. Moreover, we let the “lens” be the region enclosed by Σ1 and Σ2,
and the upper/lower part of the lens be the intersection of the lens with C±. We then define,
analogous to [52, Equation (3.6)],

S(z) =



T (z), outside the lens,

T (z)

(
1 0

θ
zα+1−θ e

−nϕ(z) 1

)
, lower part of the lens,

T (z)

(
1 0

− θ
zα+1−θ e

−nϕ(z) 1

)
, upper part of the lens.

(152)

We have that T (z) and S(z) satisfy Riemann-Hilbert problems, as stated in [52, RH problems
3.1 and 3.2]. We remark that in [52, RH problems 3.1 and 3.2] the g, g̃ and ϕ are associated to
the equilibrium measure, and our g, g̃ and ϕ are associated to the equilibrium measure only if
τ < 0, as explained in Remark 2.2. However, the derivation for [52, RH problems 3.1 and 3.2]
does not rely on the relation to equilibrium measure.

Next, we recall the functions I1, I2 and parameter c (I1,t, I2,t and c(t) before the t-dependence
is suppressed) defined in Section 2.2 and the beginning of Section 2.3. We construct the global

parametrix P (∞)(z) = (P
(∞)
1 (z), P

(∞)
2 (z)) such that [52, Equations (3.19) and (3.20)]

P
(∞)
1 (z) = P(I1(z)), z ∈ C \ [0, b], (153)

P
(∞)
2 (z) = P(I2(z)), z ∈ Hθ \ [0, b], (154)

where, with D and γ1 defined in Section 2.1 [52, Equation (3.18)]

P(s) =


s√

(s+1)(s−sb)

(
s+1
s

) θ−α−1
θ , s ∈ C \D,

cα+1−θs(s+1)α+1−θ

θ
√

(s+1)(s−sb)
, s ∈ D,

(155)
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such that sb = 1/θ, the branch cuts of
√

(s+ 1)(s− sb),
(
s+1
s

) θ−α−1
θ and (s+1)α+1−θ are taken

along γ1, [−1, 0] and (−∞,−1] respectively.
Then the function [52, Equation (3.29)]

Q(z) = (Q1(z), Q2(z)) :=

(
S1(z)

P
(∞)
1 (z)

,
S2(z)

P
(∞)
2 (z)

)
(156)

satisfies the Riemann-Hilbert problem stated in [52, RH problem 3.7].
Analogous to [52], the local parametrix near the right ending point b can be constructed in

terms of the Airy parametrix. Let ϵ be a small enough positive number. We define, for z in a
neighbourhood D(b, ϵ) of b, [52, Equation (3.35)]

fb(z) =

(
−3

4
ϕ(z)

) 2
3

. (157)

Due to (117), we have that it is a conformal mapping with fb(b) = 0 and f ′b(b) > 0.
In Appendix A, the 2 × 2 matrix-valued function Ψ(Ai), which is the well-known Airy

parametrix is defined on C \ ΓAi, where ΓAi = e−
2πi
3 [0,+∞) ∪ R ∪ e

2πi
3 [0,+∞) is the jump

contour specified in RH problem A.1. We define [52, Equation (3.38)]

P (b)(z) = E(b)(z)Ψ(Ai)(n
2
3 fb(z))

(
e−

n
2
ϕ(z)g

(b)
1 (z) 0

0 e
n
2
ϕ(z)g

(b)
2 (z)

)
, (158)

where [52, Equations (3.37) and (3.43)]

g
(b)
1 (z) =

z(θ−α−1)/2

P
(∞)
1 (z)

, g
(b)
2 (z) =

z(α+1−θ)/2

θP
(∞)
2 (z)

, (159)

E(b)(z) =
1√
2

(
g
(b)
1 (z) 0

0 g
(b)
2 (z)

)−1

e
πi
4
σ3

(
1 −1
1 1

)(
n

1
6 fb(z)

1
4 0

0 n−
1
6 fb(z)

− 1
4

)
. (160)

We have that P (b)(z) satisfies a RH problem; see [52, RH problem 3.9]. Now we specify the

shape of Σ1 (and then Σ2 = Σ1) in D(b, ϵ) as f−1
b ({e 2πi

3 [0,+∞)})∩D(b, ϵ). Then we define the
vector-valued function V (b) by [52, Equation (3.46)]

V (b)(z) = Q(z)P (b)(z)−1, z ∈ D(b, ϵ) \ Σ, (161)

which satisfies the same RH problem as [52, RH problem 3.10].

3.1.2 Local parametrix around 0

A local version of the RH problem for Q Let r = rn be a small positive number that
depends on n as in (183) below. We specify the shape of Σ1 (and then Σ2 = Σ1) in D(0, r) as
{z ∈ C : arg z = π/(2θ)} ∩D(0, r). Then we define θ + 1 functions U0(z), U1(z), . . . , Uθ(z) [52,
Equations (3.51) and (3.52)], see also [52, Equations (3.48)–(3.50)] 1

U0(z) = Q2(z
1
θ ), z ∈ D(0, rθ) \ {(−rθ, rθ) ∪ (−irθ, irθ)}, (162)

Uk(z) = Q1(z
1
θ e

2(k−1)
θ

πi), z ∈ D(0, rθ) \ {(−rθ, rθ) ∪ (−irθ, irθ)}, k = 1, 2, . . . , θ. (163)

Then U(z) = (U0(z), . . . , Uθ(z)) satisfies [52, RH problem 3.11], which is stated below for the
completeness.

1In [52, Section 3.6] there is a notational mismatch: r = rn in the beginning of [52, Section 3.6] and [52, RH
problem 3.11] is equivalent to rθn in [52, Equation (3.116) and later]. We follow the latter usage of r = rn.
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RH Problem 3.2.

1. U = (U0, U1, . . . , Uθ) is defined and analytic in D(0, rθ) \ {(−rθ, rθ) ∪ (−irθ, irθ)}.

2. For z ∈ (−rθ, rθ) ∪ (−irθ, irθ) \ {0}, we have

U+(z) = U−(z)JU (z), (164)

where

JU (z) =



1 θz
θ−1−α

θ e−nϕ(z1/θ) P
(∞)
2 (z1/θ)

P
(∞)
1 (z1/θ)

0 1

⊕ Iθ−1, z ∈ (0, irθ) ∪ (0,−irθ),(
0 1

1 0

)
⊕ Iθ−1, z ∈ (0, rθ),

Mcyclic, z ∈ (−rθ, 0),

(165)

with Mcyclic defined in (26), and the orientations of the rays are shown in Figure 2.

3. As z → 0 from D(0, rθ) \ {(−rθ, rθ) ∪ (−irθ, irθ)}, we have

(a)

U0(z) =


O(z1−

α+3/2
θ+1 ), α > θ − 1,

O(z
1

2(1+θ) log z), α = θ − 1,

O(z
α+1
θ

−α+3/2
θ+1 ), −1 < α < θ − 1,

(166)

(b) for arg z ∈ (0, π/2) ∪ (−π/2, 0),

U1(z) =


O(z1−

α+3/2
θ+1 ), α > θ − 1,

O(z
1

2(1+θ) log z), α = θ − 1,

O(z
α+1
θ

−α+3/2
θ+1 ), −1 < α < θ − 1,

(167)

(c) for k = 2, . . . , θ, or k = 1 and arg z ∈ (π/2, π) ∪ (−π,−π/2),

Uk(z) = O(z
α+1
θ

−α+3/2
θ+1 ). (168)

Construction of the local parametrix around 0 As in [52, Equations (3.104)–(3.109)],
we define

M(z) = diag(m0(z),m1(z), . . . ,mθ(z)), z ∈ C \ R, (169)

where (noting that our V below means Vt defined in (11))

m0(z) =

{
g̃(z

1
θ )− g̃+(0), z ∈ C+,

2πi+ g̃(z
1
θ )− g̃+(0), z ∈ C−,

(170)

m1(z) =

{
−g(z

1
θ ) + V (z

1
θ ) + ℓ− g̃−(0), z ∈ C+,

−2πi− g(z
1
θ ) + V (z

1
θ ) + ℓ− g̃−(0), z ∈ C−,

(171)
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0 r−r

ri

−ri

Figure 2: The jump contour for the RH
problem 3.2 for U and for the RH problem
3.9 for Ũ .

0

Figure 3: The jump contour for RH prob-
lem 1.8 for Φ, for RH problem 3.10 for Φ̃,
and for the RH problem 3.11 for Φ̌.

and for j = 2, . . . , θ, arg z ∈ (−π, 0) ∪ (0, π),

mj(z) =

{
−g(z

1
θ e

2(j−1)
θ

πi) + V (z
1
θ e

2(j−1)
θ

πi) + ℓ− g̃−(0), z
1
θ e

2(j−1)
θ

πi ∈ C+,

−2πi− g(z
1
θ e

2(j−1)
θ

πi) + V (z
1
θ e

2(j−1)
θ

πi) + ℓ− g̃−(0), z
1
θ e

2(j−1)
θ

πi ∈ C−,
(172)

and also define

N(z) = diag(n0(z), n1(z), . . . , nθ(z)), z ∈ C \ (−∞, bθ], (173)

where

n0(z) = P
(∞)
2 (z

1
θ ), nj(z) = P

(∞)
1 (e

2(j−1)
θ

πiz
1
θ ), j = 1, . . . , θ. (174)

We also define

N (pre)(z) = diag(n
(pre)
0 (z), n

(pre)
1 (z), . . . , n

(pre)
θ (z)), z ∈ C \ R, (175)

where

n
(pre)
0 (z) =


c
2(α+1)−θ
2(1+θ)√
θ(1+θ)

e
θ−2(α+1)
2(1+θ)

πi
z

α+3/2
1+θ

−1, z ∈ C+,

− c
2(α+1)−θ
2(1+θ)√
θ(1+θ)

e
2(α+1)−θ
2(1+θ)

πi
z

α+3/2
1+θ

−1, z ∈ C−,
(176)

n
(pre)
1 (z) =


θc

2(α+1)−θ
2(1+θ)√
θ(1+θ)

e
2(α+1)−θ
2(1+θ)

πi
z

α+3/2
1+θ

−α+1
θ , z ∈ C+,

θc
2(α+1)−θ
2(1+θ)√
θ(1+θ)

e
θ−2(α+1)
2(1+θ)

πi
z

α+3/2
1+θ

−α+1
θ , z ∈ C−,

(177)

n
(pre)
j (z) =

θc
2(α+1)−θ
2(1+θ)√

θ(1 + θ)
e

2(α+1)−θ
2(1+θ)

πi
e

(j−1)(θ−2(α+1))
θ(1+θ)

πi
z

α+3/2
1+θ

−α+1
θ , j = 2, . . . , θ. (178)

Recall ρ defined in (15) that is independent of t (and τ). Analogous to [52, Proposition 3.14],
we have the following estimates.
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Proposition 3.3. Let mi(z) and ni(z), i = 0, 1, . . . , θ, be the functions defined in (170)–(172)
and (174). As z → 0, we have, with ρ defined in (15), c given in (14), and j = 2, . . . , θ

m0(z) =



θ+1
2θ ρe

− 2πi
θ+1 z

2
θ+1 (1 +O(z

1
θ+1 ))

+(t− 1)c−
θ

θ+1 e−
πi
θ+1 z

1
θ+1 (1 +O(z

1
θ+1 ))

+O((t− 1)2z
1

θ+1 ) +O(z
3

θ+1 ), z ∈ C+,
θ+1
2θ ρe

2πi
θ+1 z

2
θ+1 (1 +O(z

1
θ+1 ))

+(t− 1)c−
θ

θ+1 e
πi
θ+1 z

1
θ+1 (1 +O(z

1
θ+1 ))

+O((t− 1)2z
1

θ+1 ) +O(z
3

θ+1 ), z ∈ C−,

(179)

m1(z) =



θ+1
2θ ρe

2πi
θ+1 z

2
θ+1 (1 +O(z

1
θ+1 ))

+(t− 1)c−
θ

θ+1 e
πi
θ+1 z

1
θ+1 (1 +O(z

1
θ+1 ))

+O((t− 1)2z
1

θ+1 ) +O(z
3

θ+1 ), z ∈ C+,
θ+1
2θ ρe

− 2πi
θ+1 z

2
θ+1 (1 +O(z

1
θ+1 ))

+(t− 1)c−
θ

θ+1 e−
πi
θ+1 z

1
θ+1 (1 +O(z

1
θ+1 ))

+O((t− 1)2z
1

θ+1 ) +O(z
3

θ+1 ), z ∈ C−,

(180)

mj(z) =
θ+1
2θ ρe

2(2j−1)πi
θ+1 z

2
θ+1 (1 +O(z

1
θ+1 )) + (t− 1)c−

θ
θ+1 e

(2j−1)πi
θ+1 z

1
θ+1 (1 +O(z

1
θ+1 ))

+O((t− 1)2z
1

θ+1 ) +O(z
3

θ+1 ), (181)

and
nk(z) = n

(pre)
k (z)(1 +O(t− 1) +O(z

1
1+θ )), k = 0, 1, . . . , θ. (182)

From now on, we assume, as mentioned before, that r = rn shrinks with n, namely,

r = rn = n−
θ+1
2θ+1 . (183)

Remark 3.4. One could actually take the rate of shrinking to be n−κ with (θ + 1)/(3θ) < κ <
(θ + 1)/(2θ). Here, we choose κ = θ + 1/(2θ + 1) for convenience.

For z ∈ D(0, rθn) \ (R ∪ iR), analogous to [52, Equation (3.117)], we first introduce a (θ +
1)× (θ + 1) matrix-valued function

P(0)(z) = diag((ρn)−
k
2 )θk=0Φ((ρn)

θ+1
2 z)N (pre)(z)N(z)−1enM(z), (184)

where ρ is defined in (15), M(z), N(z) and N (pre)(z) are defined in (169), (173) and (175),
respectively, and Φ is the solution of the RH problem 1.8. We then have the following proposition
regarding the RH problem for P(0) [52, Proposition 3.15].

Proposition 3.5. The function P(0)(z) defined in (184) has the following properties.

1. P(0)(z) is analytic in D(0, rθn) \ (R ∪ iR).

2. For z ∈ D(0, rθn) ∩ (R ∪ iR), we have

P
(0)
+ (z) = P

(0)
− (z)JU (z), (185)

where JU (z) is defined in (165).
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3. For z ∈ ∂D(0, rθn), we have, as n→ ∞,

P(0)(z) = Υ(z)Ω±(I +O(n
− 1

2(2θ+1) )), z ∈ C±, (186)

where Υ and Ω± are defined in (30).

With P(0) given in (184), we next define, analogous to [52, Equation (3.127)]

P (0)(z) = Ω−1
± Υ(z)−1P(0)(z), z ∈ C±. (187)

In view of (187), Proposition 3.5 and

Υ+(ζ)Ω+ = Υ−(ζ)Ω− ×


(
0 1

1 0

)
⊕ Iθ−1, ζ > 0,

Mcyclic, ζ < 0,

(188)

the following RH problem for P (0) is then immediate [52, Proposition 3.16].

RH Problem 3.6.

1. P (0)(z) is analytic in D(0, rθn) \ (R ∪ iR).
2. For z ∈ D(0, rθn) ∩ (R ∪ iR), we have

P
(0)
+ (z) =


P

(0)
− (z)JU (z), z ∈ (0, irθn) ∪ (0,−irθn),((
0 1

1 0

)
⊕ Iθ−1

)
P

(0)
− (z)JU (z), z ∈ (0, rθn),

M−1
cyclicP

(0)
− (z)JU (z), z ∈ (−rθn, 0),

(189)

where JU (z) is defined in (165).

3. For z ∈ ∂D(0, rθn), we have, as n→ ∞,

P (0)(z) = I +O(n
− 1

2(2θ+1) ). (190)

Finally, we set, analogous to [52, Equation (3.130)]

V (0)(z) = U(z)P (0)(z)−1, z ∈ D(0, rθn) \ (R ∪ iR), (191)

where U is defined in (162) and (163) and satisfies RH problem 3.2. Then, by a similar argument
as [52, Proposition 3.17], we have the following proposition.

Proposition 3.7. The function V (0)(z) defined in (191) has the following properties.

1. V (0) = (V
(0)
0 , V

(0)
1 , . . . , V

(0)
θ ) is analytic in D(0, rθn) \ R, or equivalently, its definition can

be analytically extended onto (0, irθn) ∪ (−irθn, 0).
2. For z ∈ (−rθn, rθn) \ {0}, we have

V
(0)
+ (z) = V

(0)
− (z)


(
0 1

1 0

)
⊕ Iθ−1, z ∈ (0, rθn),

Mcyclic, z ∈ (−rθn, 0).
(192)

3. For z ∈ ∂D(0, rθn), we have, as n→ ∞,

V (0)(z) = U(z)(I +O(n
− 1

2(2θ+1) )). (193)

4. As z → 0, we have

V
(0)
k (z) = O(1), k = 0, 1, . . . , θ. (194)
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3.1.3 Final transformation

Before performing the final transformation, we complete the description of the shape of Σ1

(and then Σ2 = Σ1). Let σ0 and σb be the intersections of Σ1 with ∂D(0, rn) and ∂D(b, ϵ),
respectively, and we let the undetermined part of Σ1 be a contour ΣR

1 connecting σ0 and σb
such that ℜϕ(z) > 0 for z ∈ ΣR

1 . We may choose ΣR
1 to be close to the real axis, since on (0, b),

ℜϕ+(x) = 0 and ϕ′+(x) = −2πiψ(x), and ψ(x) has the (almost) positivity on (0, b) as stated in
Regularity Condition 2.1 and (113).

We set, as in [52, Equation 3.137)]

ΣR := [0, b] ∪ [b+ ϵ,∞) ∪ ∂D(0, rn) ∪ ∂D(b, ϵ) ∪ ΣR
1 ∪ ΣR

2 , (195)

where ΣR
1 is specified above, and ΣR

2 = ΣR
1 . We also divide the open disk D(0, rn) into θ parts

by setting, as in [52, Equation 3.139)]

Wk := {z ∈ D(0, rn) \ {0} | arg z ∈ (
(2k − 3)π

θ
,
(2k − 1)π

θ
)}, k = 1, . . . , θ. (196)

We then define a 1×2 vector-valued function R(z) = (R1(z), R2(z)) such that R1(z) is analytic
in C \ ΣR and R2(z) is analytic in Hθ \ ΣR, as follows [52, Equation (3.141) and (3.142)]:

R1(z) =


Q1(z), z ∈ C \ {D(b, ϵ) ∪D(0, rn) ∪ ΣR},
V

(b)
1 (z), z ∈ D(b, ϵ) \ [b− ϵ, b],

V
(0)
1 (zθ), z ∈W1 \ [0, rn],
V

(0)
k (zθ), z ∈Wk, k = 2, . . . , θ,

(197)

R2(z) =


Q2(z), z ∈ Hθ \ {D(b, ϵ) ∪D(0, rn) ∪ ΣR},
V

(b)
2 (z), z ∈ D(b, ϵ) \ [b− ϵ, b],

V
(0)
0 (zθ), z ∈W1 \ [0, rn].

(198)

Recall the function Jc (Jc(t) before the t-dependence is suppressed) defined in (61) with c(t)
specified in Section 2.2. Then, we define, as in [52, Equation 3.146)]

R(s) =

{
R1(Jc(s)), s ∈ C \D and s /∈ I1(Σ

R),

R2(Jc(s)), s ∈ D \ [−1, 0] and s /∈ I2(Σ
R).

(199)

We have that R(s) satisfies a shifted RH problem, as described in [52, RH problem 3.19]. We
omit the full statement of this RH problem.

By arguments analogous to those in [52, Propositions 3.20 and 3.21, and Lemma 3.22], we
derive the following estimate for R(s).

Lemma 3.8. As n→ ∞, we have

R(s) = 1 +O(n
− 1

2(2θ+1) ), (200)

uniformly for |s+ 1| < ϵr
θ/(1+θ)
n or |s| < ϵ, where ϵ is a small positive constant and rn is given

in (183).

The proof of the lemma is detailed in [52, Section 3.7], and the idea is as follows: First, we
show that R(s) satisfies a scalar shifted RH problem [52, RH problem 3.19]. Next, we show
that R(s) is the unique solution to this RH problem [52, Proposition 3.20]. Then by a small
norm argument, we show that the solution to the RH problem that R(s) satisfies is close to
1 in the sense of [52, Proposition 3.21]. Finally, we derive the lemma, as the counterpart of
[52, Proposition 3.22]. Since it is lengthy and is identical to the proof in [52, Section 3.7] for
a slightly different setting, we omit the proof. In Section 4, we give details of a similar small
norm argument in the proof of Lemma 4.6 .
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3.2 Asymptotic analysis of the RH problem for qn

In this subsection, we use the same notational setting as in Section 3.1, especially the shape of
Σ is the same.

3.2.1 Transformations Ỹ → T̃ → S̃ → Q̃, and local parametrix around b

Let qn be the monic biorthogonal polynomial defined in (12). We define its Cauchy transform
[52, Equation (2.28)]

C̃qn(z) =
1

2πi

∫ +∞

0

qn(x
θ)

x− z
xαe−nV (x)dx, z ∈ C \ [0,+∞), (201)

and denote the vector form Ỹ = (Ỹ1, Ỹ2) := (qn, C̃qn) as in [52, Equation (2.29)]. Then, similar
to Y that satisfies RH problem 3.1, the vector-valued function Ỹ also satisfies a vector RH
problem. We omit the details since it is the same as that in [19, Theorem 1.5] and [52, RH
problem 2.3].

Analogous to (151), we let [52, Equation (4.1)]

T̃ (z) = (T̃1(z), T̃2(z)) = (Ỹ1(z)e
−ng̃(z), Ỹ2(z)e

n(g(z)−ℓ)), (202)

and analogous to (152), we let [52, Equation (4.5)]

S̃(z) =



T̃ (z), outside the lens,

T̃ (z)

(
1 0

z−αe−nϕ(z) 1

)
, lower part of the lens,

T̃ (z)

(
1 0

−z−αe−nϕ(z) 1

)
, upper part of the lens.

(203)

We have that T̃ (z) and S̃(z) satisfy the Riemann-Hilbert problems stated in [52, RH problems
4.1 and 4.2].

Next, analogous to (153) – (155), we construct the global parametrix P̃ (∞)(z) = (P̃
(∞)
1 (z), P̃

(∞)
2 (z))

such that [52, Equations (4.15) and (4.16)]

P̃
(∞)
1 (z) = P̃(I2(z)), z ∈ Hθ \ [0, b], (204)

P̃
(∞)
2 (z) = P̃(I1(z)), z ∈ C \ [0, b], (205)

where [52, Equation (4.14)]

P̃(s) =


cα

√
sbi√

(s+1)(s−sb)

(
s+1
s

)α
θ , s ∈ C \D,

√
sbi√

(s+1)(s−sb)
(s+ 1)−α, s ∈ D.

(206)

Here sb = 1/θ, the branch cuts of
√

(s+ 1)(s− sb),
(
s+1
s

)α
θ and (s + 1)−α are taken along γ2,

[−1, 0] and (−∞,−1] respectively, where the contour γ2 is defined at the beginning of Section
2.1.

Then the function, analogous to (156), [52, Equation (4.20)]

Q̃(z) = (Q̃1(z), Q̃2(z)) =

(
S̃1(z)

P̃
(∞)
1 (z)

,
S̃2(z)

P̃
(∞)
2 (z)

)
(207)

32



satisfies the Riemann-Hilbert problem stated in [52, RH problem 3.7].
Analogous to [52], the local parametrix near the right ending point b can be constructed in

terms of the Airy parametrix. With fb(z) defined in (157), we define, analogous to (158) [52,
Equation (4.25)]

P̃ (b)(z) := Ẽ(b)(z)Ψ(Ai)(n
2
3 fb(z))

(
e−

n
2
ϕ(z)g̃

(b)
1 (z) 0

0 e
n
2
ϕ(z)g̃

(b)
2 (z)

)
, z ∈ D(b, ϵ) \ Σ, (208)

where [52, Equation (4.26)]

g̃
(b)
1 (z) =

z−
α
2

P̃
(∞)
1 (z)

, g̃
(b)
2 (z) =

z
α
2

P̃
(∞)
2 (z)

, (209)

and [52, Equation (4.25)]

Ẽ(b)(z) =
1√
2

(
g̃
(b)
1 (z) 0

0 g̃
(b)
2 (z)

)−1

e
πi
4
σ3

(
1 −1
1 1

)(
n

1
6 fb(z)

1
4 0

0 n−
1
6 fb(z)

− 1
4

)
. (210)

We have that P̃ (b)(z) satisfies an RH problem; see [52, RH problem 4.8]. Then analogous to
(161), we define the vector-valued function Ṽ (b)(z) by [52, Equation (4.29)]

Ṽ (b)(z) = Q̃(z)P̃ (b)(z)−1, z ∈ D(b, ϵ) \ Σ. (211)

We have that Ṽ (b) satisfies the same RH problem as [52, RH problem 4.9].

3.2.2 Local parametrix around 0

A local version of the RH problem for Q̃ Let r = rn be the same as in Section 3.1.2.
Analogous to (162) and (163), we define θ + 1 functions Ũ0(z), Ũ1(z), . . . , Ũθ(z) [52, Equations
(4.34) and (4.35)], see also [52, Equations (4.31)–(4.33)]

Ũ0(z) = Q̃1(z
1
θ ), z ∈ D(0, rθ) \ {(−rθ, rθ) ∪ (−irθ, irθ)}, (212)

Ũk(z) = Q̃2(z
1
θ e

2(k−1)
θ

πi), z ∈ D(0, rθ) \ {(−rθ, rθ) ∪ (−irθ, irθ)}, k = 1, 2, . . . , θ. (213)

Then, Ũ(z) = (Ũ0(z), . . . , Ũθ(z)) satisfies [52, RH problem 4.10], which is stated below for
completeness.

RH Problem 3.9.

1. Ũ = (Ũ0, Ũ1, . . . , Ũθ) is defined and analytic in D(0, rθ) \ {(−rθ, rθ) ∪ (−irθ, irθ)}.

2. For z ∈ (−rθ, rθ) ∪ (−irθ, irθ) \ {0}, we have

Ũ+(z) = Ũ−(z)JŨ (z), (214)

where

J
Ũ
(z) =



 1 0

z−
α
θ e−nϕ(z1/θ) P̃

(∞)
2 (z1/θ)

P̃
(∞)
1 (z1/θ)

1

⊕ Iθ−1, z ∈ (0, irθ) ∪ (0,−irθ),(
0 1

1 0

)
⊕ Iθ−1, z ∈ (0, rθ),

Mcyclic, z ∈ (−rθ, 0),

(215)

with Mcyclic being defined in (26), and the orientations of the rays are shown in Figure 2.
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3. As z → 0 from D(0, rθ) \ {(−rθ, rθ) ∪ (−irθ, irθ)}, we have

(a) for k = 1, . . . , θ, or k = 0 and arg z ∈ (0, π/2) ∪ (−π/2, 0),

Ũk(z) =


O(z

θ−2α
2θ(1+θ) ), α > 0,

O(z
1

2(1+θ) log z), α = 0,

O(z
α+1/2
1+θ ), −1 < α < 0,

(216)

(b) for arg z ∈ (π/2, π) ∪ (−π,−π/2),

Ũ0(z) = O(z
α+1/2
1+θ ). (217)

Parametrix Φ̃ Below we state the following model RH problem: (with β̃ = −2α+1
1+θ )

RH Problem 3.10. Φ̃(ξ) = Φ̃(τ)(ξ) is a (θ + 1)× (θ + 1) matrix-valued function on C except for
R and iR.

1. It satisfies the jump condition with the orientation of rays shown in Figure 3

Φ̃+(ξ) = Φ̃−(ξ)J
(θ)

Φ̃
(ξ), where J

(θ)

Φ̃
(ξ) =



(
1 0

eβ̃πi 1

)
⊕ Iθ−1, arg ξ = π

2 ,(
1 0

−e−β̃πi 1

)
⊕ Iθ−1, arg ξ = −π

2 ,(
0 1

1 0

)
⊕ Iθ−1, ξ ∈ R+,

Mcyclic, ξ ∈ R−.

(218)

2. Φ̃(ξ) has the following boundary condition as ξ → ∞ for ξ ∈ C±

Φ̃(ξ) =
(
I +O(ξ−1)

)
Υ(ξ)Ω±eΘ(ξ), (219)

where Θ, Υ and Ω± are defined in (29) and (30).

3. Φ̃(ξ) has the following boundary condition as ξ → 0, for ξ ∈ C±,

Φ̃(ξ) = Ñ(ξ) diag

(
ξ−

β̃
2 , ξ

β̃+2θ−1
2θ , . . . , ξ

β̃+5
2θ ξ

β̃+3
2θ , ξ

β̃+1
2θ ,

)
(E−1)T Ξ̌−1

± , (220)

where Ñ(ξ) is analytic at 0, E is defined in (32), and

Ξ̌+ = diag
(
e−

θj
θ+1

2πi
)θ
j=0

, on C+,

Ξ̌− = diag
(
e−

θ
θ+1

2πi, 1
)
⊕ diag

(
e−

θj
θ+1

2πi
)θ
j=2

, on C−.
(221)

Consider

Φ̌(ξ) =
1

θ + 1
e

θ
θ+1

πiξ−
θ

θ+1Jθ+1Φ̃(ξ)Ξ̌±, (222)

where Jθ+1 = (δi,θ−j)
θ
i,j=0 is defined at the end of Section 1. Then Φ̌(ξ) satisfies the following

RH problem:
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RH Problem 3.11. Φ̌(ξ) is a (θ+1)× (θ+1) matrix-valued function on C except for R and iR.
1. Φ̌(ξ) satisfies the jump condition with the orientation of rays shown in Figure 3

Φ̌+(ξ) = Φ̌−(ξ)J
(θ)

Φ̌
(ξ), where J

(θ)

Φ̌
(ξ) =



(
1 0

−eβπi 1

)
⊕ Iθ−1, arg ξ = π

2 ,(
1 0

e−βπi 1

)
⊕ Iθ−1, arg ξ = −π

2 ,(
0 1

1 0

)
⊕ Iθ−1, ξ ∈ R+,

Mcyclic, ξ ∈ R−.

(223)

2. Φ̌(ξ) has the following boundary condition as ξ → ∞ for ξ ∈ C±

Φ̌(ξ) =
(
I +O(ξ−1)

)
Υ(ξ)−1Ω−1

± eΘ(ξ), (224)

where Θ, Υ and Ω± are defined in (29) and (30).

3. Φ̌(ξ) has the following boundary condition as ξ → 0

Φ̌(ξ) =
1

θ + 1
e

θ
θ+1

πiJθ+1Ñ(ξ)ξ
β
2θ diag

(
ξ

α+1−θ
θ , 1, ξ−

1
θ , ξ−

2
θ , . . . , ξ−

θ−1
θ

)
(E−1)T . (225)

We can check that (Φ̌(ξ)−1)T , the transpose of the inverse of Φ̌(ξ), satisfies RH problem
1.8. Hence, by the existence and uniqueness of RH problem 1.8 in Theorem 1.9, we conclude
that, with Φ(ξ) = Φ(τ)(ξ) defined by RH problem 1.8 and N(ξ) = N (τ)(ξ) given in (31),

(θ + 1)−1e
θ

θ+1
πiJθ+1Ñ(ξ) = (N(ξ)−1)T , and

Φ̌(ξ) = (Φ(ξ)−1)T , Φ̃(ξ) = (θ + 1)e−
θ

θ+1
πiξ

θ
θ+1Jθ+1(Φ(ξ)

−1)T Ξ̌−1
± . (226)

Construction of the local parametrix around 0 Analogous to the definition of N(z)
given in (173), we set [52, Equations (4.75) and (4.76)]

Ñ(z) = diag(ñ0(z), ñ1(z), . . . , ñθ(z)), z ∈ C \ (−∞, bθ], (227)

where
ñ0(z) = P̃

(∞)
1 (z

1
θ ), ñj(z) = P̃

(∞)
2 (e

2(j−1)
θ

πiz
1
θ ), j = 1, . . . , θ, (228)

with P̃ (∞) = (P̃
(∞)
1 , P̃

(∞)
2 ) defined in (204)–(205). We also define

Ñ (pre)(z) = diag(ñ
(pre)
0 (z), ñ

(pre)
1 (z), . . . , ñ

(pre)
θ (z)), z ∈ C \ R, (229)

where

ñ
(pre)
0 (z) =


c
(α+1/2)θ

1+θ√
1+θ

e
α+1/2
1+θ

πiz−
α+1/2
1+θ , z ∈ C+,

c
(α+1/2)θ

1+θ√
1+θ

e−
α+1/2
1+θ

πiz−
α+1/2
1+θ , z ∈ C−,

(230)

ñ
(pre)
1 (z) =


c
(α+1/2)θ

1+θ√
1+θ

e−
α+1/2
1+θ

πiz
α−θ/2
θ(1+θ) , z ∈ C+,

− c
(α+1/2)θ

1+θ√
1+θ

e
α+1/2
1+θ

πiz
α−θ/2
θ(1+θ) , z ∈ C−,

(231)

ñ
(pre)
j (z) =

c
(α+1/2)θ

1+θ

√
1 + θ

e−
α+1/2
1+θ

πie
(2α−1)(j−1)

θ(1+θ)
πi
z

α−θ/2
θ(1+θ) , j = 2, . . . , θ. (232)

Analogous to Proposition 3.3 and [52, Proposition 4.13], we have the following asymptotics.
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Proposition 3.12. Let ñi(z), i = 0, 1, . . . , θ, be the functions defined in (228). As z → 0, we
have, with ρ defined in (15), c given in (14), and j = 2, . . . , θ

ñk(z) = ñ
(pre)
k (z)(1 +O(t− 1) +O(z

1
1+θ )), k = 0, 1, . . . , θ, (233)

With r = rn given in (183), we then define, analogous to [52, Equation (4.80)], a (θ + 1)×
(θ + 1) matrix-valued function for z ∈ D(0, rθn) \ (R ∪ iR) as follows:

P̃(0)(z) = diag((ρn)−
k
2 )θk=0Φ̃((ρn)

θ+1
2 z)Ñ (pre)(z)Ñ(z)−1e−nM(z), (234)

where ρ is defined in (15), M(z), Ñ(z) and Ñ (pre) are defined in (169), (227) and (229), respec-
tively, and Φ̃ is the solution of the RH problem 3.10. We then have the following proposition
regarding the RH problem for P̃(0) [52, Proposition 4.14].

Proposition 3.13. The function P̃(0)(z) defined in (234) has the following properties.

1. P̃(0)(z) is analytic in D(0, rθn) \ (R ∪ iR).

2. For z ∈ D(0, rθn) ∩ (R ∪ iR), we have

P̃
(0)
+ (z) = P̃

(0)
− (z)J

Ũ
(z), (235)

where J
Ũ
(z) is defined in (215).

3. For z ∈ ∂D(0, rθn), we have, as n→ ∞,

P̃(0)(z) = Υ(z)Ω±(I +O(n
− 1

2(2θ+1) )), z ∈ C±, (236)

where Υ(z) and Ω± are defined in (30).

With P̃(0) given in (234), we next define, analogous to (187) and [52, Equation (4.86)]

P̃ (0)(z) = Ω−1
± Υ(z)−1P̃(0)(z), z ∈ C±. (237)

In view of (237), Proposition 3.13 and (188), the following RH problem for P̃ (0) is then imme-
diate [52, Proposition 4.15].

RH Problem 3.14.

1. P̃ (0)(z) is analytic in D(0, rθn) \ (R ∪ iR).

2. For z ∈ D(0, rθn) ∩ (R ∪ iR), we have

P̃
(0)
+ (z) =


P̃

(0)
− (z)J

Ũ
(z), z ∈ (0, irθn) ∪ (0,−irθn),((

0 1

1 0

)
⊕ Iθ−1

)
P̃

(0)
− (z)J

Ũ
(z), z ∈ (0, rθn),

M−1
cyclicP̃

(0)
− (z)J

Ũ
(z), z ∈ (−rθn, 0),

(238)

where J
Ũ
(z) is defined in (215).

3. For z ∈ ∂D(0, rθn), we have, as n→ ∞,

P̃ (0)(z) = I +O(n
− 1

2(2θ+1) ). (239)
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Finally, as in the definition of V (0) in (191), we set, analogous to [52, Equation (4.89)]

Ṽ (0)(z) = Ũ(z)P̃ (0)(z)−1, z ∈ D(0, rθn) \ (R ∪ iR), (240)

where Ũ is defined in (212) and (213) and satisfies RH problem 3.9. Then, analogous to
Proposition 3.7 and [52, RH problem 4.16], we have the following RH problem for Ṽ (0).

RH Problem 3.15.

1. Ṽ (0) = (Ṽ
(0)
0 , Ṽ

(0)
1 , . . . , Ṽ

(0)
θ ) is analytic in D(0, rθn) \ R, or equivalently, its definition can

be analytically extended onto (0, irθn) ∪ (−irθn, 0).
2. For z ∈ (−rθn, rθn) \ {0}, we have

Ṽ
(0)
+ (z) = Ṽ

(0)
− (z)


(
0 1

1 0

)
⊕ Iθ−1, z ∈ (0, rθn),

Mcyclic, z ∈ (−rθn, 0).
(241)

3. For z ∈ ∂D(0, rθn), we have, as n→ ∞,

Ṽ (0)(z) = Ũ(z)(I +O(n
− 1

2(2θ+1) )). (242)

4. As z → 0, we have

Ṽ
(0)
k (z) = O(1), k = 0, 1, . . . , θ. (243)

3.2.3 Final transformation

The argument in this subsubsection is parallel to that in [52, Section 4.7] and essentially the
same as that in Section 3.1.3.

Recall ΣR defined in (195) andWk defined in (196). We define a 1×2 vector-valued function
R̃(z) = (R̃1(z), R̃2(z)) such that R̃1(z) is analytic in Hθ \ ΣR and R̃2(z) is analytic in C \ ΣR

[52, Equations (4.93) and (4.94)]:

R̃1(z) =


Q̃1(z), z ∈ Hθ \ {D(b, ϵ) ∪D(0, rn) ∪ ΣR},
Ṽ

(b)
1 (z), z ∈ D(b, ϵ) \ [b− ϵ, b],

Ṽ
(0)
0 (zθ), z ∈W1 \ [0, rn],

(244)

R̃2(z) =


Q̃2(z), z ∈ C \ {D(b, ϵ) ∪D(0, rn) ∪ ΣR},
Ṽ

(b)
2 (z), z ∈ D(b, ϵ) \ [b− ϵ, b],

Ṽ
(0)
1 (zθ), z ∈W1 \ [0, rn],
Ṽ

(0)
k (zθ), z ∈Wk, k = 2, . . . , θ.

(245)

Then analogous to (199), we define, as in [52, Equation (4.100)], with ω(s) = s−1,

R̃(s) =

{
R̃1(J̃c(s)), s ∈ ω(D \ [−1, 0]) and s /∈ ω(I2(Σ

R)),

R̃2(J̃c(s)), s ∈ ω(C \D) and s /∈ ω(I1(Σ
R)),

, J̃c(s) = Jc(1/s). (246)

We have that R̃(s) satisfies a shifted RH problem, as described in [52, RH problem 4.18]. We
omit the full statement of this RH problem.

By the arguments in [52, Lemma 4.19], we derive the following property for R̃(s).

Lemma 3.16. As n→ ∞, we have

R̃(s) = 1 +O(n
− 1

2(2θ+1) ), (247)

uniformly for |s+1| < ϵr
θ/(1+θ)
n , where ϵ is a small positive constant and rn is defined in (183).
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4 Asymptotic analysis of the RH problems for pn and qn in the
soft edge regime

In this section, we assume that C−1 < t < 1 − Cn−1/2 for some large positive number C. We
also assume that Vt satisfies Regularity Conditions 1.1 and 1.3. Without this assumption, the
results in this section hold for t ∈ (1− c, 1− Cn−1/2), where c is a small positive constant.

We continue the practice in Sections 4.1–4.4 of abusing the notation to write ĝ, ˜̂g, ϕ̂, ℓ̂, Î1,
Î2, Jc1,c0 to mean ĝt, ˜̂gt, ϕ̂t, ℓ̂t, Î1,t, Î2,t, Jc1(t),c0(t).

4.1 Transformations Y → T̂ → Ŝ → Q̂ and Ỹ → ˜̂
T → ˜̂

S → ˜̂
Q

Recall the functions ĝ, ˜̂g and ϕ̂ and constant ℓ̂ (ĝt, ˜̂gt, ϕ̂t and ℓ̂t before the t-dependence is
suppressed) defined in (130) and (131) for 1− t small and then extended by Proposition 2.6 to
all t ∈ (0, 1). Let Cpn(z) be defined as in (148) and Y = (Y1, Y2) := (pn, Cpn) as in Section
3.1.1. Let C̃qn(z) be defined as in (201) and Ỹ = (Ỹ1, Ỹ2) := (qn, C̃qn) as in Section 3.2.1. Then
analogous to (151) and (202), we define

T̂ (z) = (T̂1(z), T̂2(z)) := (Y1(z)e
−nĝ(z), Y2(z)e

n(˜̂g(z)−ℓ̂)), (248)˜̂
T (z) = (

˜̂
T 1(z),

˜̂
T 2(z)) := (Ỹ1(z)e

−n˜̂g(z), Ỹ2(z)en(ĝ(z)−ℓ̂)). (249)

Furthermore, let Σ̂1 ∈ (Hθ ∩ C+) be a contour connecting â(t) and b̂(t) whose exact shape will

be specified in Section 4.2, Σ̂2 = Σ̂1 ⊆ (Hθ ∩ C−), and let Σ̂ = [0,+∞) ∪ Σ̂1 ∪ Σ̂2. Moreover,
we let the “lens” be the region enclosed by Σ̂1 and Σ̂2, and the upper/lower part of the lens be
the intersection of the lens with C±. Then let, analogous to (152) and (203),

Ŝ(z) =



T̂ (z), outside the lens,

T̂ (z)

(
1 0

θ
zα+1−θ e

−nϕ̂(z) 1

)
, lower par of the lens,

T̂ (z)

(
1 0

− θ
zα+1−θ e

−nϕ̂(z) 1

)
, upper par of the lens,

(250)

˜̂
S(z) =



˜̂
T (z), outside the lens,˜̂
T (z)

(
1 0

z−αe−nϕ̂(z) 1

)
, lower part of the lens,

˜̂
T (z)

(
1 0

−z−αe−nϕ̂(z) 1

)
, upper part of the lens.

(251)

Next, we need to construct the global parametrices P̂ (∞)(z) = (P̂
(∞)
1 (z), P̂

(∞)
2 (z)) and˜̂

P
(∞)

(z) = (
˜̂
P

(∞)

1 (z),
˜̂
P

(∞)

2 (z)). Recall Î1 and Î2 (Î1,t and Î2,t before the t-dependence is sup-
pressed) defined in Section 2.4 for 1 − t small and then extended by Proposition 2.6 to all
t ∈ (0, 1). Then let, analogous to (153), (154), (204) and (204),

P̂
(∞)
1 (z) = P̂(Î1(z)),

˜̂
P

(∞)

2 (z) =
˜̂P(Î1(z)), z ∈ C \ [â(t), b̂(t)], (252)

P̂
(∞)
2 (z) = P̂(Î2(z)),

˜̂
P

(∞)

1 (z) =
˜̂P(Î2(z)), z ∈ Hθ \ [â(t), b̂(t)], (253)
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where

P̂(s) =


s√

(s−sa(t))(s−sb(t))

(
s+1
s

) θ−α−1
θ , s ∈ C \D,

s(c1(t)s+c0(t))α+1−θ

θ
√

(s−sa(t))(s−sb(t))
, s ∈ D,

(254)

˜̂P(s) =


cα0 |sa(t)sb(t)|1/2i√
(s−sa(t))(s−sb(t))

(
s+1
s

)α
θ , s ∈ C \D,

cα0 |sa(t)sb(t)|1/2i√
(s−sa(t))(s−sb(t))

(c1(t)s+ c0(t))
−α, s ∈ D.

(255)

Here sa(t) and sb(t) are defined in (119) and (120),
(
s+1
s

) θ−α−1
θ and

(
s+1
s

)α
θ take the principal

branch on C \ [−1, 0], (c1(t)s+ c0(t))
α+1−θ and (c1(t)s+ c0(t))

−α take the principal branch on

C \ (−∞,−c0(t)/c1(t)], and the branch cut of
√
(s− sa(t))(s− sb(t)) is γ1 for P̂ and γ2 for

˜̂P.

Then the functions

Q̂(z) = (Q̂1(z), Q̂2(z)) :=

(
Ŝ1(z)

P̂
(∞)
1 (z)

,
Ŝ2(z)

P̂
(∞)
2 (z)

)
, (256)

˜̂
Q(z) = (

˜̂
Q1(z),

˜̂
Q2(z)) :=

 ˜̂
S1(z)˜̂
P

(∞)

1 (z)

,
˜̂
S2(z)˜̂
P

(∞)

2 (z)

 , (257)

satisfy the following Riemann-Hilbert problems:

RH Problem 4.1.

1. Q̂ = (Q̂1, Q̂2) is analytic in (C \ Σ̂,Hθ \ Σ̂).

2. For z ∈ Σ̂, we have
Q̂+(z) = Q̂−(z)JQ̂(z), (258)

where

JQ̂(z) =



 1 0
θP̂

(∞)
2 (z)

zα+1−θP̂
(∞)
1 (z)

e−nϕ̂(z) 1

 , z ∈ Σ̂1 ∪ Σ̂2,(
0 1

1 0

)
, z ∈ (â(t), b̂(t)),1

zα+1−θP̂
(∞)
1 (z)

θP̂
(∞)
2 (z)

enϕ̂(z)

0 1

 , z ∈ (0, â(t)) ∪ (b̂(t),+∞).

(259)

3. As z → ∞ in C, Q̂1 behaves as Q̂1(z) = 1 +O(z−1).

4. As z → ∞ in Hθ, Q̂2 behaves as Q̂2(z) = O(1).

5. Q̂1(z) is analytic at 0 ∈ C, and as z → 0 in Hθ \ Σ̂, we have

Q̂2(z) =


O(1), α > θ − 1,

O(log z), α = θ − 1,

O(zα+1−θ), −1 < α < θ − 1.

(260)

6. As z → â(t), we have Q̂1(z) = O((z − â(t))1/4) and Q̂2(z) = O((z − â(t))1/4), and as
z → b̂(t), we have Q̂1(z) = O((z − b̂(t))1/4) and Q̂2(z) = O((z − b̂(t))1/4).
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7. For x > 0, we have the boundary condition Q̂2(e
πi/θx) = Q̂2(e

−πi/θx).

RH Problem 4.2.

1.
˜̂
Q = (

˜̂
Q1,

˜̂
Q2) is analytic in (Hθ \ Σ̂,C \ Σ̂).

2. For z ∈ Σ̂, we have ˜̂
Q+(z) =

˜̂
Q−(z)J ˜̂

Q
(z), (261)

where

J ˜̂
Q
(z) =



 1 0˜̂
P 2(z)˜̂
P 1(z)

z−αe−nϕ̂(z) 1

 , z ∈ Σ̂1 ∪ Σ̂2,(
0 1

1 0

)
, z ∈ (â(t), b̂(t)),1

˜̂
P 1(z)˜̂
P 2(z)

zαenϕ̂(z)

0 1

 , z ∈ (0, â(t)) ∪ (b̂(t),+∞).

(262)

3. As z → ∞ in Hθ,
˜̂
Q1 behaves as

˜̂
Q1(z) = 1 +O(z−θ).

4. As z → ∞ in C, ˜̂Q2 behaves as
˜̂
Q2(z) = O(1).

5. As z → 0 in C, ˜̂Q1(z) = O(1), and as z → 0 in Hθ \ Σ̂, we have

˜̂
Q2(z) =


O(1), α > 0,

O(log z), α = 0,

O(zα), α < 0.

(263)

6. As z → â(t), we have
˜̂
Q1(z) = O((z − â(t))1/4) and

˜̂
Q2(z) = O((z − â(t))1/4), and as

z → b̂(t), we have
˜̂
Q1(z) = O((z − b̂(t))1/4) and

˜̂
Q2(z) = O((z − b̂(t))1/4).

7. For x > 0, we have the boundary condition
˜̂
Q1(e

πi/θx) =
˜̂
Q1(e

−πi/θx).

4.2 Local parametrices and the shape of Σ̂1

Local parametrices at b̂(t) Let ϵ > 0 be a small enough positive number, and, analogous
to fb(z) in (157), define f̂b(z) on D(b̂(t), ϵ) by

f̂b(z) =

(
−3

4
ϕ̂(z)

) 2
3

, (264)

which is a conformal mapping with f̂b(b) = 0 and f̂ ′b(b) > 0. We specify the shape of Σ̂1 in

D(b̂(t), ϵ) as f̂−1
b ({e 2πi

3 [0,+∞)}) ∩D(b̂(t), ϵ), and define

P̂ (b)(z) = Ê(b)(z)Ψ(Ai)(n
2
3 f̂b(z))

(
e−

n
2
ϕ̂(z)ĝ

(a,b)
1 (z) 0

0 e
n
2
ϕ̂(z)ĝ

(a,b)
2 (z)

)
, (265)

˜̂
P

(b)

(z) =
˜̂
E

(b)

(z)Ψ(Ai)(n
2
3 f̂b(z))

(
e−

n
2
ϕ̂(z)˜̂g(a,b)1 (z) 0

0 e
n
2
ϕ̂(z)˜̂g(a,b)2 (z)

)
, (266)
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where Ψ(Ai) is defined in Appendix A, the same as in (158) and (208)

ĝ
(a,b)
1 (z) =

z(θ−α−1)/2

P̂
(∞)
1 (z)

, ĝ
(a,b)
2 (z) =

z(α+1−θ)/2

θP̂
(∞)
2 (z)

, ˜̂g1(z) = z−α/2

˜̂
P

(∞)

1 (z)

, ˜̂g(a,b)2 (z) =
zα/2˜̂

P
(∞)

2 (z)

,

(267)

and with ⋆ =ˆor˜̂,
⋆
E

(b)

(z) =
1√
2

⋆
g
(a,b)

1 (z) 0

0
⋆
g
(a,b)

2 (z)

−1

e
πi
4
σ3

(
1 −1
1 1

)(
n

1
6 f̂b(z)

1
4 0

0 n−
1
6 f̂b(z)

− 1
4

)
. (268)

By (146) and its generalization stated in Proposition 2.6, we have that for all t ∈ [C−1, 1 −
Cn−1/2], f̂b(z) = O(1) uniformly for z ∈ ∂D(b̂(t), ϵ), and then by the asymptotic formula of the
Airy parametrix (491),

P̂ (b)(z) = I +O(n−1),
˜̂
P

(b)

(z) = I +O(n−1), z ∈ ∂D(b̂(t), ϵ). (269)

Local parametrices at â(t) Let ϵ′ > 0 be a small enough constant, let (u = t − 1 as in
Sections 2.4 and 2.5)

r̂n = r̂n(t) = ϵ′(−u)1+ 1
θ , (270)

and let f̂a(z) be a function analytic in D(â(t), r̂n), such that

2

3
f̂a(z)

3
2 = −1

2
ϕ̂(z)± πi. (271)

We have f̂a(â(t)) = 0 and f̂ ′a(â(t)) < 0. Then we specify the shape of Σ̂1 in D(â(t), r̂n) as

f̂−1
a ({e− 2πi

3 [0,+∞)}) ∩D(â(t), r̂n), and define

P̂ (a)(z) = Ê(a)(z)Ψ(Ai)(n
2
3 f̂a(z))

(
e−

n
2
ϕ̂(z)ĝ

(a,b)
1 (z) 0

0 −en
2
ϕ̂(z)ĝ

(a,b)
1 (z)

)
, (272)

˜̂
P

(a)

(z) =
˜̂
E

(a)

(z)Ψ(Ai)(n
2
3 f̂a(z))

(
e−

n
2
ϕ̂(z)˜̂g(a,b)1 (z) 0

0 −en
2
ϕ̂(z)˜̂g(a,b)1 (z)

)
, (273)

(274)

where, with ⋆ =ˆor˜̂,
⋆
E

(a)

(z) =
1√
2

⋆
g
(a,b)

1 (z) 0

0 −⋆
g
(a,b)

2 (z)

−1

e
πi
4
σ3

(
1 −1
1 1

)(
n

1
6 f̂a(z)

1
4 0

0 n−
1
6 f̂a(z)

− 1
4

)
. (275)

By (147) and its generalization stated in Proposition 2.6, for all t ∈ [C−1, 1−Cn−1/2], f̂a(z) =
O((−u)4/3) uniformly for z ∈ ∂D(â(t), r̂n), and then by the asymptotic formula of the Airy
parametrix, we have a constant C ′ > 0 depending on C, such that

∥P̂ (a)(z)− I∥ ≤ C ′n−1(−u)−2, ∥ ˜̂P (a)

(z)− I∥ ≤ C ′n−1(−u)−2, z ∈ ∂D(â(t), r̂n). (276)

where ∥·∥ is the max matrix norm.
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Local parametrices at 0 Our construction here is similar to [9, Section 4.3.2]. With r̂n de-

fined in (270), we define the (θ+1)×(θ+1) matrix-valued function P̂ (0,pre)(z) = (P̂
(0,pre)
j,k (z))θj,k=0

by

P̂ (0,pre)(z) = I1 ⊕ (z
j−1
θ e

(j−1)(k−1)2πi
θ )θj,k=1. (277)

We denote

f0(z) =
1

2πi

∫ 2r̂n

0

˜̂
P

(∞)

1 (x)˜̂
P

(∞)

2 (x)

xαenϕ̂(x)
dx

x− z
, (278)

fj(z) =
1

2πi

∫ (2r̂n)θ

0

x
α+j−θ

θ P̂
(∞)
1 (x

1
θ )

θP̂
(∞)
2 (x

1
θ )

enϕ̂(x
1
θ ) dx

x− z
, j = 1, . . . , θ. (279)

In D(0, r̂θn)\ [0,+∞) define the (θ+1)× (θ+1) matrix-valued functions P̂(0)(z) = (P̂
(0)
j,k(z))

θ
j,k=0

and
˜̂
P
(0)

(z) = (
˜̂
P
(0)

j,k(z))
θ
j,k=0 by

P̂
(0)
j,k(z) =

{
fj(z), k = 0 and j = 1, . . . , θ,

P̂
(0,pre)
j,k (z), otherwise,

(280)

˜̂
P
(0)

j,k(z) =

{
f0(e

2πi
θ

(k−1)z
1
θ ), j = 0 and k = 1, . . . , θ,

P̂
(0,pre)
j,k (z), otherwise.

(281)

It is straightforward to see that for j = 1, . . . , θ

P̂
(0)
j,0 (z) =


O(1), α+ j − θ > 0,

O(log z), α+ j − θ = 0,

O(z
α+j−θ

θ ), α+ j − θ < 0,

P̂
(0)
0,k(z) =


O(1), α > 0,

O(log z), α = 0,

O(z
α
θ ), α < 0,

(282)

Then in D(0, r̂n) \ [0,+∞) we define the (θ + 1) × (θ + 1) matrix-valued function P̂ (0)(z) =

(P̂
(0)
j,k (z))

θ
j,k=0 by

P̂ (0)(z) = (P̂ (0,pre)(z))−1P̂(0)(z)
˜̂
P

(0)

(z) = (P̂ (0,pre)(z))−1 ˜̂P(0)

(z). (283)

For all t ∈ [C−1, 1− Cn−1/2], we have that uniformly

P̂
(∞)
1 (x1/θ)

P̂
(∞)
2 (x1/θ)

= O(u−
θ+1
θ

(α−1−θ)),
˜̂
P

(∞)

1 (x1/θ)˜̂
P

(∞)

2 (x1/θ)

= O(u−
θ+1
θ

α), x ∈ [0, 2r̂n]. (284)

Together with the estimate of ϕ̂(x1/θ) by Proposition 2.5 and its generalization in Proposition
2.6, we derive that there exists ϵ′′ > 0 such that for all t ∈ [C−1, 1− Cn−1/2],

∥P̂ (0)(z)− I∥ ≤ e−ϵ′′n(−u)2 , ∥P̂ (0)(z)− I∥ ≤ e−ϵ′′n(−u)2 , z ∈ ∂D(0, r̂n). (285)

Shape of Σ̂1 The shape of Σ̂1 has been determined in D(â(t), r̂n) and D(b̂(t), ϵ) above in
this subsection. Let σa and σb be the intersections of Σ̂1 with ∂D(â(t), r̂n) and ∂D(b̂(t), ϵ),
respectively, and we let the undetermined part of Σ̂1 be a contour Σ̂R

1 connecting σa and σb
such that ℜϕ̂(z) > ϵ′′′|z|2θ/(θ+1) for z ∈ Σ̂R

1 , where ϵ′′′ is a small positive constant that is
independent of t.
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To justify the existence of contour Σ̂R
1 , we consider two cases separately. Let c > 0 be a

small constant, and for t ∈ [C−1, 1 − c], the property that defines Σ̂R
1 is equivalent to that

ℜϕ̂(z) > 0 for all z ∈ Σ̂R
1 , and this follows directly from Regularity Conditions 1.1 and 1.3, like

in the definition of Σ̂R
1 at the beginning of Section 3.1.3, we may choose Σ̂R

1 to be close to the
real axis. For t ∈ [1 − c, 1 − Cn−1/2], by the property of ϕ̂(z) in the neighbourhood of 0 as
stated in Section 2.4, and the regularity stated in Regularity Condition 1.1, we also justify the
existence of Σ̂R

1 .
Since we need to define Σ̂ for all t ∈ [C−1, 1 − Cn−1/2], we define Σ̂R

1 in a uniform way as
follows. We assume that ϵ′ is small relative to ϵ, so that ℑσa < ℑσb for all t ∈ [C−1, 1−Cn−1/2].
Then let Σ̂R

1 be a polygonal line that connects σa to vertex σ
′ and then to σb, such that ℑσ′ = ℑσb

and arg(σ′ − σa) = π/3. If ϵ is small enough, by arguments above, we find that this definition
works.

4.3 Scalar shifted RH problem for R̂

We define the vector-valued functions Û (0)(z) = (Û
(0)
0 (z), . . . , Û

(0)
θ (z)) and

˜̂
U

(0)

(z) = (
˜̂
U

(0)

0 (z), . . . ,
˜̂
U

(0)

θ (z))
as

Û0(z) = Q̂2(z
1
θ ),

˜̂
U0(z) =

˜̂
Q1(z

1
θ ), z ∈ D(0, r̂θn) \ (−r̂θn, r̂θn), (286)

Ûk(z) = Q̂1(z
1
θ e

2(k−1)
θ

πi),
˜̂
Uk(z) =

˜̂
Q2(z

1
θ e

2(k−1)
θ

πi), z ∈ D(0, r̂θn) \ (−r̂θn, r̂θn), k = 1, 2, . . . , θ.
(287)

It is straightforward to check that the vector-valued functions

V̂ (0,pre)(z) = Û(z)P̂(0)(z)−1,
˜̂
V

(0,pre)

(z) =
˜̂
U(z)

˜̂
P
(0)

(z)−1 (288)

are analytic in D(0, r̂θn) \ {0}, and all their components are o(z−1) as z → 0. Hence all com-

ponents of V̂ (0,pre)(z) and
˜̂
V

(0,pre)

(z) are analytic in D(0, r̂θn). Then let the (θ+ 1)-dimensional

vector-valued functions V̂ (0)(z) = (V̂
(0)
0 (z), . . . , V̂

(0)
θ (z)) and

˜̂
V

(0)

(z) = (
˜̂
V

(0)

0 (z), . . . ,
˜̂
V

(0)

θ (z)) be

V̂ (0)(z) = Û(z)P̂ (0)(z)−1 = V̂ (0,pre)(z)P̂ (0,pre)(z), (289)˜̂
V

(0)

(z) =
˜̂
U(z)

˜̂
P

(0)

(z)−1 =
˜̂
V

(0,pre)

(z)
˜̂
P

(0,pre)

(z). (290)

We define the 2-dimensional vector-valued functions

V̂ (a)(z) = (V̂
(a)
1 (z), V̂

(a)
2 (z)) = Q̂(z)P̂ (a)(z)−1,˜̂

V
(a)

(z) = (
˜̂
V

(a)

1 (z),
˜̂
V

(a)

2 (z)) =
˜̂
Q(z)

˜̂
P

(a)

(z)−1, z ∈ D(â(t), r̂n), (291)

V̂ (b)(z) = (V̂
(b)
1 (z), V̂

(b)
2 (z)) = Q̂(z)P̂ (b)(z)−1,˜̂

V
(b)

(z) = (
˜̂
V

(b)

1 (z),
˜̂
V

(b)

2 (z)) =
˜̂
Q(z)

˜̂
P

(b)

(z)−1, z ∈ D(b̂(t), ϵ). (292)

Next we define R̂(z) and
˜̂
R(z). We first introduce some contours and domains. We set

Σ̂R := [r̂n, â(t)− r̂n]∪ [â(t), b̂(t)]∪ [b̂(t)+ϵ,∞)∪∂D(0, r̂n)∪∂D(â(t), r̂n)∪∂D(b̂(t), ϵ)∪ Σ̂R
1 ∪ Σ̂R

2 ,
(293)

where Σ̂R
1 is defined at the end of Section 4.2, and Σ̂R

2 = Σ̂R
1 . see Figure 4 for an illustration.

Like (196), we divide the open disk D(0, r̂n) into θ parts
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0 â(t) b̂(t)

Σ̂R
1

Σ̂R
2

Figure 4: Jump contour Σ̂R.

− c0(t)
c1(t) sa(t) −1

0 sb(t)

Î1(Σ̂R
1 )

Î1(Σ̂R
2 )

I2(ΣR
2 )

I2(ΣR
1 )

Figure 5: Jump contour Σ̂ΣΣ . The jump is trivial for R̂(s)
on the dashed part.

Ŵk := {z ∈ D(0, r̂n) \ {0} : arg z ∈ (
(2k − 3)π

θ
,
(2k − 1)π

θ
)}, k = 1, . . . , θ, (294)

and denote by Γk the arc boundary of Ŵk, k = 1, . . . , θ. We then define a 1 × 2 vector-valued

functions R̂(z) = (R̂1(z), R̂2(z)) and
˜̂
R(z) = (

˜̂
R1(z),

˜̂
R2(z)) such that R̂1(z) and

˜̂
R2(z) are

analytic in C \ Σ̂R and R̂2(z) and
˜̂
R1(z) are analytic in Hθ \ Σ̂R, as follows:

R̂1(z) =


Q̂1(z), z ∈ C \ {D(b̂(t), ϵ) ∪D(â(t), r̂n) ∪D(0, r̂n) ∪ Σ̂R},
V̂

(b)
1 (z), z ∈ D(b̂(t), ϵ) \ [b̂(t)− ϵ, b̂(t)],

V̂
(a)
1 (z), z ∈ D(â(t), r̂n) \ [â(t), â(t) + r̂n],

V̂
(0)
k (zθ), z ∈ Ŵk, k = 1, . . . , θ,

(295)

˜̂
R2(z) =



˜̂
Q2(z), z ∈ C \ {D(b̂(t), ϵ) ∪D(â(t), r̂n) ∪D(0, r̂n) ∪ Σ̂R},˜̂
V

(b)

2 (z), z ∈ D(b̂(t), ϵ) \ [b̂(t)− ϵ, b̂(t)],˜̂
V

(a)

2 (z), z ∈ D(â(t), r̂n) \ [â(t), â(t) + r̂n],˜̂
V

(0)

k (zθ), z ∈ Ŵk, k = 1, . . . , θ,

(296)

R̂2(z) =


Q̂2(z), z ∈ Hθ \ {D(b̂(t), ϵ) ∪D(â(t), r̂n) ∪D(0, r̂n) ∪ Σ̂R},
V̂

(b)
2 (z), z ∈ D(b̂(t), ϵ) \ [b̂(t)− ϵ, b̂(t)],

V̂
(a)
2 (z), z ∈ D(â(t), r̂n) \ [â(t), â(t) + r̂n],

V̂
(0)
0 (zθ), z ∈ Ŵ1 \ [0, r̂n],

(297)

˜̂
R1(z) =



˜̂
Q1(z), z ∈ Hθ \ {D(b̂(t), ϵ) ∪D(â(t), r̂n) ∪D(0, r̂n) ∪ Σ̂R},˜̂
V

(b)

1 (z), z ∈ D(b̂(t), ϵ) \ [b̂(t)− ϵ, b̂(t)],˜̂
V

(a)

1 (z), z ∈ D(â(t), r̂n) \ [â(t), â(t) + r̂n],˜̂
V

(0)

0 (zθ), z ∈ Ŵ1 \ [0, r̂n].

(298)

We note that both R̂1(z) and
˜̂
R2(z) are bounded as z → 0 in C and both R̂2(z) and

˜̂
R1(z)

are bounded as z → 0 in Hθ. Recall the function Jc1,c2 (Jc1(t),c2(t) before the t-dependence
is suppressed) defined in (61) with c1(t) and c0(t) specified in Section2.4 for 1 − t small, and
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Section 2.5 for t ∈ (0, 1). Then we define

R̂(s) =

{
R̂1(Jc1,c0(s)), s ∈ C \D and s /∈ Î1(Σ̂

R),

R̂2(Jc1,c0(s)), s ∈ D \ [−1, 0] and s /∈ Î2(Σ̂
R),

(299)

˜̂R(s) =

˜̂R2(Jc1,c0(s)), s ∈ C \D and s /∈ Î1(Σ̂
R),˜̂

R1(Jc1,c0(s)), s ∈ D \ [−1, 0] and s /∈ Î2(Σ̂
R),

(300)

Here we remark that R̂(s) and
˜̂R(s) are well defined and analytic at sa(t), sb(t), −1 = Î2(0) and

−c0(t)/c1(t) = Î1(0). We have that R̂(s) satisfies a shifted RH problem that is similar to [52,

RH problem 3.19], and
˜̂R(s) satisfies a shifted RH problem that is similar to [52, RH problem

4.18]. Below we state the RH problem for R̂(s), and omit that for
˜̂R(s) for brevity. To state

it, we define

Σ̂ΣΣ
(1)

:= Î1(Σ̂
R
1 ∪ Σ̂R

2 ) ⊆ C \D, Σ̂ΣΣ
(1′)

:= Î2(Σ̂
R
1 ∪ Σ̂R

2 ) ⊆ D,

Σ̂ΣΣ
(2,L)

:= Î1((r̂
n, â(t)− r̂n)) ⊆ C \D, Σ̂ΣΣ

(2′,L)
:= Î2((r̂

n, â(t)− r̂n)) ⊆ D,

Σ̂ΣΣ
(2,R)

:= Î1((b̂(t) + ϵ,+∞)) ⊆ C \D, Σ̂ΣΣ
(2′,R)

:= Î2((b̂(t) + ϵ,+∞)) ⊆ D,

Σ̂ΣΣ
(3)

:= Î1(∂D(b̂(t), ϵ)) ⊆ C \D, Σ̂ΣΣ
(3′)

:= Î2(∂D(b̂(t), ϵ)) ⊆ D,

Σ̂ΣΣ
(4)

:= Î1(∂D(â(t), r̂n)) ⊆ C \D, Σ̂ΣΣ
(4′)

:= Î2(∂D(â(t), r̂n)) ⊆ D,

Σ̂ΣΣ
(5)

:= Î2(Γ1) ⊆ D, Σ̂ΣΣ
(5′)
k := Î1(Γk) ⊆ C \D, k = 1, . . . , θ,

(301)

and set

Σ̂ΣΣ = Σ̂ΣΣ
(1)∪Σ̂ΣΣ

(1′)∪Σ̂ΣΣ
(2,L)∪Σ̂ΣΣ

(2,R)∪Σ̂ΣΣ
(2′,L)∪Σ̂ΣΣ

(2′,R)∪Σ̂ΣΣ
(3)∪Σ̂ΣΣ

(3′)∪Σ̂ΣΣ
(4)∪Σ̂ΣΣ

(4′)∪Σ̂ΣΣ
(5)∪

θ⋃
k=1

Σ̂ΣΣ
(5′)
k ,

(302)
as shown in Figure 5.

Remark 4.3. By (140) and (141), it is readily seen that the radius of the circular contour

Σ̂ΣΣ
(5) ∪ ⋃θ

k=1 Σ̂ΣΣ
(5′)
k around sa(t) and the radius of the circular contour Σ̂ΣΣ

(2′,L)
around −1 are

both of the order O(−u).
We also define the following functions on each curve constituting Σ̂ΣΣ :

J
Σ̂ΣΣ

(1)(s) =
θP̂

(∞)
2 (z)

zα+1−θP̂
(∞)
1 (z)

e−nϕ̂(z), s ∈ Σ̂ΣΣ
(1)
, (303)

where z = Jc1,c2(s) ∈ Σ̂R
1 ∪ Σ̂R

2 ,

J
Σ̂ΣΣ

(2′)(s) =
zα+1−θP̂

(∞)
1 (z)

θP̂
(∞)
2 (z)

enϕ(z), s ∈ Σ̂ΣΣ
(2′,L) ∪ Σ̂ΣΣ

(2′,R)
, (304)

where z = Jc1,c2(s) ∈ (r̂n, â(t)− r̂n) ∪ (b̂(t) + ϵ,+∞),

J1

Σ̂ΣΣ
(3)(s) = P̂

(b)
11 (z)− 1, J2

Σ̂ΣΣ
(3)(s) = P̂

(b)
21 (z), s ∈ Σ̂ΣΣ

(3)
, (305)
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where z = Jc1,c2(s) ∈ ∂D(b̂(t), ϵ),

J1

Σ̂ΣΣ
(3′)(s) = P̂

(b)
22 (z)− 1, J2

Σ̂ΣΣ
(3′)(s) = P̂

(b)
12 (z), s ∈ Σ̂ΣΣ

(3′)
, (306)

where z = Jc1,c2(s) ∈ ∂D(b̂(t), ϵ),

J1

Σ̂ΣΣ
(4)(s) = P̂

(a)
11 (z)− 1, J2

Σ̂ΣΣ
(4)(s) = P̂

(a)
21 (z), s ∈ Σ̂ΣΣ

(4)
, (307)

where z = Jc1,c2(s) ∈ ∂D(â(t), r̂n),

J1

Σ̂ΣΣ
(4′)(s) = P̂

(a)
22 (z)− 1, J2

Σ̂ΣΣ
(4′)(s) = P̂

(a)
12 (z), s ∈ Σ̂ΣΣ

(4′)
, (308)

where z = Jc1,c2(s) ∈ ∂D(â(t), r̂n),

J0

Σ̂ΣΣ
(5)(s) = P̂

(0)
00 (zθ)− 1, J j

Σ̂ΣΣ
(5)(s) = P̂

(0)
j0 (zθ), s ∈ Σ̂ΣΣ

(5)
, (309)

where z = Jc1,c2(s) ∈ Γ1 and j = 1, . . . , θ,

Jk

Σ̂ΣΣ
(5′)
k

(s) = P̂
(0)
kk (zθ)− 1, J j

Σ̂ΣΣ
(5′)
k

(s) = P̂
(0)
jk (zθ), j ̸= k, s ∈ Σ̂ΣΣ

(5′)
k , (310)

where z = Jc1,c0(s) ∈ Γk, k = 1, . . . , θ, and j = 0, 1, . . . , θ. In (305) and (306), P̂ (b)(z) =

(P̂
(b)
jk (z))2j,k=1 is defined in (265). In (307) and (308), P̂ (a)(z) = (P̂

(a)
jk (z))2j,k=1 is defined in

(272). In (309) and (310), P̂ (0)(z) = (P̂
(0)
jk (z))θj,k=0 is defined in (280). With the aid of these

functions, we further define an operator ∆
Σ̂ΣΣ

that acts on functions defined on Σ̂ΣΣ by

∆
Σ̂ΣΣ
f(s) =



J
Σ̂ΣΣ

(1)(s)f(s̃), s ∈ Σ̂ΣΣ
(1)

and s̃ = Î2(Jc(s)),

J
Σ̂ΣΣ

(2′)(s)f(s̃), s ∈ Σ̂ΣΣ
(2′,L) ∪ Σ̂ΣΣ

(2′,R)
and s̃ = Î1(Jc(s)),

J1

Σ̂ΣΣ
(3)(s)f(s) + J2

Σ̂ΣΣ
(3)(s)f(s̃), s ∈ Σ̂ΣΣ

(3)
and s̃ = Î2(Jc(s)),

J1

Σ̂ΣΣ
(3′)(s)f(s) + J2

Σ̂ΣΣ
(3′)(s)f(s̃), s ∈ Σ̂ΣΣ

(3′)
and s̃ = Î1(Jc(s)),

J1

Σ̂ΣΣ
(4)(s)f(s) + J2

Σ̂ΣΣ
(4)(s)f(s̃), s ∈ Σ̂ΣΣ

(4)
and s̃ = Î2(Jc(s)),

J1

Σ̂ΣΣ
(4′)(s)f(s) + J2

Σ̂ΣΣ
(4′)(s)f(s̃), s ∈ Σ̂ΣΣ

(4′)
and s̃ = Î1(Jc(s)),

J0

Σ̂ΣΣ
(5)(s)f(s) +

θ∑
j=1

J j

Σ̂ΣΣ
(5)(s)f(s̃j), s ∈ Σ̂ΣΣ

(5)
and s̃j = Î1(Jc(s)e

2(j−1)πi
θ ) ∈ Î1(Γj),

θ∑
j=0

J j

Σ̂ΣΣ
(5′)
k

(s)f(s̃j), s ∈ Σ̂ΣΣ
(5′)
k and s̃0 = Î2(Jc(s)e

2(1−k)πi
θ ) ∈ D,

s̃j = Î1(Jc(s)e
2(j−k)πi

θ ) ∈ Î1(Γj) ⊆ C \D
for j = 1, . . . , θ, such that s̃k = s,

0, s ∈ Σ̂ΣΣ
(1′) ∪ Σ̂ΣΣ

(2,L) ∪ Σ̂ΣΣ
(2,R)

,

(311)
where f is a complex-valued function defined on Σ̂ΣΣ . Hence, we can define a scalar shifted RH
problem as follows.
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RH Problem 4.4.

1. R̂(s) is analytic in C \ Σ̂ΣΣ and continuous up to boundary, where the contour Σ̂ΣΣ is defined
in (302).

2. For s ∈ Σ̂ΣΣ , we have
R̂+(s)− R̂−(s) = ∆

Σ̂ΣΣ
R̂−(s), (312)

where ∆
Σ̂ΣΣ

is the operator defined in (311).

3. As s→ ∞, we have
R̂(s) = 1 +O(s−1). (313)

Proposition 4.5. RH problem 4.4 has a unique solution.

The proof of the proposition is analogous to that of [52, Proposition 3.20], and we omit
it. The idea of the proof is that RH problem 4.4 is equivalent to RH problem 3.1 for Y =
(Y1, Y2) := (pn, Cpn), whose unique solvability is guaranteed by the biorthogonality.

4.4 Small norm argument

In this subsubsection, we obtain the following estimate:

Lemma 4.6. As n→ ∞, we have that there exists C ′′ > 0 that depends on C, such that for all
t ∈ [C−1, 1− Cn−1/2], and all s ∈ C \ Σ̂ΣΣ,

|R̂(s)− 1| ≤ C ′′n−1(−u)2, | ˜̂R(s)− 1| ≤ C ′′n−1(−u)2. (314)

We are only going to prove the result for R̂(s), because the proof depends on the shifted

RH problems satisfied by R̂(s) and
˜̂R(s), and we have only explicitly stated it for R̂(s). The

omission of the proof for
˜̂R(s) is only for brevity, since it is analogous to the proof for R̂(s).

We note that there exist C ′ > 0 and ϵ′′ > 0 such that (i = 1, 2 and k = 1, . . . , θ)

|J
Σ̂ΣΣ

(1)(s)| < e−ϵ′′n|s−sa(t)|2 , s ∈ Σ̂ΣΣ
(1)

; (315)

|J
Σ̂ΣΣ

(2′)(s)| < e−ϵ′′n(−u)2 , s ∈ Σ̂ΣΣ
(2′,L)

; |J
Σ̂ΣΣ

(2′)(s)| < e−ϵ′′n, s ∈ Σ̂ΣΣ
(2′,R)

; (316)

|J i

Σ̂ΣΣ
(3)(s)| < C ′n−1, s ∈ Σ̂ΣΣ

(3)
; |J i

Σ̂ΣΣ
(3′)(s)| < C ′n−1, s ∈ Σ̂ΣΣ

(3′)
; (317)

|J i

Σ̂ΣΣ
(4)(s)| < C ′n−1(−u)−2, s ∈ Σ̂ΣΣ

(4)
; |J i

Σ̂ΣΣ
(4′)(s)| < C ′n−1(−u)−2, s ∈ Σ̂ΣΣ

(4′)
; (318)

|J i

Σ̂ΣΣ
(5)(s)| < e−ϵ′′n(−u)2 , s ∈ Σ̂ΣΣ

(5)
; |Jk

Σ̂ΣΣ
(5′)(s)| < e−ϵ′′n(−u)2 , s ∈ Σ̂ΣΣ

(5′)
. (319)

We note that C ′ and ϵ′′ here may not be the same as C ′ in (276) and ϵ′′ in (285).
To show that R̂(s) → 1 as n → ∞, we use the strategy proposed in [20] and also used in

[52]. We start with the claim that R̂ satisfies the integral equation

R̂(s) = 1 + C(∆
Σ̂ΣΣ
R̂−)(s), (320)

where

Cg(s) = 1

2πi

∫
Σ̂ΣΣ

g(ξ)

ξ − s
dξ, s ∈ C \ Σ̂ΣΣ , (321)
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is the Cauchy transform of a function g. Indeed, due to the uniqueness of RH problem 4.4
stated in Proposition 4.5, it suffices to show that the right-hand side of (320) satisfies the RH
problem for R̂ and the verification is straightforward. As a consequence of (320), it is readily
seen that

R̂(s)− 1 =
1

2πi

∫
Σ̂ΣΣ

∆
Σ̂ΣΣ
(R̂− − 1)(ξ)

ξ − s
dξ +

1

2πi

∫
Σ̂ΣΣ

∆
Σ̂ΣΣ
(1)(ξ)

ξ − s
dξ, s ∈ C \ Σ̂ΣΣ . (322)

To estimate the two terms on the right-hand side of the above formula, we need the following
estimate of the operator ∆

Σ̂ΣΣ
which is a direct consequence of the estimates (315)–(319).

Proposition 4.7. Let ∆
Σ̂ΣΣ
(1)(ξ) be the function on Σ̂ΣΣ in (322) and ∆

Σ̂ΣΣ
: L2(Σ̂ΣΣ ) → L2(Σ̂ΣΣ ) be

the operator defined in (311). There exists a constant C ′′′ > 0 depending on C such that for all
t ∈ [C−1, 1− Cn−1/2]

∥∆
Σ̂ΣΣ
(1)∥

L2(Σ̂ΣΣ)
≤ C ′′′n−1(−u)−3/2, (323)

∥∆
Σ̂ΣΣ
∥
L2(Σ̂ΣΣ)

≤ C ′′′n−1(−u)−2, (324)

if n is large enough.

By taking the limit where s approaches the minus side of Σ̂ΣΣ , we obtain from (322) that

R̂−(s)− 1 = C∆
Σ̂ΣΣ
(R̂− − 1)(s) + C−(∆Σ̂ΣΣ

(1))(s), (325)

where

C∆
Σ̂ΣΣ
f(s) = C−(∆Σ̂ΣΣ

(f))(s), C−g(s) =
1

2πi
lim

s′→s−

∫
Σ̂ΣΣ

g(ξ)

ξ − s′
dξ, (326)

and the limit s′ → s− is taken when approaching the contour from the minus side. Since the
Cauchy operator C− is bounded, we see from Proposition 4.7 that the operator norm of C∆

Σ̂ΣΣ

is also uniformly O(n−1(−u)−2) as n → ∞ and t ∈ [C−1, 1 − Cn−1/2]. Hence, by enlarging
C if necessary, we have that the operator 1 − C∆

Σ̂ΣΣ
is invertible for large enough n and all

t ∈ [C−1, 1− Cn−1/2]. Then we rewrite (325) as

R̂−(s)− 1 = (1− C∆
Σ̂ΣΣ
)−1(C−(∆Σ̂ΣΣ

(1)))(s). (327)

Combining formulas (323) and (324) gives us

∥R̂− − 1∥
L2(Σ̂ΣΣ)

= O(n−1(−u)−3/2). (328)

At last, we prove Lemma 4.6 under the condition that the distance between s and Σ̂ΣΣ is
bounded below by ϵ′′′(−u) where ϵ′′′ > 0 is a small constant. By Remark 4.3, this covers the

interior of the circular contours Σ̂ΣΣ
(5) ∪ ⋃θ

k=1 Σ̂ΣΣ
(5′)
k and Σ̂ΣΣ

(2′,L)
. To prove Lemma 4.6 for all

s ∈ C \ Σ̂ΣΣ , we may use the argument of deformation of the contour Σ̂ΣΣ , like in the proof of
[51, Lemma 3.16], and we omit the detail. From (322), (323), (328) and the Cauchy-Schwarz
inequality, we have

|R̂(s)− 1| ≤ 1

2π

(
∥∆

Σ̂ΣΣ
(R̂− − 1)∥

L2(Σ̂ΣΣ)
+ ∥∆

Σ̂ΣΣ
(1)∥

L2(Σ̂ΣΣ)

)
· ∥ 1

ξ − s
∥
L2(Σ̂ΣΣ)

≤ 1

2π

(
O(n−2(−u)−7/2) +O(n−1(−u)−3/2)

)
· O(u−1/2) = O(n−1(−u)2).

(329)

This finishes the proof of Lemma 4.6.
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4.5 Proof of a technical lemma

In this subsection, we prove the following result that will be used in the proof of Theorem 1.6.

Lemma 4.8. Let C be a large enough positive number and t ∈ [C−1, 1− Cn−1/2]. Let pj(x) =

p
(Vt)
n,k (x), qk(x) = q

(Vt)
n,k (x) and κj = κ

(Vt)
n,j be defined by (12). For j = k = n, if n is large enough,

then there exists some constant C ′ > 0 such that for all x ∈ [0, r̂n], where r̂n = r̂n(t) is defined
in (270),

|pn(x)| < C ′(−u) 1
2
−α+1

θ enℜĝt(x), (330)

|qn(xθ)| < C ′(−u)− 1
2
−αenℜ

˜̂gt(x), (331)

|κn(t)| > C ′−1enℓ̂t , (332)

where u = t− 1.

Proof. When t ∈ [C−1, 1 − Cn−1/2] and x ∈ [0, r̂n], we note that R̂1(x) = Q̂1(x). Then by
tracing back the transformations Y → T̂ → Ŝ → Q̂, we find that

pn(x) = R̂1(x)P̂
(∞)
1 (x)enĝt(x). (333)

By the estimate of R̂ in Lemma 4.6 and the estimate that P̂
(∞)
1 (x) = O((−u) 1

2
−α+1

θ ), we prove
(330).

Similarly, by tracing back the transformations Ỹ → ˜̂
T → ˜̂

S → ˜̂
Q and using

˜̂
R1(x) =

˜̂
Q1(x),

we find that

qn(x
θ) =

˜̂
R1(x)

˜̂
P

(∞)

1 (x)en
˜̂gt(x). (334)

By the estimate of
˜̂R in Lemma 4.6 and the estimate that

˜̂
P

(∞)

1 (x) = O((−u)− 1
2
−α), we prove

(331).
By (148) and the definition of Y , we have

Y2(z) = Cpn(z) =
i

2π
κnz

−(n+1)θ +O(z−(n+2)θ), z → +∞. (335)

On the other hand, we have

Y2(z) = R̂2(z)P̂
(∞)
2 (z)en(ℓ̂t−

˜̂gt(z)). (336)

Letting z → ∞ in the above equation and using the estimate of R̂ in Lemma 4.6, we derive
(332).

5 Proof of Theorems 1.5 and 1.6

5.1 Proof of Theorem 1.5

The strategy used in this subsection is the same as that in [52, Section 5].
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Proof of (18) Let ϵ > 0 be a small positive number. Analogous to [52, Equation (5.4)], we
define

v(s) =


R2(e

−πi
θ s1+

1
θ ), arg s ∈ (0, π

θ+1),

R2(e
πi
θ s1+

1
θ ), arg s ∈ (− π

θ+1 , 0),

R1(−(−s)1+ 1
θ ), arg s ∈ ( π

θ+1 , π] ∪ (−π,− π
θ+1),

(337)

for 0 < |s| < ϵr
θ/(θ+1)
n = ϵn−θ/(2θ+1) with rn defined in (183). Since R1 and R2 are defined by

V (0) near the origin through (197) and (198) respectively, and V (0) satisfies a RH problem given
in Proposition 3.7, we find that v(s) can be extended analytically in the disc |s| ≤ ϵn−θ/(2θ+1),
and thus admits the Taylor expansion v(s) =

∑∞
k=0 cks

k there. Moreover, as ϵ is small enough,
we see from (337), (199) and Lemma 3.8 that uniformly for s in this disk

v(s) = 1 +O(n
− 1

2(2θ+1) ). (338)

Then analogous to [52, Equation (5.7)], we define for |s| ≤ ϵθ+1n−θ(θ+1)/(2θ+1),

vk(s) =
1

2πi

∮
|ζ|=ϵn−θ/(2θ+1)

v(ζ)

ζk+1(1− s/ζθ+1)
dζ =

∞∑
l=0

ck+l(θ+1)s
l, k = 0, 1, . . . , θ, (339)

which are analytic near the origin and v(s) =
∑θ

k=0 s
kvk(s

θ+1) for |s| < ϵn−θ/(2θ+1). Hence,
analogous to [52, Equation (5.9)], for k = 0, 1, . . . , θ, we have

Uk(z) =
θ∑

i=0

V
(0)
i (z)P

(0)
ik (z) =

θ∑
i=0

vi(−z)P(0)
ik (z)

=

θ∑
l=0

vl(−z)
(ρn)l/2

Φlk((ρn)
θ+1
2 z)n

(pre)
k (z)nk(z)

−1enmk(z),

(340)

whereM , N , N (pre), P(0) and P0 are defined in (169), (173), (175) (184) and (187), respectively,
and Φ is the solution of the RH problem 1.8. We note that

v0(s) = 1 +O(n
− 1

2(2θ+1) ), vk(s) = O(n
2kθ−1
2(2θ+1) ), for k = 1, . . . , θ. (341)

By tracing back the transformations Y → T → S → Q and (162) and (163), we prove (18).

Proof of (19) Similar to (337), we define

ṽ(s) =


R̃1(e

−πi
θ s1+

1
θ ), arg s ∈ (0, π

θ+1),

R̃1(e
πi
θ s1+

1
θ ), arg s ∈ (− π

θ+1 , 0),

R̃2(−(−s)1+ 1
θ ), arg s ∈ ( π

θ+1 , π] ∪ (−π,− π
θ+1),

(342)

for 0 < |s| < ϵr
θ/(θ+1)
n = ϵn−θ/(2θ+1) with rn defined in (183). Since R̃1 and R̃2 are defined by

Ṽ (0) by (244) and (245) respectively, and Ṽ (0) satisfies RH problem 3.15, we find that ṽ(s) can
be extended analytically in the disc |s| ≤ ϵn−θ/(2θ+1), and thus admits the Taylor expansion
ṽ(s) =

∑∞
k=0 ĉks

k there. Moreover, as ϵ is small enough, we see from (342), (246) and Lemma
3.16 that uniformly for s in this disk

ṽ(s) = 1 +O(n
− 1

2(2θ+1) ). (343)
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Then analogous to [52, Equation (5.24)], we define for |s| ≤ ϵθ+1n−θ(θ+1)/(2θ+1),

ṽk(s) =
1

2πi

∮
|ζ|=ϵn−θ/(2θ+1)

ṽ(ζ)

ζk+1(1− s/ζθ+1)
dζ =

∞∑
l=0

ĉk+l(θ+1)s
l, k = 0, 1, . . . , θ, (344)

which are analytic near the origin and ṽ(s) =
∑θ

k=0 s
kṽk(s

θ+1) for |s| < ϵn−θ/(2θ+1). Hence,
analogous to [52, Equation (5.9)], for k = 0, 1, . . . , θ, we have

ṽ0(s) = 1 +O(n
− 1

2(2θ+1) ), ṽk(s) = O(n
2kθ−1
2(2θ+1) ), k = 1, . . . , θ, (345)

Ũk(z
θ) =

θ∑
i=0

Ṽ
(0)
i (zθ)P̃

(0)
i,k (z

θ) =
θ∑

i=0

ṽi(−zθ)P̃(0)
i,k (z

θ)

=
θ∑

l=0

ṽl(−z)
(ρn)l/2

Φ̃lk((ρn)
θ+1
2 z)ñ

(pre)
k (z)ñk(z)

−1e−nmk(z),

(346)

where M , Ñ , Ñ (pre), P̃(0) and P̃ (0) are defined in (169), (227), (229), (234) and (237), respec-
tively, and Φ̃ is the solution of the RH problem 3.10. By tracing back the transformations
Ỹ → T̃ → S̃ → Q̃ and (212) and (213), we prove (19).

Proof of (20) We see from the transformations Y → T → S → Q and (197) and (198) that
for z ∈ Hθ \ [0,∞) large enough,

Y2(z) = R2(z)P
(∞)
2 (z)en(ℓt−g̃t(z)), (347)

where the functions R2(z), P
(∞)
2 (z) and g̃t(z) are given in (198), (154) and (102), respectively.

As z → ∞, it is readily seen from the definitions of g̃(z) and P
(∞)
2 (z), and (155) that

lim
z→∞

eng̃t(z)

znθ
= 1, lim

z→∞
zθP

(∞)
2 (z) = lim

s→0
(Jc(t)(s))

θP(s) =
c(t)α+1i√

θ
, (348)

where Jc(t) is defined in (61) with c(t) given in Section 2.2, and P is defined in (155). From
(199) and Lemma 3.8, we have

lim
z→∞

R2(z) = lim
z→∞

R(I2,t(z)) = lim
s→0

R(s) = 1 +O(n
− 1

2(2θ+1) ), n→ ∞, (349)

where I2,t is defined in Section 2.3 and R is defined in (199). Inserting (348) and (349) into
(347) and using (335), we have (20).

5.2 Proof of Theorem 1.6

In this subsection, we prove the following proposition, which then implies Theorem 1.6 directly.

Proposition 5.1. Let V satisfy the regularity condition as in Theorem 1.6, and t = 1 −√
A1τ/

√
n, where τ is in a compact subset of R and A1 is defined in (15). Let x, y be in a

compact subset of [0,+∞). Suppose ϵ > 0 is any constant.
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1. Let M be a positive constant. Then, we have

lim
n→∞

1

(ρn)
θ+1
2θ

xαe−nVt(x)
n−1∑

j=⌊n−Mn1/2⌋

1

κ
(Vt)
n,j

p
(Vt)
n,j

(
x

(ρn)
θ+1
2θ

)
q
(Vt)
n,j

(
yθ

(ρn)
θ+1
2

)
=

θ

2π
xα
∫ τ+M/

√
A1

σ=τ
ϕ(σ)(x)ϕ̃(σ)(y)dσ. (350)

2. Let δ = δ(ϵ) > 0 be a small enough constant. Then for all large enough n, we have∣∣∣∣∣∣ 1

(ρn)
θ+1
2θ

xαe−nVt(x)

⌊δn⌋∑
j=0

1

κ
(Vt)
n,j

p
(Vt)
n,j

(
x

(ρn)
θ+1
2θ

)
q
(Vt)
n,j

(
yθ

(ρn)
θ+1
2

)∣∣∣∣∣∣ < ϵ. (351)

3. For any δ > 0, if M =M(ϵ) is large enough, then for all large enough n, we have∣∣∣∣∣∣ 1

(ρn)
θ+1
2θ

xαe−nVt(x)

⌊n−Mn1/2⌋−1∑
j=⌊δn⌋+1

1

κ
(Vt)
n,j

p
(Vt)
n,j

(
x

(ρn)
θ+1
2θ

)
q
(Vt)
n,j

(
yθ

(ρn)
θ+1
2

)∣∣∣∣∣∣ < ϵ. (352)

5.2.1 Proof of (350)

We note that for j = 1, . . . , n− 1,

p
(Vt)
n,j (x) = p

(V j
n t

)

j,j (x), q
(Vt)
n,j (x) = q

(V j
n t

)

j,j (x), κ
(Vt)
n,j = κ

(V j
n t

)

j,j . (353)

Let M be a positive constant and m ∈ [⌊n −Mn1/2⌋, n − 1]. Recalling t = 1 −
√
A1τ√
n

, we have

for large n
m

n
t =

m

n

(
1−

√
A1τ√
n

)
= 1−

√
A1√
m

(
τ +

n−m√
A1n

)
+O(n−1), (354)

and
x

(ρn)
θ+1
2θ

=
x

(ρm)
θ+1
2θ

(1 +O(n−1/2)),
yθ

(ρn)
θ+1
2

=
yθ

(ρm)
θ+1
2

(1 +O(n−1/2)). (355)

From Theorem 1.5 and (353)-(355), we have as n→ ∞

1

(ρn)
θ+1
2θ

1

κ
(Vt)
n,m

p(Vt)
n,m

(
x

(ρn)
θ+1
2θ

)
q(Vt)
n,m

(
yθ

(ρn)
θ+1
2

)(
x

(ρn)
θ+1
2θ

)α

exp

[
−nV

(
x

(ρn)
θ+1
2θ

)]
=

θ

2π
xα

1√
A1n

(
ϕ
(τ+ n−m√

A1n
)
(x)ϕ̃

(τ+ n−m√
A1n

)
(y) +O(n−

1
2θ+1 )

)
, (356)

and the error terms are uniform for m ∈ [⌊n −Mn1/2⌋, n − 1]. Since ϕ(σ)(x) and ϕ̃(σ)(y) are
continuous for x, y ∈ [0,∞) and σ ∈ R, the summation of the leading term on the right-hand
side of (356) is a Riemann sum of the definite integral on the right-hand side of (350). Therefore,
noting that the summation of the error terms with the index m running from ⌊n −Mn1/2⌋ to
n− 1 is of order O(n−1/(2θ+1)), we have (350).
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5.2.2 Proof of (351)

Since Vt satisfies Regularity Conditions 1.1 and 1.3, for all t ∈ (0, 1), the solution of the Euler-
Lagrange equations (6) and (7), with V replaced by Vt, is a measure supported on an interval
[â(t), b̂(t)].

We denote vmin = min{V (x) : x ∈ [0,+∞)}. The regularity condition implies that V (0) >
vmin. To see this, by Regularity Condition 1.3, we have that for any t ∈ (0, 1), Vt(â(t)) < Vt(0),
which is equivalent to V (â(t)) < V (0).

Next, we show that for any ϵ > 0, there is Tϵ such that if t ∈ (0, Tϵ), then max{V (x) :
x ∈ [â(t), b̂(t)]} < vmin + ϵ. This implies that as t → 0+, b̂(t) − â(t) converges to 0. To
see this, we suppose the opposite is true. Then there exists a sequence tk → 0+, such that
vk := max{V (x) : x ∈ [â(tk), b̂(tk)]} > vmin + ϵ. We denote

Ft(x; ν) =

∫
log|x− y|−1dν(y) +

∫
log|xθ − yθ|−1dν(y) + Vt(x). (357)

Then the equilibrium measure µ(Vtk
) is supported on [â(tk), b̂(tk)], and satisfies

Ftk(x;µ
(Vtk

)) = −ℓtk , x ∈ [â(tk), b̂(tk)]. (358)

Moreover, we have that

I(Vtk
)(µ(Vtk

)) =

∫
Ftk(x;µ

(Vtk
))dµ(Vtk

)(x) = −ℓtk (359)

is the minimum of {I(Vt)(ν) : ν is a probability measure on [0,+∞)}. However, we have

Ftk(x;µ
(Vtk

)) ≥ max
x∈[â(tk),b̂(tk)]

Vtk(x) + log(b̂(tk)− â(tk))
−1 + log(b̂(tk)

θ − â(tk)
θ)−1

=
vk
tk

− log[(b̂(tk)− â(tk))(b̂(tk)
θ − â(tk)

θ)].
(360)

When tk is small enough, we have Ftk(x;µ
(Vtk

)) > vmin/tk+ϵ/tk. On the other hand, it is easy to
see that we can construct a probability measure ν with max{V (x) : x ∈ supp(ν)} < vmin + ϵ/2,
and then when tk is small enough, Ftk(x;µ

(Vtk
)) < vmin/tk + ϵ/tk by a rough estimate of (357).

This is contradictory to the minimal property of µ(Vtk
), and the claim is proved.

Hence, we have a t∗ ∈ (0, 1) such that max{V (x) : x ∈ [â(t∗), b̂(t∗)]} < vmin + ϵ. By
choosing a possibly smaller ϵ and t∗, we can assume that for some δ′ > 0, max{V (x) : x ∈
[â(t∗)− 2δ′, b̂(t∗) + 2δ′]} < vmin + ϵ, and min{V (x) : x ∈ [0, δ′]} > vmin + 2ϵ.

Because functions {xkθ}n−1
k=1 form a Chebyshev system in the sense of [45, First definition in

Section 4.4], all the zeros of pk(x) in C are on R+, and all the zeros of qk(x
θ) in Hθ are on R+.

By taking the transformations Y → T̂ → Ŝ → Q̂, and using (295) and (297), we find that

for all x ∈ [0, â(t)− δ′] ∪ [b̂(t) + δ′,+∞), p
(Vt∗ )
n,n (x) ̸= 0 if n is large enough. To see this, we note

that for x ∈ (r̂n, â(t)− δ′] ∪ [b̂(t) + δ′,+∞),

p(Vt∗ )
n,n (x) = enĝt∗ (x)P̂

(∞)
1 (x)R̂1(x), (361)

where r̂n, P̂
(∞)
1 (x) and R̂1(x) are defined in (270), (252) and (295) with t replaced by t∗, and

it has a slightly different formula on [0, r̂n]. By the formulas of P̂
(∞)
1 (x) and R̂1(x), we find

that they have no zeros there, and prove this claim. By a simple scaling argument, we find that

if n is large enough, p
(Vt)
n,m(x) is nonzero on [0, â(t) − δ′] ∪ [b̂(t) + δ′,+∞) if m/n = t∗. Then
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by the interlacing property of p
(Vt)
n,m, we have that for all m < nt∗, the zeros of p

(Vt)
n,m(x) lie in

[â(t)− δ′, b̂(t) + δ′]. This argument also applies to q
(Vt)
n,m(xθ).

For x ∈ [0, δ′], if m/n is small enough, we have

|p(Vt)
n,m(x)| ≤ (b̂(t) + 2δ′)m < e

1
4
ϵn, |q(Vt)

n,m(x)| ≤ (b̂(t) + 2δ′)(θ+1)m < e
1
4
ϵn, (362)

and, if p
(Vt)
n,m(x) =

∏m
k=1(x− ck), we define p̌

(Vt)
n,m(x) =

∏m
k=1(x

θ − cθk), and have

κ(Vt)
n,m =

∫ ∞

0
p(Vt)
n,m(x)q(Vt)

n,m(x)xαe−nVt(x)dx

=

∫ ∞

0
p(Vt)
n,m(x)p̌(Vt)

n,m(x)xαe−nVt(x)dx

≥
∫ b̂(t)+2δ′

b̂(t)+δ′
p(Vt)
n,m(x)p̌(Vt)

n,m(x)xαe−nVt(x)dx

≥
∫ b̂(t)+2δ′

b̂(t)+δ′
(x− b̂(t)− δ′)m(xθ − (b̂(t) + δ′)θ)mxαe−nVt(x)dx,

(363)

and if m/n is small enough,
κ(Vt)
n,m > e−n(vmin+ϵ). (364)

In conclusion, we have that for x, y ∈ [0, δ′],

1

κ
(Vt)
n,m

|p(Vt)
n,m(x)q(Vt)

n,m(y)|xαe−nVt(x) < e−
1
2
ϵn. (365)

As a consequence, we have (351).

5.2.3 Proof of (352)

Let x = ξ(ρn)−
θ+1
2θ and y = η(ρn)−

θ+1
2θ . Let C be a large constant with C > δ−1. Then, for any

j ∈ [C−1n, n−Cn1/2], we have j
n t ∈ [C−1, 1−Cn−1/2]. Therefore, from Lemma 4.8 and (353),

we have that as n→ ∞, for some C ′ > 0 depending on C,∣∣∣∣∣ 1

(ρn)
θ+1
2θ

1

κ
(Vt)
n,j

xαe−nVt(x)p
(Vt)
n,j (x)q

(Vt)
n,j (yθ)

∣∣∣∣∣
≤ C ′ξα(ρn)−

θ+1
2θ

(α+1)

(
1− j

n
t

)−(α+α+1
θ

)

e
j(ĝ j

n t
(x)+ĝ j

n t
(y)−V j

n t
(x)−ℓ̂ j

n t
)
. (366)

For j ∈ [C−1n, n− Cn1/2], we have, for some C ′′ > 0 depending on C,

(ρn)−
θ+1
2θ

(α+1)

(
1− j

n
t

)−(α+α+1
θ

)

≤ C ′′n−
1
2 . (367)

By Proposition 2.5 and its generalization in Proposition 2.6, we find that

ĝ j
n
t(x) + ĝ j

n
t(y)− V j

n
t(x)− ℓ̂ j

n
t ≤ −ϵ′′

(
1− j

n
t

)2

. (368)

Substituting (367) and (368) into (366), we obtain (352), if M > C is large enough.
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6 Solvability of RH problem 1.8 via vanishing lemma

In this section, we show that RH problem 1.8 has a unique solution. More precisely, we prove
the following result.

Proposition 6.1. For every τ ∈ R, the following holds:

1. RH problem 1.8 is uniquely solvable.

2. The solution Φ(ξ) = Φ(τ)(ξ) has a full asymptotic expansion in powers of ξ−1 as follows:

Φ(τ)(ξ) ∼
(
I +

∞∑
k=1

Mkξ
−k

)
diag

(
e−

k
θ+1

πiξ
k

θ+1

)θ
k=0

Ω±e−Θ(ξ), (369)

as ξ → ∞, uniformly in C \ {R ∪ iR}. Here Mk = Mk(τ) are real valued and depending
on τ analytically.

We remark that Proposition 6.1 is only proved for τ ∈ R.
To prove this proposition, we follow the strategy in [25, Section 5.3] and [16, Section 2.2].

We transform RH problem 1.8 into an equivalent RH problem for Φ̂ such that the jump matrix
for Φ̂ is continuous on the jump contour Σ̂ and converges exponentially to the identity matrix
as ξ → ∞ on Σ̂ and such that the RH problem for Φ̂ is normalized at infinity. To this end, we
define

Φ̂(ξ) =

{
Φ(ξ)eΘ(ξ)e−Λ(ξ)Φ(Mei)(ξ)−1, |ξ| > 1,

Φ(ξ)Φ(Mei)(ξ)−1, |ξ| < 1,
(370)

for ξ ∈ C \ {R ∪ iR}, where Φ(Mei) is defined in Appendix B. Then Φ̂(ξ) satisfies the following
RH problem:

RH Problem 6.2. Φ̂(ξ) is a (θ + 1)× (θ + 1) matrix-valued function on C \ Σ̂, where

Σ̂ =
2∑

j=0

Σ̂j , Σ̂0 = {e2πit : t ∈ (0, 1]}, Σ̂1 = {it : t ∈ (1,+∞)}, Σ̂2 = {it : t ∈ (−∞,−1)},

(371)

with the orientation of Σ̂ shown in Figure 6. It satisfies

1. For ξ ∈ Σ̂,

Φ̂+(ξ) = Φ̂−(ξ)JΦ̂(ξ), where

JΦ̂(ξ) =



Φ(Mei)(ξ)eΛ(ξ)−Θ(ξ)Φ(Mei)(ξ)−1, ξ ∈ Σ̂0,

(Φ(Mei)(ξ)eΛ(ξ))−

[(
1 e(∗)

0 1

)
⊕ Iθ−1

]
(Φ(Mei)(ξ)eΛ(ξ))−1

+ , ξ ∈ Σ̂1,

(Φ(Mei)(ξ)eΛ(ξ))−

[(
1 −e−(∗)

0 1

)
⊕ Iθ−1

]
(Φ(Mei)(ξ)eΛ(ξ))−1

+ , ξ ∈ Σ̂2,

(372)

with

(∗) = βπi+
θ + 1

θ
sin

(
2π

θ + 1

)
iξ

2
θ+1 − 2τ sin

(
π

θ + 1

)
iξ

1
θ+1 . (373)

2. Φ̂(ξ) is continuous up to boundary on Σ̂, and

Φ̂(ξ) = I +O(ξ−1), ξ → ∞. (374)
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Σ̂1

Σ̂2

Σ̂0

Figure 6: Contour Σ̂ in RH problem 6.2.

Γ̂1

Γ̂2

Γ̂0

Figure 7: Contour Γ̂ (θ = 3) in the proof
of Lemma 6.4.

From the relation (370), the solvability of RH problem 1.8 is equivalent to the solvability
of RH problem 6.2. By general theory of the construction of solutions of RH problems, this
is reduced to the study of the singular integral operator on the L2 space of (θ + 1) × (θ + 1)
matrix-valued functions on Σ̂

CΦ̂ : L2(Σ̂) → L2(Σ̂) : f 7→ C+[f(1− J−1

Φ̂
)], (375)

where C+ is the + boundary value of the Cauchy operator

Cf(z) =
1

2πi

∫
Σ̂

f(s)

s− z
ds, z ∈ C \ Σ̂. (376)

Suppose that I −CΦ̂ is invertible in L2(Σ̂), then there exists µ ∈ L2(Σ̂) such that (I −CΦ̂)µ =
C+(I − J−1

Φ̂
), and

Φ̂(ξ) = I +
1

2πi

∫
Σ̂

(I + µ(s))(I − JΦ̂(s)
−1)

s− ξ
ds, ξ ∈ C \ Σ̂ (377)

satisfies part 1 of RH problem 6.2 in the L2 sense. Furthermore, one can use the analyticity of
JΦ̂ to show that Φ̂ satisfies the jump condition in the sense of continuous boundary values as
well, see [25, Step 3 of Sections 5.2 and 5.3]. Also it follows from the exponential decaying of
I − J−1

Φ̂
as ξ → ∞ on Σ̂ that part 2 of RH problem 6.2 is also satisfied, see [25, Proposition

5.4]. Hence, RH problem 6.2 is solvable if the singular integral operator I − CΦ̂ is invertible in

L2(Σ̂).
To show that I −CΦ̂ is invertible, we need to check that it is a Fredholm operator with zero

index and kernel {0}. As in [25, Steps 1 and 2 of Section 5.3], one can show that I − CΦ̂ is a

Fredholm operator with zero index. To show that its kernel is trivial, we suppose µ0 ∈ L2(Σ̂)
is such that (I −CΦ̂)µ0 = 0. One can then show that the matrix-valued function Φ̂0 defined by

Φ̂0(ξ) =
1

2πi

∫
Σ̂

µ0(s)(I − JΦ̂(s)
−1)

s− ξ
ds, ξ ∈ C \ Σ̂ (378)

is a solution to the homogeneous version of RH problem 6.2, that is, with the condition (374)
replaced by

Φ̂(ξ) = O(ξ−1), ξ → ∞. (379)

Hence, to show the solvability of RH problem 6.2, we only need to show that the associated
homogeneous version of RH problem has only a trivial solution. Equivalently, to show the
solvability of the RH problem 1.8 , we only need to verify the following vanishing lemma.

56



Lemma 6.3 (vanishing lemma). Let Φ0 be analytic on C\{R∪iR} that satisfies the homogeneous
version of RH problem 1.8, such that parts 1 and 3 are the same while part 2 is changed to

Φ0(ξ) = O(ξ−1)Υ(ξ)Ω±e−Θ(ξ). (380)

Then Φ0(ξ) = 0.

Proof of Proposition 6.1 assuming Lemma 6.3. From the discussion above, we have the solv-
ability of RH problem 1.8 for τ ∈ R. The uniqueness is easier. Suppose Φ(ξ) and Φ̌(ξ) both
satisfy RH problem 1.8, then Φ̌(ξ)Φ−1(ξ) is analytic on C and it is I + O(ξ−1/(θ+1)) at ∞.
Hence, by Liouville’s theorem, Φ̌(ξ)Φ−1(ξ) = I and the uniqueness is proved.

Moreover, from the analytic Fredholm alternative theorem [56, Proposition 4.3], it follows
that the solution Φ(ξ) = Φ(τ)(ξ) is meromorphic for τ ∈ C and pole free on the real axis.
From (370), (377) and the exponential decaying of I − J−1

Φ̂
as ξ → ∞ on R ∪ iR, we have the

asymptotic expansion (369) uniformly for ξ bounded away from the integral contour R ∪ iR.
The coefficients Mk(τ) in (369) are analytic for τ ∈ R, since Φ(τ)(ξ) is analytic for τ ∈ R.

For τ ∈ R, it is straightforward to check that the function

Φ(τ)(ξ̄)(I2 ⊕ Jθ−1) (381)

also solves RH problem 1.8. Here Jθ−1 is like Jθ+1 in (222), the row-reversed identity matrix
defined in the end of Section 1. From the uniqueness of the solution to RH problem 1.8, we
have

Φ(τ)(ξ) = Φ(τ)(ξ̄)(I2 ⊕ Jθ−1). (382)

Substituting the large-ξ expansion (369) into the above equation and comparing the coefficients,
we find

Mk(τ) =Mk(τ), (383)

for real τ . Thus, the coefficients Mk(τ) are real valued for real τ . We complete the proof of
Proposition 6.1.

6.1 Proof of vanishing lemma

Let Φ0 be a nontrivial solution of the homogeneous version of RH problem 1.8. We assume that
Φ0 satisfies

Φ0(ξ) = Φ0(ξ̄)(I2 ⊕ Jθ−1). (384)

Otherwise, if Φ0(ξ) is a nontrivial but does not satisfy (384), we consider Φ0(ξ)+Φ0(ξ̄)(I2⊕Jθ−1)

and i(Φ0(ξ)−Φ0(ξ̄)(I2 ⊕ Jθ−1)). We have that both of them are solutions of the homogeneous
version of RH problem 1.8, and at least one between them is nontrivial. We can take a nontrivial
one as our Φ0.

We note that to prove the vanishing result in Lemma 6.3, we can consider the rows of Φ0

separately, and need only to show that any of its rows are zero vectors. Before giving the proof,
we fix some notation and state a technical lemma that will be used in the proof.

Let (ϕ0, ϕ1, . . . , ϕθ) be one row of Φ0. Let f
(pre)(z) be the analytic function on C \ [0,+∞)

such that

f (pre)(z) =


ϕ1(z

θ), arg z ∈ (−π
θ ,− π

2θ ) ∪ ( π
2θ ,

π
θ ),

ϕj(z
θ), arg z ∈ ( (2j−3)π

θ , (2j−1)π
θ ), j = 2, . . . , θ,

ϕ1(z
θ) + eβπiϕ0(z

θ), arg z ∈ (0, π
2θ ),

ϕ1(z
θ) + e−βπiϕ0(z

θ), arg z ∈ (− π
2θ , 0),

(385)
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and then let f(z) be the analytic function on C \ {0} such that

f(z) = f (pre)(z)×
{
e−

βπi
2 z

β
2 , z ∈ C+,

e
βπi
2 z

β
2 , z ∈ C−.

(386)

Similarly, let g(z) be the analytic function on the sectors arg z ∈ (0, π/θ) ∪ (−π/θ, 0) such that

g(z) =

{
e

βπi
2 z

β
2 ϕ0(z

θ), arg z ∈ (0, πθ )

−e−βπi
2 z

β
2 ϕ0(z

θ), arg z ∈ (−π
θ , 0).

(387)

We have that for all x ∈ (0,+∞),

g+(x)− g−(x) = f(x), g(e
πi
θ x) = e−

α+1
θ

2πig(e−
πi
θ x). (388)

We have as z → ∞,

f(z) = O(z
β
2
− θ

θ+1 )e−
θ+1
2θ

(−z)
2θ
θ+1−τ(−z)

θ
θ+1

, (389)

g(z) = O(z
β
2
− θ

θ+1 )×

e−
θ+1
2θ

e
−2πi
θ+1 z

2θ
θ+1+τe

−πi
θ+1 z

θ
θ+1

, arg z ∈ (0, πθ ),

e−
θ+1
2θ

e
2πi
θ+1 z

2θ
θ+1+τe

πi
θ+1 z

θ
θ+1

, arg z ∈ (−π
θ , 0),

(390)

and as z → 0,

f(z) = O(1), g(z) =


O(zθ−α−1), α > θ − 1,

O(1), α < θ − 1,

O(log z), α = θ − 1.

(391)

Hence f(z) is an entire function. We have the following lemma about f(z), whose proof will
be given in the end of this section.

Lemma 6.4. If f(x) is not identically 0, then it has only finitely many zeros on the (θ − 1)
rays

Γj := {e 2jπi
θ t : t ∈ (0,+∞)}, j = 1, 2, . . . , θ − 1. (392)

Proof of Lemma 6.3. We prove the vanishing lemma by showing that f(z) = 0. Below we
assume that f(z) is a non-trivial entire function, and derive a contradiction.

For this purpose, we denote, for r ∈ (0,+∞), Σr the wedge contour

Σr =

2⋃
i=0

Σ(i)
r , Σ(0)

r = {reit : t ∈ (−π
θ
,
π

θ
)},

Σ(1)
r = {e−πi

θ t : t ∈ (0, r)},
Σ(2)
r = {−eπi

θ t : t ∈ (−r, 0)},
(393)

with counterclockwise orientation. We have, by the asymptotics of f(z) and g(z) as z → ∞,
that

lim
r→∞

∫
Σr

zαg(z)

θ−1∏
j=0

f(ze
2jπi
θ )dz = 0. (394)

To see it, we note that the integral over the Σ
(1)
1 and Σ

(2)
r cancel each other, and the integral

over Σ
(0)
r tends to 0, since the integrand is O(z−1−θ/2), as r → ∞. From Lemma 6.4, we denote
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the zeros of f(x) on rays Γ1, . . . ,Γθ−1 as a1, . . . , am where we allow repetitions for multiplicity.
Then, similar to (394), we have

lim
r→∞

∫
Σr

zαg(z)

θ−1∏
j=0

f(ze
2jπi
θ )

m∏
k=1

1

zθ − aθk
dz = 0. (395)

Now we deform Σr into flat contours {t+ iϵ : 0 ≤ t ≤ r} ∪ {t− iϵ : 0 ≤ t ≤ r}, where ϵ → 0+,
the upper contour is oriented leftward and the lower one rightward. Then using the relation
(388) and letting r → ∞, we derive that∫ ∞

0
xαf2(x)W (x)

m∏
k=1

1

xθ − aθk
dz = 0, W (x) =

θ−1∏
j=1

f(xe
2jπi
θ ). (396)

From (384), we find that both f(x) and W (x) are real on (0,+∞). We also have that the
function W (x)

∏m
k=1

1
zθ−aθk

has no zeros on (0,+∞), that is, it does not change sign on (0,+∞),

and it is either strictly positive or strictly negative on (0,+∞).
We note that xαf2(x) is non-negative on (0,+∞). Hence (396) implies that f(x) = 0 on

(0,+∞), and then f(z) = 0 on C, contradictory to the assumption that f(z) is non-trivial.
Next we show that g(z) = 0. From (387), (388) and f(z) = 0, we see that ĝ(z) =

z
1
2
− (θ+1)β

2θ g(z
1
θ ) can be analytically extended to the whole complex plane. If θ ≥ 4, from the

asymptotic behaviour of g(z) near infinity, it follows that ĝ(z) vanishes exponentially at infinity
from all directions. Hence, ĝ(z) is identically zero. If θ = 2, 3, although ĝ(z) does not vanish
exponentially if z → ∞ in some directions, like the positive real axis, ĝ(z)ĝ(−z) vanishes ex-
ponentially at infinity from all directions, and it is identically zero. We conclude that for all
θ ≥ 2, we have g(z) = 0.

By (385), (386) and (387), the vanishing of f(z) and g(z) implies that the row vector
(ϕ0, ϕ1, . . . , ϕθ) vanishes in the whole complex plane. This completes the proof of the vanishing
lemma.

Proof of Lemma 6.4. We intend to prove the technical lemma concerning the zeros of f(z). We
note that from the definition of f(z), its zero points have no finite accumulation points. So we
only need to show that on the rays Γj , it has no zeros outside a finite region.

For this purpose, we define

F (z) = e
θ+1
2θ

z2−τz ×


f (pre)(−(−z) θ+1

θ ), arg(−z) ∈ (−(θ − 1
2)

π
θ+1 , (θ − 1

2)
π

θ+1),

ϕ0(−zθ+1), arg z ∈ (− π
θ+1 ,

π
θ+1),

ϕ1(−zθ+1), arg z ∈ ( π
θ+1 ,

3π
2(θ+1)) ∪ (− 3π

2(θ+1) ,−π
θ ).

(397)

We thus need to show that F (z) has no zeros on

Γ̃j := {e
(2j+1)πi

θ+1 t : t ∈ (0,+∞)}, j = 1, 2, . . . , θ − 1 (398)

outside a finite region. It is clear that F (z) is analytic in the sectors arg(−z) ∈ (−(θ−1/2)π/(θ+
1), (θ− 1/2)π/(θ+1)) and arg z ∈ (−3π/(2(θ+1)), 3π/(2(θ+1))) separately, and is continuous
up to the boundary in either sector. On the rays {arg z = 0,±π/(θ + 1)}, F (z) is defined by
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straightforward continuation. Also we have that

F (z) = O(z−1), z → ∞, (399)

F (z) = O(z
α+1
θ

− 1
2 ), z → 0 in the sector arg(−z) ∈ (−(θ − 1

2
)

π

θ + 1
, (θ − 1

2
)

π

θ + 1
), (400)

F (z) =


O(zθ−α− 1

2 ), α > θ − 1,

O(z
1
2 log z), α = θ − 1,

O(z
α+1
θ

− 1
2 ), −1 < α < θ − 1,

z → 0 in the sector arg z ∈ (− 3π

2(θ + 1)
,

3π

2(θ + 1)
).

(401)

Let Mα be a nonnegative integer such that

Mα =

{
0, −1 < α ≤ θ,

⌈α− θ⌉, α > θ.
(402)

Then we define

F̂ (z) =

{
F (z), |z| > 1,

zMαF (z), |z| < 1.
(403)

We have that F̂ (z) is analytic on C \ Γ̂, where

Γ̂ =
2⋃

j=0

Γ̂j , Γ̂0 = {e2πit : t ∈ (0, 1]},
Γ̂1 = {e

3πi
2(θ+1) t : t ∈ (0,+∞)},

Γ̂2 = {−e−
3πi

2(θ+1) t : t ∈ (−∞, 0)},
(404)

see Figure 7 for the orientation of the contour.
Denote ρ(z) a function on Γ̂ such that

ρ(z) =



eβπiF (ze−
2π
θ+1

i)e
θ+1
2θ

(1−e
− 4πi

θ+1 )z2−τ(1−e
− 2πi

θ+1 )z, z ∈ Γ̂1 and |z| > 1,

e−βπiF (ze
2π
θ+1

i)e
θ+1
2θ

(1−e
4πi
θ+1 )z2−τ(1−e

2πi
θ+1 )z, z ∈ Γ̂2 and |z| > 1,

eβπizMαF (ze−
2π
θ+1

i)e
θ+1
2θ

(1−e
− 4πi

θ+1 )z2−τ(1−e
− 2πi

θ+1 )z, z ∈ Γ̂1 and |z| < 1,

e−βπizMαF (ze
2π
θ+1

i)e
θ+1
2θ

(1−e
4πi
θ+1 )z2−τ(1−e

2πi
θ+1 )z, z ∈ Γ̂2 and |z| < 1,

(zMα − 1)F (z) z ∈ Γ̂0.

(405)

Then we have
F̂+(z)− F̂−(z) = ρ(z), z ∈ Γ̂. (406)

It is seen that ρ(z) is continuous and bounded on Γ̂ and it vanishes exponentially as z → ∞.
Therefore, we have that

F̂ (z) =
1

2πi

∫
Γ̂

ρ(w)

w − z
dw. (407)

From this representation of F̂ (z), we have that if there is a minimum k such that

1

2πi

∫
Γ̂
wkρ(w)dw = ck ̸= 0, (408)

then as z → ∞,
F (z) = F̂ (z) = ckz

−k−1 +O(z−k−2), (409)
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and then F (z) do not have zeros along the rays Γ̃k when |z| is large enough, and we conclude
the proof.

Otherwise, (408) does not hold for any k ≥ 0, and for all m ≥ 0,

1

2πi

∫
Γ̂
wmρ(w)dw = 0. (410)

We consider the value of F (iy) where y ∈ R and |y| > 1. We have that for any m,

F (z) =
1

2πi

∫
Γ̂

ρ(w)

w − z
dw

=
1

2πi

∫
Γ̂
ρ(w)

(
1

w − z
− 1− (w/z)m

w − z

)
dw

=
1

zm
1

2πi

∫
Γ̂
ρ(w)

wm

w − z
dw.

(411)

Then we show that F (iy) vanishes faster than exponential function as y → ±∞. To see it,
we note that

|ρ(w)| ≤Me−ϵ|w|2 (412)

for some M, ϵ > 0. Then for large enough y

|F (iy)| ≤
∫ ∞

0
e−ϵx2

xmdx|y|−m. (413)

We take m the integer such that m ≤ 2ϵ|y|2 < m+1. Then from (413), we derive that for large
enough y

|F (iy)| ≤ e−ϵ|y|2 . (414)

Thus, zMαF (z) is analytic and bounded in the sector arg(−z) ∈ (−(θ − 1/4)π/(θ + 1), (θ −
1/4)π/(θ+1)) and decays faster than exponential function at infinity along the imaginary axis.
Applying Carlson’s theorem, we have F (z) is the zero function, which implies that f(z) is also
identically zero. We complete the proof of Lemma 6.4.

7 Proof of Theorem 1.11: Lax pair and nonlinear differential
equations

From (28) and Proposition 6.1, we have the following asymptotic behaviours as ξ → ∞ in C+.
To simplify the notation, we let D = diag(1,

√
2, 2) as in (44), and write (369) for θ = 2 as

Φ(ξ) = D(I + 2
3
2
M(τ)

ξ
+ 8

M̃(τ)

ξ2
+O(ξ−3))D−1 diag(1,−ωξ 1

3 , ω2ξ
2
3 )

×

1 1 1
1 ω ω2

1 ω2 ω

diag

(
e−

3
4
ω2ξ

2
3−τωξ

1
3 , e−

3
4
ωξ

2
3−τω2ξ

1
3 , e−

3
4
ξ
2
3−τξ

1
3

)
, (415)

for ℑξ > 0, where M(τ) = (mij(τ))
3
i,j=1, M̃(τ) = (m̃ij(τ))

3
i,j=1 are analytic functions for τ ∈ R.

Therefore, we have that the coefficients A and B in (43), as matrix-valued functions in ξ,
are analytic in ξ ∈ C \ {0}. As ξ → ∞, we have the asymptotic expansion of A and B

A = 2−
3
2D

( ∞∑
k=0

A−k(2
− 3

2 ξ)−k

)
D−1, B =

√
2D

( ∞∑
k=−1

B−k(2
− 3

2 ξ)−k

)
D−1, (416)
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where Ak and Bk are functions in τ and analytic for real τ . Then by taking ξ → 0, we find that
A = O(ξ−1) and B = O(1). Hence we have the expressions of A and B as given in (44). From
the asymptotic expansion (415), we have (45) with

a = m22 −m11 −
√
2

3
τm23, b = m12 −

√
2

3
τm13, c = m13,

d = m32 −m21 +

√
2

3
τ(m11 −m33), f = −m23 +

√
2

3
τm13, k = m33 −m22 +

√
2

3
τm12.

(417)
The above functions are analytic for τ ∈ R.

Furthermore, we have

A−2 =

M̃,

 0 0 0
1 0 0

−
√
2
3 τ 1 0

−

M,

 0 0 0
1 0 0

−
√
2
3 τ 1 0

M +

M,

0
√
2
3 τ −1

0 1
3

√
2
3 τ

0 0 2
3


−M

=

 m̃12 m̃13 0
m̃22 − m̃11 m̃23 − m̃12 −m̃13

m̃32 − m̃21 m̃33 − m̃22 −m̃23

−
√
2
3 τ

 m̃13 0 0
m̃23 0 0

m̃33 − m̃11 −m̃12 −m̃13


+

−

 m12 + 1 m13 0
m22 −m11 m23 −m12 + 1 −m13

m32 −m21 m33 −m22 −m23 + 1

+
√
2
3 τ

 m13 0 0
m23 0 0

m33 −m11 −m12 −m13

M

+ 1
3

 3m31 m12 + 3m32 −3m11 + 2m13 + 3m33

−m21 0 −3m21 +m23

−2m31 −m32 −3m31

+
√
2
3 τ

−m21 m11 −m22 m12 −m23

−m31 m21 −m32 m22 −m33

0 m31 m32

 .

(418)

Since A−2 = 0, we have

(A−2)13 = a+ k + c(f − b−
√
2

3
cτ − 1

3
) = 0. (419)

Similarly, we have

(A−2)12 + (A−2)23 = m13(m11 − 2m22 +m33) +m23(m12 −m23 − 2
3)−m12(m12 +

2
3)

+ (m32 −m21) +
√
2
3 τ((m11 −m33) +m13(m12 +m23))

= d+ c(k − a)− (b2 + bf + f2) + 2
3(f − b) +

√
2
3 cτ(f − b−

√
2
3 cτ − 4

3)

= 0. (420)

From (31) with θ = 2, we have that the eigenvalues of A−1 are 1/2− α/3, α/6 and 1/2 + α/6.
Hence, by computing the characteristic function of A−1 and comparing its linear term with that
of (z − (1/2 − α/3))(z − α/6)(z − (1/2 + α/6)), we obtain the relation (49). From (49), (419)
and (420), we have (47). Substituting (47) into (419), we have (48).

The compatibility of the Lax pair yields the zero-curvature equation

dA

dτ
− dB

dξ
+AB −BA = 0, (421)

from which we derive the system of nonlinear differential equations (50)-(55). Using (47)-(52),
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we may express a, b, f and k in terms of c, c′ and c′′ as follows

b = − 1
2

(
c′√
2
+ c2 +

√
2
3 τc

)
+ 1

2γ, (422)

f = − 1
2

(
c′√
2
+ c2 −

√
2
3 τc

)
− 1

2γ, (423)

a = − 1
4c

′′ − 3
2
√
2
cc′ − 1

2c
3 + c

2

(
−2

9τ
2 + γ + 1

3

)
− 1

3
√
2
γτ, (424)

k = 1
4c

′′ + 3
2
√
2
cc′ + 1

2c
3 + c

2

(
2
9τ

2 + γ + 1
3

)
+ 1

3
√
2
γτ, (425)

where γ = 1
36 + α

12 − α2

12 . From (49), (53) and (54), we have

(a−k)′√
2

= 3(f+b)2+3c(a−k)− 4
9τ

2(b+f)− 1
3(b−f)+ 4

9τ
2c2+

√
2
3 τc(b−f)+ 2

√
2

3 τ(a+k)+ 4
√
2

9 τc+2γ.

(426)
Substituting (422)-(425) into (426), we obtain (56). The Chazy-I equation (57) follows directly
from (56). And the equation (58) can be derived from (49), (422)-(425) and the fact that

det(A−1) = −( α3

108 + α2

72 − α
24). We complete the proof of Theorem 1.11.

8 Asymptotics of Φ(τ)(ξ) and K(τ)(x, y) as τ → −∞
Let

P (∞)(ξ) = Υ(ξ)Ω±e−Θ(ξ), (427)

where Υ(ξ), Ω± and Θ(ξ) are the same as in (28). Then we denote the contour Σ
(τ)
R as

∂D(0, (−τ)−1) ∪ Σ
(τ)
R,1 ∪ Σ

(τ)
R,2 where Σ

(τ)
R,1 = {iy : y ∈ (τ−1,+∞)} and Σ

(τ)
R,2 = {iy : y ∈

(−∞,−τ−1)}, such that ∂D(0, (−τ)−1) is oriented clockwise, Σ
(τ)
R,1 upward, and Σ

(τ)
R,2 down-

ward. Let

R(ξ) = diag((−τ) k
θ+1 )θk=0Φ

(τ)(ξ)×
{
P (∞)(ξ)−1 diag((−τ)− k

θ+1 )θk=0, |ξ| > (−τ)−1,

Φ(Mei)((−τ)θ+1ξ)−1 diag((−τ) θk
θ+1 )θk=0, |ξ| < (−τ)−1,

(428)
where Φ(Mei) is defined in (498). Although Φ(τ)(ξ) is not continuous on R and {iy : |y| <
(−τ)−1}, it is clear that R(ξ) is analytic there by simple analytic continuation. Furthermore,
R(ξ) satisfies the following RH problem:

RH Problem 8.1. R(ξ) is analytic in C \Σ(τ)
R , and is continuous up to the boundary. It satisfies

1. For ξ ∈ Σ
(τ)
R ,

R+(ξ) = R−(ξ)JR(ξ), (429)

where

JR(ξ) =

diag((−τ) k
θ+1 )θk=0Υ(ξ)Ω+

((
1 eβπi exp(ig(τ)(ξ))

0 1

)
⊕ Iθ−1

)
×Ω−1

+ Υ(ξ)−1 diag((−τ)− k
θ+1 )θk=0, ξ ∈ Σ

(τ)
R,1,

diag((−τ) k
θ+1 )θk=0Υ(ξ)Ω−

((
1 −e−βπi exp(−ig(τ)(ξ))
0 1

)
⊕ Iθ−1

)
×Ω−1

− Υ(ξ)−1 diag((−τ)− k
θ+1 )θk=0, ξ ∈ Σ

(τ)
R,2,

diag((−τ) k
θ+1 )θk=0P

(∞)(ξ)Φ(Mei)((−τ)θ+1ξ)−1 diag((−τ) θk
θ+1 )θk=0, |ξ| = (−τ)−1,

(430)
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where

g(τ)(ξ) =
θ + 1

θ
sin

(
2π

θ + 1

)
ξ

2
θ+1 − 2τ sin

(
π

θ + 1

)
ξ

1
θ+1 . (431)

2. As ξ → ∞,
R(ξ) = I +O(ξ−1). (432)

It is straightforward to check that |JR(ξ) − I| = O(exp(−ϵ(−τ) θ
θ+1 )|ξ| 1

θ+1 ) for some ϵ > 0

on Σ
(τ)
R,1 ∪Σ

(τ)
R,2. We also have |JR(ξ)− I| = O((−τ)−2/(θ+1)) on ∂D(0, (−τ)−1). To see this, we

note

diag((−τ) k
θ+1 )θk=0P

(∞)(ξ) = Υ((−τ)ξ)Ω±e−Θ(ξ), (433)

Φ(Mei)((−τ)θ+1ξ)−1 diag((−τ) θk
θ+1 )θk=0 = e−τΛ(ξ)Ω−1

± Υ((−τ)ξ)−1(I +O(τ−
θ

θ+1 )), (434)

where Λ(ξ) is defined in (494), and e−Θ(ξ)e−τΛ(ξ) = I +O(τ−2/(θ+1)). Hence, by the standard
small norm argument, we have that R(ξ) = I +O((−τ)−2/(θ+1)) uniformly in ξ, if (−τ) is large
enough. We then conclude that

Φ(τ)(ξ) = diag((−τ)− k
θ+1 )θk=0(I +O((−τ)− 2

θ+1 )) diag((−τ)− θk
θ+1 )θk=0Φ

(Mei)((−τ)θ+1ξ) (435)

for all |ξ| < (−τ)−1.
As a consequence, we have that for all k = 0, 1, . . . , θ, and ξ in a compact subset of C,

Φ
(τ)
0,k((−τ)−θ−1ξ) = Φ

(Mei)
0,k (ξ)(1 +O((−τ)− 2

θ+1 )), (436)

(Φ(τ)((−τ)−θ−1ξ))−1
k,θ = (−τ)θ(Φ(Mei)(ξ))−1

k,θ(1 +O((−τ)− 2
θ+1 )). (437)

Recall that ϕ(τ) is defined by the first row of Φ(τ), and ϕ̃(τ) is defined by the last column of
(Φ(τ))−1. Also recall the relation between Φ(Mei) and Ψ(Mei) given in (492), and the relation
between (Φ(Mei))−1 and Ψ̃(Mei) given in (501), (502) and (505). We have that as τ → −∞, the
limits of ϕ(τ) and ϕ̃(τ) can be expressed by the first row of Ψ(Mei) and the first row of Ψ̃(Mei),
respectively. Hence, we obtain (37) and (38) and prove part 1 of Lemma 1.10.

Now we prove part 1 of Theorem 1.7. For ξ, η ∈ (0,∞) and a large C > 0, we divide
the integral domain on the right-hand side of (21) that defines K(τ)(x, y) into three parts:
(−τ,−C) ∪ [−C,C] ∪ (C,+∞). On (−τ,−C), as τ → −∞, by part 1 of Lemma 1.10,

((−τ)− θ+1
θ ξ)α

∫ −C

τ
ϕ(σ)((−τ)− θ+1

θ ξ)ϕ̃(σ)((−τ)− θ+1
θ η)dσ

= 2π(θ + 1)(−τ) 1
θ

∫ −C

τ

(σ
τ

) 1
θ

((σ
τ

) θ+1
θ
ξ

)α

× ϕ(Mei)

((σ
τ

) θ+1
θ
ξ

)
ϕ̃(Mei)

((σ
τ

) θ+1
θ
η

)
(1 +O((−σ)− 2

θ+1 ))dσ

= 2πθ(−τ) θ+1
θ

[∫ 1

(−C/τ)
θ+1
θ

(uξ)αϕ(Mei)(uξ)ϕ̃(Mei)(uη)du+ ϵ(C)

]
,

(438)

where the error term ϵ(C) → 0 as C → +∞, uniformly in τ . Next, we consider the integral∫
I
ϕ(σ)((−τ)− θ+1

θ ξ)ϕ̃(σ)((−τ)− θ+1
θ η)dσ (439)

for I = (C,+∞) or I = [−C,C]. By estimate (486) at the end of Section 9, the integral over
(C,+∞) is bounded by e−ϵC2

for some ϵ > 0. Finally, the integral over [−C,C] is bounded.
Summing over the three estimates, we thus finish the proof.
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9 Asymptotics of Φ(τ)(ξ) and K(τ)(x, y) as τ → ∞
9.1 Properties of g-functions

We use notation set up in Appendix C. Let

M(s) = −Cg

[
(θ−

1
θ+1 s)2 +

2

θ
(θ−

1
θ+1 s) +

1

θ
− 1

]
, Cg =

1

2

θ3

(θ + 1)(θ − 1)2
. (440)

We introduce the g-functions g0(z), g1(z), . . . , gθ(z) on {arg z ∈ (0, π) ∪ (−π, 0)}

g0(z) =M(Î
(pre)
2 (z

1
θ )), gk(z) =M(Î

(pre)
1 (e

2(k−1)πi
θ z

1
θ )), k = 1, . . . , θ. (441)

Then, the g-functions satisfy the following properties.

Lemma 9.1. The functions gj(z), 0 ≤ k ≤ θ defined in (441) satisfy the properties below.

1. g0(z) is analytic on C\[1,+∞), g1(z) is analytic on C\{[1,+∞)∪(−∞, 0]}, and gk(z) are
analytic on C\(−∞, 0] for k = 2, . . . , θ, and they satisfy the relations (with gθ+1(z) = g1(z)
in (443))

g0,±(x) = g1,∓(x), x ∈ (1,∞), (442)

gk,+(x) = gk+1,−(x), x ∈ (−∞, 0), 1 ≤ k ≤ θ, (443)

2. As z → ∞, we have (with Cg defined in (440))

g0(z) =

−Cg

(
e−

2πi
θ+1
(
z
θ

) 2
θ+1 − 2

θ (θ − 1)e−
πi
θ+1
(
z
θ

) 1
θ+1 +O(z−

1
θ+1 )

)
, arg z ∈ (0, π),

−Cg

(
e

2πi
θ+1
(
z
θ

) 2
θ+1 − 2

θ (θ − 1)e
πi
θ+1
(
z
θ

) 1
θ+1 +O(z−

1
θ+1 )

)
, arg z ∈ (−π, 0),

(444)

g1(z) =

−Cg

(
e

2πi
θ+1
(
z
θ

) 2
θ+1 − 2

θ (θ − 1)e
πi
θ+1
(
z
θ

) 1
θ+1 +O(z−

1
θ+1 )

)
, arg z ∈ (0, π),

−Cg

(
e−

2πi
θ+1
(
z
θ

) 2
θ+1 − 2

θ (θ − 1)e−
πi
θ+1
(
z
θ

) 1
θ+1 +O(z−

1
θ+1 )

)
, arg z ∈ (−π, 0),

(445)

and for 2 ≤ k ≤ θ

gk(z) = −Cg

(
e

2(2k−1)πi
θ+1

(
z
θ

) 2
θ+1 − 2

θ (θ − 1)e
(2k−1)πi

θ+1
(
z
θ

) 1
θ+1 +O(z−

1
θ+1 )

)
, arg z ∈ (−π, π),

(446)

Moreover, all the O(z−1/(θ+1)) terms have asymptotic expansions as power series of z−1/(θ+1).

3. In a small neighbourhood of 1, we have an analytic function f(z), such that

g0(z)− g1(z) =
4

3
f(z)

3
2 , f(1) = 0, f ′(1) = − 2

1
3 θ

(θ − 1)
2
3 (θ + 1)

5
3

. (447)

4. We have
g0(z)− g1(z) > 0, z ∈ (0, 1), (448)

and there exists a contour Γ1 ⊆ C+ that connects 1 and i · ∞, such that

ℜ(g0(z)− g1(z)) = ℜ(g0(z̄)− g1(z̄)) < 0, z ∈ Γ1. (449)
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Proof. Equation (508) together with (441), implies the jump relation (442). The other relation

(443) follows directly from the definition of Î
(pre)
1 and (441).

From (506) and (508), we can derive the large z expansion of Î
(pre)
1 and Î

(pre)
2 . Using this

and (441), we obtain the large z expansion of gk(z) as given in (444)-(446). Similarly, from
(506), (441) and (508), we have (447).

It follows from the definition of the mappings Î
(pre)
1 and Î

(pre)
2 that

Î
(pre)
1 ((0, 1)) = (−(θ + 1)θ−

θ
θ+1 ,−θ− θ

θ+1 ), Î
(pre)
2 ((0, 1)) = (−θ− θ

θ+1 , 0). (450)

This, together with (441), implies (448).
The existence of a contour Γ1 ⊆ C+ such that (449) holds follows from the analyticity of g0

and g1 in C \ R and the behaviours of g0 and g1 given in (444), (445) and (448).

9.2 Normalization: Φ → T

Recall the contour Γ1 in Lemma 9.1. Let Γ2 = {z ∈ C− : z̄ ∈ Γ1} be the conjugate of Γ2, and
orient both of them from 1 to ∞. We denote Γ = Γ1 ∪ Γ2 ∪ (−∞, 0) ∪ (0, 1) ∪ (1,+∞), and
orient the real part of Γ from left to right. We divide C into four infinite regions: Ω1 between
[1,+∞) and Γ1, Ω2 between Γ1 and (−∞, 1], Ω3 between (−∞, 1] and Γ2, and Γ4 between Γ2

and [1,+∞). Each Ωi overlaps with the i-th quadrant.
Let the (θ + 1) × (θ + 1) matrix-valued function T (ξ) be defined on C \ Γ, such that, with

c1 defined in (25),

T (pre)(ξ) = diag((c1τ)
−k)θk=0Φ((c1τ)

θ+1ξ) diag
(
e−τ2gk(ξ)

)θ
k=0

, (451)

for z in the intersection between Ωi and the i-th quadrant for i = 1, 2, 3, 4, and by analytic
continuation in other parts of its domain.

Then, T (pre)(ξ) satisfies the following RH problem:

RH Problem 9.2. 1. On Γ, T (pre)(ξ) satisfies, with σ1 = ( 0 1
1 0 ),

T
(pre)
+ (ξ) = T

(pre)
− (ξ)JT (ξ), JT (ξ) =



(
1 eπiβeτ

2(g0(ξ)−g1(ξ))

0 1

)
⊕ Iθ−1, ξ ∈ Γ1,(

1 −e−πiβeτ
2(g0(ξ)−g1(ξ))

0 1

)
⊕ Iθ−1, ξ ∈ Γ2,(

−e−πiβ 0

eτ
2(g1(ξ)−g0(ξ)) eπiβ

)
⊕ Iθ−1, ξ ∈ (0, 1),

σ1 ⊕ Iθ−1, ξ ∈ (1,∞),

Mcyclic, ξ ∈ R−.
(452)

2. T (pre)(ξ) has the following boundary condition as ξ → 0

T (pre)(ξ) = ξ−
β
2θT

(pre)
0 (ξ) diag

(
ξ−

α+1−θ
θ , 1, ξ

1
θ , ξ

2
θ , . . . , ξ

θ−1
θ

)
E diag

(
e−τ2gk(ξ)

)θ
k=0

,

(453)

where T
(pre)
0 is analytic near ξ = 0 and E the matrix defined in RH problem 1.8 in the

way that E in Ω2 (resp. Ω3) here is equal to E in the second (resp. the third) quadrant
there.
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3. T (pre)(ξ) has the following boundary condition as ξ → ∞

T (pre)(ξ) =
(
I +O(ξ−1)

)
Υ(ξ)Ω±

(
I +O(ξ−

1
θ+1 )

)
, (454)

where theO(ξ−1) has an asymptotic expansion as power series of ξ−1, and theO(ξ−1/(θ+1))
has an asymptotic expansion as power series of ξ−1/(θ+1).

From the asymptotic expansion (454), we find that T (ξ) has an asymptotic expansion

T (ξ) = Υ(ξ)Ω±

(
I +

∞∑
n=1

Bnξ
− n

θ+1

)
, (455)

and the right-hand side, as a formal Puiseux series, satisfies the condition in Lemma B.1. Hence,
we can use Lemma B.1 and get a constant lower triangular matrix C0(τ) that is independent
of ξ whose diagonal entries are all 1, such that if we define

T (ξ) = C0(τ)T
(pre)(ξ), (456)

then T (x) satisfies the following RH problem:

RH Problem 9.3. 1. T (ξ) satisfies part 1 of RH problem 9.2, with T (pre)(ξ) replaced by T (ξ)
in (452).

2. T (ξ) satisfies part 2 of RH problem 9.2, with T (pre)(ξ) replaced by T (ξ) and T0(ξ) replaced

by T0(ξ) := C0(τ)T
(pre)
0 (ξ) in (452).

3. T (ξ) satisfies a stronger version of part 3 of RH problem 9.2, such that

T (ξ) =
(
I +O(ξ−1)

)
Υ(ξ)Ω±. (457)

9.3 Global parametrix

Let, for j = 0, . . . , θ,

Nj(s) = (s+ (θ + 1)θ−
θ

θ+1 )j

(
s

s+ (θ + 1)θ−
θ

θ+1

)β
2
(

s

s+ θ−
θ

θ+1

) 1
2

, (458)

Ñj(s) = (s+ (θ + 1)θ−
θ

θ+1 )j

(
s

s+ (θ + 1)θ−
θ

θ+1

)− β̃+1
2
(

s

s+ θ−
θ

θ+1

) 1
2

, (459)

be defined on C\ [−(θ+1)θ−
θ

θ+1 , 0] such that both Nj(s) and Ñj(s) are s
j +O(sj−1) as s→ ∞.

Then define the (θ + 1) × (θ + 1) matrix-valued functions P (∞,pre)(ξ) = (P (∞,pre)(ξ))θj,k=0 and

P̃ (∞,pre)(ξ) = (P̃ (∞,pre)(ξ))θj,k=0 on C \ R by

P
(∞,pre)
j,0 (ξ) = Nj(Î

(pre)
2 (ξ

1
θ )), P

(∞,pre)
j,k (ξ) = Nj(Î

(pre)
1 (e

2(k−1)πi
θ ξ

1
θ ), k = 1, . . . , θ, (460)

P̃
(∞,pre)
j,0 (ξ) = Ñj(Î

(pre)
2 (ξ

1
θ )), P̃

(∞,pre)
j,k (ξ) = Ñj(Î

(pre)
1 (e

2(k−1)πi
θ ξ

1
θ ), k = 1, . . . , θ. (461)

Then we find that P (∞,pre)(ξ) satisfies the following RH problem:

67



RH Problem 9.4. 1. On the real axis oriented from left to right, we have

P
(∞,pre)
+ (ξ) = P

(∞,pre)
− (ξ)


σ1 ⊕ Iθ−1, ξ ∈ (1,∞),

diag(−e−πiβ, eπiβ)⊕ Iθ−1, ξ ∈ (0, 1),

Mcyclic, ξ ∈ (−∞, 0).

(462)

P̃
(∞,pre)
+ (ξ) = P̃

(∞,pre)
− (ξ)


σ1 ⊕ Iθ−1, ξ ∈ (1,∞),

diag(eπiβ̃,−e−πiβ̃)⊕ Iθ−1, ξ ∈ (0, 1),

Mcyclic, ξ ∈ (−∞, 0).

(463)

2. P (∞,pre)(ξ) and P̃ (∞,pre)(ξ) have the following boundary conditions as ξ → 0

P (∞,pre)(ξ) = ξ−
β
2θP

(∞,pre)
0 (ξ) diag

(
ξ−

α+1−θ
θ , 1, ξ

1
θ , ξ

2
θ , . . . , ξ

θ−1
θ

)
E(∞), (464)

P̃ (∞,pre)(ξ) = P̃
(∞,pre)
0 (ξ) diag

(
ξ−

β̃
2 , ξ

β̃+2θ−1
2θ , . . . , ξ

β̃+5
2θ ξ

β̃+3
2θ , ξ

β̃+1
2θ

)
((E(∞))−1)T Ξ̌−1

± ,

(465)

where P
(∞,pre)
0 (ξ) and P̃

(∞,pre)
0 (ξ) are analytic near the origin, arg(ξ) ∈ (−π, π), Ξ̌−1

±
is defined in (221), and E(∞) is a constant matrix in C+ and C−, such that E(∞) =
I1×1 ⊕ Cθ×θ in C+, where Cθ×θ is defined in (32). Moreover, P (∞,pre)(ξ) and P̃ (∞,pre)(ξ)
have the following boundary conditions as ξ → 1:

•
P

(∞,pre)

1,k (ξ) = O((ξ − 1)−1/4),
•
P

(∞,pre)

2,k (ξ) = O((ξ − 1)−1/4),
•
P

(∞,pre)

j,k (ξ) = O(1),

(466)

where • =˜or empty, k = 0, 1, . . . , θ and j = 2, . . . , θ.

3. P (∞,pre)(ξ) and P̃ (∞,pre)(ξ) have the following boundary condition as ξ → ∞

•
P

(∞,pre)

(ξ) =
(
I +O(ξ−1)

)
Υ(ξ)Ω±

(
I +O(ξ−

1
θ+1 )

)
, where • =˜or empty. (467)

where theO(ξ−1) has an asymptotic expansion as power series of ξ−1, and theO(ξ−1/(θ+1))
has an asymptotic expansion as power series of ξ−1/(θ+1).

Then like (456), we find that there exist lower triangular matrices C ′
0 and C̃ ′

0 that are
independent of ξ whose diagonal entries are all 1, such that if we define

P (∞)(ξ) = C ′
0P

(∞,pre)(ξ), P̃ (∞)(ξ) = C̃ ′
0P

(∞,pre)(ξ), (468)

then P (∞)(x) and P̃ (∞)(x) satisfy the following RH problem:

RH Problem 9.5. 1. P (∞)(ξ) and P̃ (∞)(ξ) satisfy part 1 of RH problem 9.4, with P (∞,pre)(ξ)
replaced by P (∞)(ξ) in (462) and P̃ (∞,pre)(ξ) replaced by P̃ (∞)(ξ) in (463).

2. P (∞)(ξ) and P̃ (∞)(ξ) satisfy part 2 of RH problem 9.4, with P (∞,pre)(ξ) replaced by

P (∞)(ξ) in (464) and P
(∞,pre)
0 (ξ) replaced by P

(∞)
0 (ξ) := C ′

0P
(∞,pre)
0 (ξ) in (465).

3. P (∞)(ξ) and P̃ (∞)(ξ) satisfy a stronger version of part 3 of RH problem 9.4, such that

P (∞)(ξ) =
(
I +O(ξ−1)

)
Υ(ξ)Ω±, P̃ (∞)(ξ) =

(
I +O(ξ−1)

)
Υ(ξ)Ω±, (469)
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We note that by an argument analogous to the proof of the uniqueness part of Proposition
6.1, P (∞)(ξ) and P̃ (∞)(ξ) are uniquely determined by RH problem 9.5.

At last, we define

P̌ (∞)(ξ) =
1

θ + 1
e

θ
θ+1

πiξ−
θ

θ+1Jθ+1P̃
(∞)(ξ)Ξ̌±, (470)

and find that P̌ (∞)(ξ) satisfies the RH problem that (P (∞)(ξ)−1)T satisfies. Hence, P̌ (∞)(ξ) =
(P (∞)(ξ)−1)T , or equivalently,

P̃ (∞)(ξ) = (θ + 1)e−
θ

θ+1
πiξ

θ
θ+1Jθ+1P

(∞)(ξ)Ξ̌−1
± . (471)

9.4 Local parametrices

Recall the analytic function f(z) defined in a neighbourhood of 1, as defined in (447). Let
δ > 0 be a small enough constant, and we assume that {τ4/3f(ξ) : ξ ∈ Γ} overlaps with ΓAi in
the neighbourhood D(1, δ). In D(1, δ), we construct a local parametrix P (1)(ξ) satisfying the
following RH problem as follows.

P (1)(ξ) = E(ξ)
((
σ1Φ

(Ai)(τ
4
3 f(ξ))σ1 diag(e

1
2
(1±1)πie∓

πiβ
2 , e±

πiβ
2 )e

1
2
τ2(g1(ξ)−g0(ξ))σ3

)
⊕ Iθ−1

)
,

(472)

where the sign follows ξ ∈ C±, and with Φ
(Ai)
∞ defined in (491),

E(ξ) = P (∞)(ξ)

((
σ1Φ

(Ai)
∞ (τ

4
3 f(ξ))σ1 diag(e

1
2
(1±1)πie∓

πiβ
2 , e±

πiβ
2 )
)−1

⊕ Iθ−1

)
, (473)

Also we define the local parametrix P (0)(ξ) = (P
(0)
j,k (ξ))

θ
j,k=0 in D(0, δ) \ R as

P
(0)
j,k (ξ) = P

(∞)
j,k (ξ) +

−ξ
β+1
2

2πi

∫ 2δ
0 η−

β+1
2 eτ

2(g1(η)−g0(η))P
(∞)
j,1 (η) dη

η−ξ , k = 0, j = 0, 1, . . . , θ,

0, otherwise.

(474)

9.5 Small norm argument

Finally, let

R(ξ) = T (ξ)×


P (0)(ξ)−1, |ξ| < δ,

P (1)(ξ)−1, |ξ − 1| < δ,

P (∞)(ξ)−1, otherwise.

(475)

We find that R(ξ) is well defined and analytic in D(0, δ) and D(1, δ), and satisfies the following
RH problem:

RH Problem 9.6. R(ξ) is a matrix-valued function defined on C\Γ(R), where Γ(R) = (δ, 1− δ)∪
∂D(0, δ)∪ ∂D(1, δ)∪ Γ1,δ ∪ Γ2,δ, with Γi,δ = Γi \D(1, δ) for i = 1, 2. Let ∂D(0, δ) and ∂D(1, δ)
be oriented clockwise, and other contours have the same orientation as Γ in RH problems 9.2
and 9.3.
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• For ξ ∈ Γ(R),

R+(ξ) = R−(ξ)JR(ξ), where JR(ξ) =

P (∞)(ξ)

((
1 eπiβeτ

2(g0(ξ)−g1(ξ))

0 1

)
⊕ Iθ−1

)
P (∞)(ξ)−1, ξ ∈ Γ1,δ,

P (∞)(ξ)

((
1 −e−πiβeτ

2(g0(ξ)−g1(ξ))

0 1

)
⊕ Iθ−1

)
P (∞)(ξ)−1, ξ ∈ Γ2,δ,

P
(∞)
− (ξ)

((
1 0

−eπiβeτ2(g1(ξ)−g0(ξ)) 1

)
⊕ Iθ−1

)
P

(∞)
− (ξ)−1, ξ ∈ (δ, 1− δ)

P (∞)(ξ)P (0)(ξ)−1, |ξ| = δ,

P (∞)(ξ)P (1)(ξ)−1, |ξ − 1| = δ.

(476)

• As ξ → ∞,
R(ξ) = I +O(ξ−1). (477)

Since as τ → +∞, we have that JR(ξ) = O(τ−2), we use the standard small norm argument
to find that |R(ξ) − I| = O(τ−2) everywhere in C \ Γ(R). Below we use this estimate in two
regions.

Approximation in D(1, δ) In this region, T (ξ) = R(ξ)P (1)(ξ), and by (451), we have that
for ξ ∈ D(1, δ) ∩ Ω2, if we denote Q(ξ) = R(ξ)P (∞)(ξ) there, then

Φ0,1((c1τ)
θ+1ξ) + eβπiΦ0,0((c1τ)

θ+1ξ) = T0,1(ξ)e
τ2g0(ξ)

= e
πiβ
2
√
πe

τ2

2
(g0(ξ)+g1(ξ)) ×

{
τ

1
3 f(ξ)

1
4

[
(ie

πiβ
2 )Q(ξ)0,0 + (e−

πiβ
2 )Q(ξ)0,1

]
Ai(τ

4
3 f(ξ))

−τ− 1
3 f(ξ)−

1
4

[
(−ieπiβ

2 )Q(ξ)0,0 + (e−
πiβ
2 )Q(ξ)0,1

]
Ai′(τ

4
3 f(ξ))

}
, (478)

and

e−
1
2
(1+β)πi(Φ((c1τ)

θ+1ξ))−1
0,θ + e

1
2
(1+β)πi(Φ((c1τ)

θ+1ξ))−1
1,θ = e−

1
2
(1+β)πi(c1τ)

−θT−1
0,θ (ξ)e

−τ2g0(ξ)

= (c1τ)
−θ√πe− τ2

2
(g0(ξ)+g1(ξ)) ×

{
τ

1
3 f(ξ)

1
4

[
(−ie−πiβ

2 )Q(ξ)−1
0,θ + (−eπiβ

2 )Q(ξ)−1
1,θ

]
Ai(τ

4
3 f(ξ))

−τ− 1
3 f(ξ)−

1
4

[
(ie−

πiβ
2 )Q(ξ)−1

0,θ + (−eπiβ
2 )Q(ξ)−1

1,θ

]
Ai′(τ

4
3 f(ξ))

}
. (479)

By direct calculation using (509) and (510), we have, as ξ → 1 in C+ and τ → +∞,

Q0,0(ξ) = − ie−
πiβ
2 θ−

β+1
2

(
θ + 1

2

) 1
4

(1− ξ
1
θ )−

1
4 (1 +O(τ−2) +O(ξ − 1)), (480)

Q0,1(ξ) = e
πiβ
2 θ−

β+1
2

(
θ + 1

2

) 1
4

(1− ξ
1
θ )−

1
4 (1 +O(τ−2) +O(ξ − 1)), (481)

and by relation (471), we also have

Q−1
0,θ(ξ) =

1

θ + 1
e

θ
θ+1

πie
πiβ̃
2 θ

β̃
2

(
θ + 1

2

) 1
4

(1− ξ
1
θ )−

1
4 (1 +O(τ−2) +O(ξ − 1)), (482)

Q−1
1,θ(ξ) =

−i
θ + 1

e
θ

θ+1
πie−

πiβ̃
2 θ

β̃
2

(
θ + 1

2

) 1
4

(1− ξ
1
θ )−

1
4 (1 +O(τ−2) +O(ξ − 1)). (483)
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We then have, if |ξ − 1| < Cτ−4/3 for some C and ξ ∈ Ω2,

Φ0,1((c1τ)
θ+1ξ) + eβπiΦ0,0((c1τ)

θ+1ξ) = 2e
πiβ
2
√
πθ−

β+1
2 e

τ2

2
(g0(ξ)+g1(ξ))

×
(
θ(θ + 1)

2

) 1
4

[−f ′(1)] 14 τ 1
3

(
Ai

(
2

1
3 θ

(θ − 1)
2
3 (θ + 1)

5
3

τ
4
3 (1− ξ)

)
+O(τ−

2
3 )

)
, (484)

e−
1
2
(1+β)πi(Φ((c1τ)

θ+1ξ))−1
0,θ+e

1
2
(1+β)πi(Φ((c1τ)

θ+1ξ))−1
1,θ = (c1τ)

−θ 2

θ + 1

√
πθ

β̃
2 e−

τ2

2
(g0(ξ)+g1(ξ))

×
(
θ(θ + 1)

2

) 1
4

[−f ′(1)] 14 τ 1
3

(
Ai

(
2

1
3 θ

(θ − 1)
2
3 (θ + 1)

5
3

τ
4
3 (1− ξ)

)
+O(τ−

2
3 )

)
. (485)

Similar calculations show that (484) and (485) hold if |ξ − 1| < Cτ−4/3 and ξ ∈ Ω1 ∪ Ω3 ∪ Ω4.

Approximation in D(0, δ) and (δ, 1 − δ) For ξ ∈ D(0, δ), T (ξ) = R(ξ)P (0)(ξ), and for

ξ ∈ (δ, 1 − δ), T (ξ) = R+(ξ)P
(∞)
+ (ξ) = R−(ξ)P

(∞)
− (ξ). Similar to the derivations in (478) –

(485), we have the approximation formula for ϕ(τ)((c1τ)
θ+1ξ) and ϕ̃(τ)((c1τ)

θ+1ξ) when |ξ| < δ
or ξ ∈ [δ, 1 − δ]. We are not going to give all the details, but only state the result that for all
ξ, η ∈ D(0, 1− δ) ∪ (δ, 1− δ), there exists ϵ, C > 0, such that if |ξ − η| < ϵ, then

|ϕ(τ)((c1τ)θ+1ξ)ϕ̃(τ)((c1τ)
θ+1η)| < e−ϵτ2 , for all τ > C. (486)

9.6 Proof of part 2 of Lemma 1.10 and part 2 of Theorem 1.7

From (484) and (485), and their counterparts for |ξ − 1| < Cτ−4/3 and ξ ∈ Ω1 ∪ Ω3 ∪ Ω4, we
derive (41) and (42). Thus we prove part 2 of Lemma 1.10.

To prove part 2 of Theorem 1.7, we divide the integral domain on the right-hand side of
(21) that defines K(τ)(x, y) into [τ, τ + ϵ] and (τ + ϵ,+∞). For σ ∈ [τ, τ + ϵ], we use (484) and

(485) to estimate the integrand ϕ(σ)((c1τ)
θ+1
θ (1− c2τ

− 4
3 )x)ϕ̃(σ)((c1τ)

θ+1
θ (1− c2τ

− 4
3 )y), and for

σ ∈ (τ + ϵ,+∞), we use (486) to estimate the same integrand. In this way, we prove (24).

A The Airy parametrix

In this subsection, let y0, y1 and y2 be the functions defined by

y0(ζ) =
√
2πe−

πi
4 Ai(ζ), y1(ζ) =

√
2πe−

πi
4 ωAi(ωζ), y2(ζ) =

√
2πe−

πi
4 ω2Ai(ω2ζ), (487)

where Ai is the usual Airy function (cf. [47, Chapter 9]) and ω = e2πi/3. We then define a 2× 2
matrix-valued function Ψ(Ai) by

Ψ(Ai)(ζ) =



(
y0(ζ) −y2(ζ)
y′0(ζ) −y′2(ζ)

)
, arg ζ ∈ (0, 2π3 ),(

−y1(ζ) −y2(ζ)
−y′1(ζ) −y′2(ζ)

)
, arg ζ ∈ (2π3 , π),(

−y2(ζ) y1(ζ)
−y′2(ζ) y′1(ζ)

)
, arg ζ ∈ (−π,−2π

3 ),(
y0(ζ) y1(ζ)
y′0(ζ) y′1(ζ)

)
, arg ζ ∈ (−2π

3 , 0).

(488)

It is well-known that det(Ψ(Ai)(z)) = 1 and Ψ(Ai)(ζ) is the unique solution of the following 2×2
RH problem; cf. [26, Section 7.6].
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RH Problem A.1.

1. Ψ(Ai)(ζ) is analytic in C \ ΓAi, where the contour ΓAi is defined in

ΓAi := e−
2πi
3 [0,+∞) ∪ R ∪ e 2πi

3 [0,+∞) (489)

with all rays oriented from left to right.

2. For z ∈ ΓAi, we have

Ψ
(Ai)
+ (ζ) = Ψ

(Ai)
− (ζ)



(
1 1

0 1

)
, arg ζ = 0,(

1 0

1 1

)
, arg ζ = ±2π

3 ,(
0 1

−1 0

)
, arg ζ = π.

(490)

3. As ζ → ∞, we have

Ψ(Ai)(ζ) = Ψ(Ai)
∞ (ζ)(I +O(ζ−

3
2 ))e−

2
3
ζ
3
2 σ3 . Ψ(Ai)

∞ (ζ) = ζ−
1
4
σ3

1√
2

(
1 1
−1 1

)
e−

πi
4
σ3 (491)

4. As ζ → 0, we have Ψ
(Ai)
i,j (ζ) = O(1), where i, j = 1, 2.

B Hard edge local parametrix

Recall the (θ + 1)× (θ + 1) matrix-valued function Ψ(Mei)(ξ) defined in [52, RH Problem 3.12]
(where the variable is denoted ζ). Let

Φ(Mei,pre)(ξ) = (2π)1−
θ
2

√
θ + 1

θ
ξ−

β
2θΨ(Mei)(ξ)

×


diag

(
θe−

β
2
πiξ

θ−α−1
θ , e

β
2
πi
)
⊕ diag

(
e−β( k−1

θ
− 1

2)πi
)θ
k=2

, ξ ∈ C+,

diag
(
−θeβ

2
πiξ

θ−α−1
θ , e−

β
2
πi
)
⊕ diag

(
e−β( k−1

θ
− 1

2)πi
)θ
k=2

, ξ ∈ C−.
(492)

We find that Φ(Mei,pre)(ξ) satisfies the boundary condition as ξ → ∞

Φ(Mei,pre)(ξ) = Υ(ξ)Ω±

(
I +

∞∑
n=1

Anξ
− n

θ+1

)
e−Λ(ξ), (493)

where Υ(ξ) and Ω± are the same as in (28), An are constant matrices, and

Λ(ξ) = (θ + 1)ξ
1

θ+1 ×



(
e−

πi
θ+1 0

0 e
πi
θ+1

)
⊕ diag

(
e

2j−1
θ+1

πi
)θ
j=2

, ξ ∈ C+,(
e

πi
θ+1 0

0 e−
πi
θ+1

)
⊕ diag

(
e

2j−1
θ+1

πi
)θ
j=2

, ξ ∈ C−.

(494)

We note that the series in (493) is an asymptotic expansion and does not converge.
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Entries of Ψ(Mei) and Φ(Mei,pre) are expressed by Meijer G-functions. The asymptotic formula
(493) is due to the asymptotic expansion of Meijer G-functions in [42, Theorem 5 in Section
5.7 and Theorem 2 in Section 5.10]. The leading terms of the asymptotic expansion are given
in [52, Equations (3.64), (3.79), (3.80) and (3.81)].

We have the following lemma whose proof is by term-by-term calculation:

Lemma B.1. Suppose Φ0(ξ) is a formal Puiseux series of a (θ + 1) × (θ + 1) matrix-valued
function

Φ0(ξ) = I +
∞∑
n=1

Bnξ
− n

θ+1 , (495)

and it satisfies, if the power functions all take the principal branch, for x ∈ R \ {0},

Υ+(x)Ω+Φ0,+(x) = Υ−(x)Ω−Φ0,−(x)×


(
0 1

1 0

)
⊕ Iθ−1, x > 0,

Mcyclic, x < 0,

(496)

then there exists a constant lower triangular matrix C whose diagonal entries are all 1, such
that

CΥ(ξ)Ω±Φ0(ξ) = (I +O(ξ−1))Υ(ξ)Ω±. (497)

It is straightforward to check that the Puiseux series in (493) satisfies (496) in Lemma B.1
with Φ0 replaced by this Puiseux series. Thus we have a constant lower triangular matrix C
whose diagonal entries are all 1 as in (497), and define

Φ(Mei)(ξ) = CΦ(Mei,pre)(ξ), (498)

and it satisfies the following RH problem:

RH Problem B.2. Φ(Mei)(ξ) is a (θ+1)× (θ+1) matrix-valued function on C except for R and
iR. It satisfies

1. Φ
(Mei)
+ (ξ) = Φ

(Mei)
− (ξ)J

(θ)
Φ (ξ), where J

(θ)
Φ (ξ) is defined in (27).

2. Φ(Mei)(ξ) has the following boundary condition as ξ → ∞

Φ(Mei)(ξ) =
(
I +O(ξ−1)

)
diag

(
e−

k
θ+1

πiξ
k

θ+1

)θ
k=0

Ω±e−Λ(ξ), (499)

where Λ(ξ) is defined in (494), and Ω± are defined in (30)

3. Φ(Mei)(ξ) has the following boundary condition as z → 0

Φ(ξ) = ξ−
β
2θN (Mei)(ξ) diag

(
ξ−

α+1−θ
θ , 1, ξ

1
θ , ξ

2
θ , . . . , ξ

θ−1
θ

)
E, (500)

where N (Mei)(ξ) is analytic at 0, and E is the same as in RH problem 1.8. In the sector
arg ξ ∈ (π/2, π), E is defined by (32) and (33).

Similar to the argument above, we also define, from the (θ + 1) × (θ + 1) matrix-valued
function Ψ̃(Mei)(ξ) defined in [52, RH Problem 4.11], that

Φ̃(Mei,pre)(ξ) = (2π)
θ
2

√
θ + 1e(

α
θ
− 1

2θ
(β̃+1))πiξ

β̃+1
2θ Ψ̃(Mei)(ξ)

×


diag

(
e−

2α
θ
πiξ

α
θ , e

1
θ
(β̃+1)πi

)
⊕ diag

(
e

k
θ
(β̃+1)πi

)θ
k=2

, ξ ∈ C+,

diag
(
e

1
θ
(β̃+1)πiξ

α
θ ,−e− 2α

θ
πi
)
⊕ diag

(
e

k
θ
(β̃+1)πi

)θ
k=2

, ξ ∈ C−.
(501)
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Then there exists a lower triangular matrix C̃ whose diagonal entries are all 1, such that

Φ̃(Mei)(ξ) = C̃Φ̃(Mei,pre)(ξ), (502)

and we find that it satisfies the following RH problem:

RH Problem B.3. Φ̃(Mei)(ξ) is a (θ+1)× (θ+1) matrix-valued function on C except for R and
iR. It satisfies

1. Φ̃
(Mei)
+ (ξ) = Φ̃

(Mei)
− (ξ)J

(θ)

Φ̃
(ξ), where J

(θ)

Φ̃
(ξ) is defined in (218).

2. Φ̃(Mei)(ξ) has the following boundary condition as ξ → ∞

Φ̃(Mei)(ξ) =
(
I +O(ξ−1)

)
diag

(
e−

k
θ+1

πiξ
k

θ+1

)θ
k=0

Ω±eΛ(ξ), (503)

where Λ(ξ) is defined in (494), and Ω± are defined in (30)

3. Φ̃(Mei)(ξ) has the following boundary condition as z → 0

Φ̃(Mei)(ξ) = Ñ (Mei)(ξ) diag

(
ξ−

β̃
2 , ξ

β̃+2θ−1
2θ , . . . , ξ

β̃+5
2θ ξ

β̃+3
2θ , ξ

β̃+1
2θ ,

)
(E−1)T Ξ̌−1

± , (504)

where Ñ (Mei)(ξ) is analytic at 0, and E is the same as in RH problem 1.8. In the sector
arg ξ ∈ (π/2, π), E is defined by (32) and (33).

We note that the first row of Φ(Mei)(ξ) (resp. Φ̃(Mei)(ξ)) is the same as that of Ψ(Mei)(ξ)(ξ)
(resp. Ψ(Mei)(ξ)).

Also, by arguments similar to those in Section 3.2.2, we have that

Φ̃(Mei)(ξ) = (θ + 1)e−
θ

θ+1
πiξ

θ
θ+1Jθ+1(Φ

(Mei)(ξ)−1)T Ξ̌−1
± . (505)

C Limiting mapping J (pre)

We consider the mapping

J (pre)(σ) = −(−σ) θ+1
θ + (θ + 1)θ−

θ
θ+1 (−σ) 1

θ , (506)

We find that

J (pre)(σ0) = 1,
d

dσ
J (pre)(σ0) = 0,

d2

dσ2
J (pre)(σ0) = − (θ + 1)θ−

2
θ+1 , σ0 = − θ−

θ
θ+1 . (507)

Also we have a contour γ̂(pre) that is from e−πi/(θ+1) ·∞, passing through σ0, and to eπi/(θ+1) ·∞,

such that ℑJ (pre)(σ) = 0 for σ ∈ γ̂(pre). We denote γ̂
(pre)
± := γ̂(pre) ∩ C±. We also denote the

region to the right of γ̂(pre) as D̂(pre). It is straightforward to check that J (pre)(σ) maps the

region C \ D̂(pre) univalently to C \ (1,+∞), and it maps the region D̂(pre) \ (0,+∞) univalently

to Hθ \ (1,+∞). We denote the inverse mapping of J (pre)(σ) in these two regions Î
(pre)
1 and

Î
(pre)
2 , respectively. It follows from the definition of the mappings Î

(pre)
1 and Î

(pre)
2 that

Î
(pre)
1,± ((1,∞)) = γ̂

(pre)
± , Î

(pre)
2,± ((1,∞)) = γ̂

(pre)
∓ . (508)

We also have, as z → 1,

Î
(pre)
1 (z) = σ0 − (1− z)

1
2 θ

1
θ+1

√
2

θ + 1

(
1 +

θ − 1

3

√
2

θ + 1
(1− z)

1
2 +O(1− z)

)
, (509)

Î
(pre)
2 (z) = σ0 + (1− z)

1
2 θ

1
θ+1

√
2

θ + 1

(
1− θ − 1

3

√
2

θ + 1
(1− z)

1
2 +O(1− z)

)
. (510)
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and equations of Painlevé type. J. Lond. Math. Soc. (2), 106(2):1443–1500, 2022.

[40] D. S. Lubinsky and A. Sidi. Some biorthogonal polynomials arising in numerical analysis
and approximation theory. J. Comput. Appl. Math., 403:Paper No. 113842, 13, 2022.

[41] T. Lueck, H.-J. Sommers, and M. R. Zirnbauer. Energy correlations for a random matrix
model of disordered bosons. J. Math. Phys., 47(10):103304, 24, 2006.

[42] Y. L. Luke. The special functions and their approximations, Vol. I. Mathematics in Science
and Engineering, Vol. 53. Academic Press, New York-London, 1969.

[43] L. D. Molag. The local universality of Muttalib-Borodin ensembles when the parameter θ
is the reciprocal of an integer. Nonlinearity, 34(5):3485–3564, 2021.

[44] K. A. Muttalib. Random matrix models with additional interactions. J. Phys. A,
28(5):L159–L164, 1995.

[45] E. M. Nikishin and V. N. Sorokin. Rational approximations and orthogonality, volume 92
of Translations of Mathematical Monographs. American Mathematical Society, Providence,
RI, 1991. Translated from the Russian by Ralph P. Boas.

[46] M. Noumi. Affine Weyl group approach to Painlevé equations. In Proceedings of the
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